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Convergence Models for Lattice Joint Process
Estimators and Least Squares Algorithms

MICHAEL L. HONIG, MEMBER, IEEE

Abstraci—A simple model characterizing the convergence properties
of an adaptive digital lattice filter using gradient algorithms has been
reported [1]. This model is extended to the least mean square (LMS)
lattice joint process estimator [5], and to the least squares (LS) lattice
and “fast” Kalman algorithmis [9]-{16]. The models in each case are
compared with computer simulation. The single-stage LMS lattice
analysis presented in [1] is also applied to the LS lattice. Results
indicate that for stationary inputs, the LMS lattice and LS algorithms
exhibit similar behavior.

I. INTRODUCTION

N [1] the convergence properties of a continuously adaptive
lattice filter using least mean square (LMS) gradient algo-
rithms were discussed. In particular, by making approxima-
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Computer Science, University of California, Berkeley, CA. He is now
with Bell Laboratories, Holmdel, NJ 07733.

tions, a simple model for convergence was described along
with a first order estimate of coefficient variance and its affect
upon the filter’s mean squared output signal. In this paper
these results are extended to the lattice joint process estimator
[5], [7] and to the least squares (LS) lattice algorithm [12] -
[16]. A simple convergence model similar to that presented in
[1] is also derived for the “fast” Kalman algorithin [9]. In
each case the accuracy of the convergence model is tested by
computer simulation.

~ In Section I we extend the model for convergence presented
in [1] to two (similar) versions of the LMS lattice joint process
estimator. In Section III the single-stage analysis presented in
[1] is extended to the least squares lattice filter. A com-
parison of these results with those given for the LMS lattice
emphasizes the similarities between the two algorithms. In
Section IV-A a convergence model is derived for the LS lattice
predictor, and in Section IV-B for the LS lattice joint process
estimator. In Section V a convergence model for the least
squares transversal filter based upon the “fast” Kalman algo-
rithm is derived.

0096-3518/83/0400-0415%01.00 © 1983 IEEE
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Tig. 1. (a) Lattice joint process estimator (version 1). (b) Lattice joint process estimator (version 2).

II. IMS LATTICE JOINT PROCESS ESTIMATOR
CONVERGENCE MODEL

We begin by extending the convergence model for the LMS
lattice predictor to the two versions of the LMS lattice joint
process estimator shown in Fig. 1. In particular, we are given a
data sequence {y;} which is used to estimate some other
sequence {x;}. Although numerous LMS methods exist for
adapting the PARCOR coefficients in the lattice structure
[4]-[6], the following lattice algorithm is used here,

er(il0) = y;, ep(0)=y;—y, e (i10)=x;
ep(iln + 1) =er(iln) - ky, 4 1(0)ep(iin) (2.1a)
ep(iln+1)=ep(i- 1ln) - k4 G - 1)ep (i - 1ln) (2.1b)
B,()=(1-8)B,(- 1)+ei(ln) (2.22)
Ca) = (1 - B)C, (i - 1) + ep(iin)e, (iln) (2.2b)
s = 520 (220)

where 0 <n <N and N is the filter order, § is the adaptation
step-size, ey(iln) is the nth-stage forward residual, e,(iln) is
the nth-stage backward residual, and %, (7) is the nth-stage
lattice PARCOR coefficiént, all at time i. Notice that e, (iln)
is defined as a function of ¥;_ 1, Vi-2, """ s Vi-n-1, 1€,

n
epy({n)=Yi-n-1- 2 bjinYi-j 2.3)

j=1
where the bjl,, are the backward prediction coefficients.
The two structures shown in Fig. 1 are equivalent; however,
the “tap” coefficients which multiply the backward residuals
of the lattice may be adapted in two ways. In particular, the

algorithm corresponding to Fig. 1(a) is

e (IN)=x; - FT(IN) €, (IN), 2.4)

HinGrD=Fin )+ ;1(1—) - Dex@N) (25
where

FIaAN) = L@, L@, fov @1, (26)

€L (iIIN) = [, (ii0), ey (il1), - - - , e, GIN - 1)], Q.7

fjin (@) is the jth “tap” coefficient, and e, (ilV) is the N'th-
order filter prediction error, all at time i. The algorithm
corresponding to Fig. 1(b) is

e, (iln + 1) = e, (iln) - k9, ()ep (i) (2.8)
CENi)= (1 - B)CEI (i - 1) + ey (iln)ey (iln) (2.93)
) O [ 8am] o
k$z+)1(l)_ B, (i) ‘{1 B,,(i)}kgﬁ)l(l_ 1)
e, ({in)ey (iln)
B0 (2.9b)

where in this case kgx)(i) denotes the nth “tap” weight at
time i. The tap weights are denoted differently in each case in
order to emphasize the similarity between the first algorithm
(2.5) and the LMS transversal algorithm, and the similarity
between the second algorithm (2.9) and a lattice gradient
algorithm. Although the second method is more popular [7]
and is analogous to the least squares lattice joint process
estimation algorithm, convergence models for both methods
are described.
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The optimal value of f(/lNV), obtained by minimizing
E[ei(N)], is

fopt {Ele,(IV) € GIN)]} ' E[x;€,(GINV)]. (2.10)
If the lattice coefficients are optimal, £[e,GN)el (IN)] is
diagonal [5] and hence
E[x ep(ilj - 1)]
E[eGlj- 1)]

Similarly, minimizing £ [e,zc (iln)] with respect to k) gives

E[ex(zln 1)ey (iln - 1)]
Elej(in- 1)]

If the PARCOR coefficients are fixed at then' opt1ma1 values,

from the principle of orthogonality, fiopt = l(opt If coef-

ficients &; or k}* ) 1<j<n, are adapting, e, and e, will be

nonstatlonary, causmg k( 2, pr and fp, o p; to vary with time.

‘To model the lattice Jomt process estlmator using (2.1),
2.49), and (2.5), we rewrite (2.5) as

F@E+1V)= f@EIN) +§(z + l)e,,(zIN)[x,- - €
=[I-

[F@D)]jope= (2.11)

kG o) =

(2.12)

GIN)FGIN)]
B+ e, (V)] @IN)] FGIN)

+B( + 1)x;€5(ilN) (2.13)
where § is a diagonal (normalized) step size matrix, i.e.,
- 1 1 1
BG+1)= dia [ I S ] 2.14
R TG Xy ) @14

Taking expectations of both sides of (2.13) assuming € (ilV)
and f(ilV) are approximately independent gives

E[fG+1IN)] ~{I- E[BG + 1)]E[€,(iIN) €] GIN)1}
“E[fGIN)] +E[B( + 1)1 E[x;€,(iIN)]. (2.15)

Assuming that the lattice PARCOR coefficients are following
trajectories close to their mean value trajectories, we can use
the convergence model for the lattice predictor [1] to com-
pute the second-order statistics of €,(i|V). Specifically,

ElepGIN) €y AN)] i
= E[eb(z'll - Dey(ilm - 1)]

—E[(J’, ‘1 Z i1 - 1(1);", ;)

'(yi—m ‘mz_:l bilm—l(i)yi—i>]
i=1

SRy (I-m) -5 Bt 1Ry~ 1)
j=1

Z - I(Z)Ry(m 3]

+ 5 S b i @b -1 ORY @ - 1) (2.16)
g=1 j=1
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and

{E[x;€5(IN)]}m = Elx;€,(lm - 1)]

.—.E[xi<yl_"m ) ’;;1 bj'm'l(i)yi_j>]

Ryy(m) -

Z

jim —I(Z)ny(])

@17)

where Ry(j) =E[yiyi+j] s ny(j) = E[xiyi-j] , and the
bjlm -1(), 1 <j<m-1,1<m<N, are computed from the
convergence model for the lattice predictor. The value of

1<n<N

— 1
{E[BG + DI}pn = e,
B0 Dl = 15,00
is computed by taking expectations of both sides of (2.22),
using the value of £ [e3(iln)] calculated from the lattice pre-
dictor model. The output mean-squared error is computed as

follows:

E[€2(IN)] = E[x; - fTGEIN) ey GIN)] 2
~ R (0) - 2E[fTGIN)] B[ x;€, (V)]
+ E[fTAIN)] El &, GN)eE (V)] EL£ (L))
(2.18)

where R, () = E[x;x;4 ;] and E[f(@IN)], EleGIN)el (IN)],
and E[x;e,(ilN)] are given, respectively, by (2.15), (2.16)
and (2.17). Combining (2.15) through (2.18) with the model
in [1] therefore completes the convergence model for the
LMS lattice joint process estimator shown in Fig. 1(a). Since
the same assumptions were made to derive this model as were
made to derive the LMS lattice predictor model, the accuracy
of the two models should be similar. Fig. 2 compares the
mean value trajectories for the tap weights fjj10(?), j =4 and
10, computed from the model with the mean value trajectories
obtained by averaging 200 separate simulations of the algo-
rithm with a step size §=0.01. (For a more detailed descrip-
tion of the simulation, see [2].) Fig. 3 shows the output mean
squared error obtained from the model and by averaging 200
simulations. As pointed out in [1], as the step-size § decreases,
the accuracy of the model should improve. Since the value of
@ used for this example is less than half that used in [1], the
model curves shown here appear to be more accurate than
pho'se shown in [1].

To model the LMS lattice joint process estimator shown in
Fig. 1(b), note from (2.4) that e,(iln) is a linear combination
OfXp, Vic1sYi-2s """ Vi-nsle.,

ex(iln) = FTm)y )
where the (V + 2)-dimensional vectors

?T(iln)E [1’ ~f1nG)s s 'fnln(i)’ 0,0,---,0] (2.19)
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Fig. 2. Mean value trajectories of f].(;)(z'), 7 equal to 4 and 10, in a
lattice joint process estimator using (2.5) by (curve 1) simulation and
(curve 2) from the convergence model.
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Fig. 3. Output MSE of a tenth-order lattice joint process estimator using
(2.5) by (curve 1) simulation and (curve 2) from the convergence
model.

and

@7

Yiln E[xiayi—l,"':yi—ns"':yi—N—1]~ (2.20)

We therefore rewrite (2.8) with kfzx+)1(i) replaced by its mean
value as

Fin+1)=F(iln) - E[kS 1)) BGn) (221)
where ,
Z'(lll’l) = [0’ —bI)n(i)’ —b2|n(i)’ T -bnin(i)y
1,0,0,---,0}, (2.22)

and the b;),, are the backward prediction coefficients in (2.3).
Taking expectations of (2.9b) assuming kf,x)(z') is approxi-
mately independent of e, (jln) gives

Ek&),®)] ~ {1 —%}E[k,&?la— D]
Efey(iin)e,
S

IEEE TRANSACTIONS ON ACOUSTICS, SPEECH, AND SIGNAL PROCESSING, VOL. ASSP-31, NO. 2, APRIL 1983

3.00000
{tap[4]
2.70600
Z.e0000
2.18000+4
3 p 3
1,000801
1.50008+
1.20000
000081
580384
3000001 .
4 ; ; txm?
208.000 490.809 460,900 080 000
()
4.80000T
tapl1@1]

:.s.acai—

3.20000-4

2.80008-1

2.49900-1 3

2.s2B001

1.68888

1 %

1.200004

4000803

4080094

) ) X time
200000 490,000 €00.000  880.890
(b)

Fig. 4. Mean value trajectories of k$¥)(#), j equal to 4 and 10, in a
lattice joint process estimator using (2.9) by (curve 1) simulation and
(curve 2) from the convergence model. Curve 3 shows the trajectory
of k].(’gn(i ) computed by the model.

As previously mentioned, E[e}(iln)], and hence E[B,()],
1< n <N, are available from the lattice predictor model in
[1]. Inaddition, we approximate

E[&(n)] = E{FTGln)y §y 50" Fin))
| ~ E[FT ) ELy §y &) 1T (i)
(2.24)
and
Elex(iinye,(in)] = E[F7(in)y §y 5" 5]
~E[F TG ELy §y & 1E[B ()]
(2.25)

Combining (2.21), (2.23), (2.24), and (2.25) with the model in
[1] therefore completes our convergence model for the LMS
lattice joint process estimator shown in Fig. 1(b). Fig. 4
compares the mean value trajectories of the coefficients
k}x)(i), j =4 and 10, computed from the model with the mean
value trajectories obtained by averaging 200 separate simula-
tions of the algorithm using the same input statistics which
were used to generate Fig. 2. Also shown is the time-varying
optimal value of k$)(i), given by (2.12). Output MSE versus
time obtained both by simulation and by the convergence
model is virtually identical to that shown in Fig. 3 and is
therefore omitted.

" A comparison of Figs. 2 and 4 suggests that the speeds of
convergence for both algorithms (2.5) and (2.9) are similar.
Intuitively, this seems reasonable since in both cases the lattice
predictor is attempting to orthogonalize the set of inputs
driving the second set of coefficients. If we therefore assume
that the backward error covariance matrix £ [e, (il N )€} (ilN)]
is diagonal, and that E[x;€,(iln)] ~ E[e,(i{\N) €, (iln)] (which



HONIG: CONVERGENCE MODELS

is exactly true if the coefficients are fixed at their optimal
values), then (2.9) is equivalent to (2.5). Although this is not
the case when the lattice prediction coefficients are adapting,
the off-diagonal elements of the backward error covariance
matrix will be converging towards zero, and hence, the effect of
cross coupling between the taps in (2.15) should become
negligible.

For both algorithms (2.5) and (2.9) the coefficient estimates
shown in Figs. 2 and 4 contain significant bias. This is not
surprising in view of the coefficient bias present in the lattice
predictor. This bias is caused by filter coefficient variance,
which alters the statistics driving other filter coefficients, and
by correlations between filter coefficients and the input data.
In the case of the second algorithm, (2.9), the estimate of £$*)
is unaffected by filter coefficients k](x ) and k; forj > n. This
is in contrast to the first algorithm, (2.5), in which f;5()
depends upon all other filter coefficients. We would therefore
suspect that the statistics which determine the values of fj; 5(7),
1<j <N, in (2.5) are more severely altered than when using
(2.9). This would account for the fact that the coefficient
estimates in Fig. 2 contain more bias than those in Fig. 4. This
in turn implies that the asymptotic output MSE produced by
the first algorithm is somewhat larger than that produced by
the second. We have empirically observed, however, that this
difference is slight.

A first-order analytic estimate of tap coefficient variance and
output MSE using (2.5) or (2.9) can be obtained using the
techniques in [1]. In particular, denoting F.[X;] as the
asymptotic mean value of the sequence of random variables
X;, it is easily shown from (2.8) that

E.[eX(iln + 1)] ~E.[e2@n)] - (k5 s -
- Eul e} (iln)]

where var ok §) () = EL[k$%()] - {E[6$()]}2. Evalua-
tion of var .k$), 1<n<WN, can be accomplished in the
same manner as the evaluation of var .k, in [1]. Assuming
Elep(ln - 1)e,(i + min - 1)] = Efex(iln - 1)ep@ + min ~
1)] =0,m 0, gives

var .k $7)
(2.26)

var k) ~

[E[e,’c(ﬂn - ] (2.27)

: —k@ﬂ].
2+BlE[edGn- 1)) OP*
Replacing kS and k§%,,; by fo1 v and £y, ops Tespectively,
gives the analogous results when using (2.5), assuming that the
lattice predictor asymptotically eliminates cross coupling
between the tap weights. In general, this assumption is not
strictly true due to correlation effects and hence, small differ-
ences in coefficient variance and output MSE as produced by
(2.5) and (2.9) will be observed.

III. LS LATTICE SINGLE-STAGE CONVERGENCE
ANALYSIS

The least squares lattice algorithm [12]-[16] adapts the
PARCOR coefficients in a lattice structure so as to minimize
the (exponentially weighted) sum of squates of output residuals
es(iln) and e,(iln). It thus takes direct account of the nonsta-
tionarity of the input (although the model presented here
assumes a stationary input). The algorithm is given as follows:

R;(010) = R, (010) = 5 > 0.
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At each iteration 7,

er(@0)=y;,  e0)=y;-,, 7Y(E0)=1
er(iln +1) = e, (iln) - k)1 (e, (in) (3.13)
ep(iln + 1) =e,(i~ ln) - k0,6 - ey - 1) (3.1b)
Ry(iln+1)=R,(G - 1ln) - R"*(lf’ lln)) (3.22)

L oo Kaaql
Ry (iln + 1) =Ry (iln) - ETI’I% (3.2b)
2 I
y(iln + 1) = y(iln) - ;—:%’ﬂ% (3.3)
o 10) = Wy 5= 1)+ L) (34)
2|

Ry (iln) = wRy (i - 1in) + L ((:|Z)) (3.52)
Ry (iln) = wRy(i - 1ln) + e”((’:”)) (3.5b)

where y(iln) has been interpreted as an optimal weighting
factor [13], k,,+1(z) k,,”(z)/Rb(z\n) (“backward” PAR-
COR coefficient), kf, +)1(z) kp 4+ 1(@)/Rr(iln) (“forward”
PARCOR coefficient), and in practice the update for R, and
Ry is given either by (3.2) or (3.5). The exponential weighting
factor w is analogous to (1 - §) where 8 was the LMS adapta-
tion constant used in [1].

The convergence properties of one stage of the adaptive
lattice are first analyzed assuming the inputs to that stage are
stationary. Taking expectations of (3.4) gives

— — | 1
BlEps 1] = WEFey 16 - 1] +E[e——-——f (’7”();;)(’ ”)]
e Eles(iln)ep(iln)]
~WE[kpy (- D] + Elyam] (3.6)
To evaluate £ [7(iln)] we use (3.3) to write
E[y(@ln)} ~E[y(ln - 1)] - Elep@n- D], (3.7

E[Rb(iln - 1)] ’
By assumption the previous stages have converged, and hence,
E[Ry(iln - 1)] =E.[Ry(iln - 1)]. Taking asymptotic expec-
tations of (3.5b),

1 E[el@ln- 1)]

B[Ry (i = D)~ T e G-

or
Eleg@ln-1)] . g
E———__[Rb(iln )] ~(1-w)E[y(@ln - 1)]. (3.8)
Substituting (3.8) into (3.7) gives
Ely(iln)] =~ wE[y(iln - 1)]. 3.9

Using the initial condition y(il0) = 1, (3.9) can be rewritten as
Ely(iin)] =~ w”. (3.10)
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Substituting into (3.6) gives

E[kp+ 1()] #WEky 4 1( - D] +wEley(lin)e, (iln)]

{ (0)~ _ E[ef(zln)eb(zln)]}

-n

+ 2 — Eles(ine, (i) (3.11)
Similarly,
E[R, ()] ~WE[R,(i - 1In)] +w ™ E[€(iln)]
{Rb(oln) S E[eb(zln)]}
- (3.12)
If we assume
Fleh o] ~ sl

as in [1], we can compute the time 7&) it takes E[kf,bz 1M1

to converge to k)(0) + g(Eu[k,()] - kL)(0)) where 0 <
g<1:

& Ry(Oln)
- g E[e}(in)]

Assummg E[ei(@n)] =E [ef(zln)] the same formula applies
to ka 1(@). The difference between (3.13) and the analogous
formula for the LMS lattice derived in [1] is the added factor
w" in brackets. In general w is slightly less than unity so that
78 will approximately equal the analogous LMS “time con-
stant.” This is not surprising since the fundamental difference
between the least squares lattice predictor and the LMS lattice
predictor given by (2.1) and (2.2) is the added least-squares
“likelihood variable” 7. If we assume y(iln) is constant as is
approximately the case if the previous stages have converged,
both algorithms are basically the same (see [3] for a more
detailed comparison of LS and LMS lattice algorithms).

Single-stage output MSE is now approximated assuming
both inputs are stationary. Our interest is in the asymptotic
values of E[e?(iln+1)], the signal in the lattice at time i,
and Eef (iln + 1)], which denotes the causal mean squared
prediction error. In particular, ey(iln) uses a regression
coefficient based upon the data y;, ¥;-4, -, Yo- As the
exponential weighting factor decreases, the more recent
values of e}(iln + 1) are weighted more heavily, and hence
E.[e}(iln + 1)] decreases. For example, asw 0,

K 1() N er(iln)ep(iln)
Ry (iln) e3(iin)
and from (3.1a), E.[e}(iln + 1)] > 0. In contrast, e (iln + 1)
uses regression coefficients calculated at time 7 - 1, and hence,
is the causal least squares prediction error obtained by estimat-
ing the value of y; given ¥; 1, ¥i—a, " " *,Yo. Asw decreases,
the second-order statistics used to predict y; are effectively

1
(b)) o~ neq - +
Th lnwln[w (1-w 1]. (3.13)

2
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estimated from fewer samples, and hence, E.[e (iln + 1)]
increases. It can be shown that [2]

1
e} (i) = e;" gl;? (3.14)
so that
En[e}(iln)] 2es
Bulefim)] ~ 7 hfz (’”’;)] _Eu[e3@m)].  (3.15)

To approximate E.,,[e} (fin +1)], we take asymptotic ex-
pected values of (3.5a) to get

. ez (iln) .
Eu[Ry(in)] = -7 E.. [ f(lln)] W Ele3(iln)].
(3.16a)
Similarly,
E.[Ry(iln)] =~ m Elei(in)]. (3.16b)
We now use (3.2b) to write
Eu[Ry(iln + 1)] ~EL[R(iln)] - Eulkz()] (3.17)

EL[Ry(iln)]
Substituting (3.16) into (3.17) and assuming E[e}(iln)] =
Elei(n)],

Eu[e}(iln + 1)} =w {1 - w2r(1 - w)? Bulk+1()] }

(Elez@m)])?

- Ele(iln)]. (3.18)

Squaring (3.4) and taking asymptotic expectations assuming
k, +1(7) is uncorrelated with

er(iln)e,(iln)
7 (iin)

gives

EulkG 41+ D] ~#W2EL[k} 4 1(1)] + 2WEa Ky 4 1(0)]

Eler(iln)ey(iln)] Ele}(iln)e}(iln)]
Ely(iln)] E[y*(iln)]
Substituting
Bl @] ~ sy s Eler Gy ()

and

Ea[y?(iin)] = w?"
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gives
— 2
Bl O} ~ T
- {E[er(ilin)ey(i )]}
1

+ m‘)' E[e} (iln)e?, (zin)] B

(3.19)

Substituting (3.19) into (3.18) and again assuming £ [e2 (iln)] =
E[e}(iln)] gives

, 2w 1-w
Ew[e}(lln +1)]~w {1 mkt21+l,opt - (m)
E[e}(iln)e} (iln))

(Elef(im)])?

If we further assume e, (iln) and e, (iln) to be jointly Gaussian,
then the fourth-order statistics in (3.20) can be evaluated as
follows,

}E[e}(ﬁn)]. (3.20)

2w .
E.[e}(iln + 1)] ~Trw (W~ k7 s 1, opr) Bl €3 (iln)] .

(3.21)

We have found (3.21) to be reasonably accurate for practical
values of w using a Gaussian filter input sequence. If w is
very small (i.e., less than 0.8), however, &, + 1), R¢(iln), and
R (iln) start to track the immediate variations in e, and e, and
hence the uncorrelated assumptions break down. Substitution
of (3.21) into (3.15) yields the corresponding expression for
the causal output MSE.

Also of interest is the asymptotic variance of the filter coef-
ficients. This is approximated as

Bk @1,

~ . .2
E.[R%(iln)] ~ntLoPt (3.22)

Squaring (3.5b) and taking asymptotic expectations assuming
R,(iln) is uncorrelated with €2 (iln)/y(iln) gives

2 '|
B[R} (in)) ~ 7 {2wE°=[Rb("‘”)] Z[F;SIZ))]]
+E_lefaﬁlm}
Ey*am)] |

Using (3.16b), (3.10), and assuming as a first approximation
that ey, (iln) is Gaussian,

3-w

Ew[RZZJ(ﬂ”)] 'Q”wzn(l _ W)(l _ W2)

{E[e2(@m)]}?. (3.23)

Similarly, assuming e, and e, are jointly Gaussian in (3.19),

- 1 2
Bk 1] ~ w2i(1 - w?) [1 kv ope 1]

{E[e(in)])2. (3.24)

421
Substituting (3.24) and (3.23) into (3.22) gives
1-w
var.k ), ~ T - Ky o). (3.25)

Notice that since w corresponds to (1 - §) in [1], this formula
is identical to the formula for coefficient variance using an
LMS algorithm in [1]. Also, if the assumption that R, (iln) is
uncorrelated with e}(iln)/y(iln) and that %, ,() is uncor-
related with ey (iln)e, (iln)/y(iln) is disregarded, the procedure
outlined in [2] can be used to calculate a more accurate ex-
pression for var“ksl’?l analogous to (3.14) in [1]. The corre-
spondence between simulated output' MSE and coefficient
variance using Gaussian inputs and calculated MSE and coeffi-
cient variance using (3.21), (3.15), and (3.25) has been found
to be fairly close [2]. v

This completes the first-order description of single-stage
convergence time and output MSE for the LS lattice. To
summarize, for one stage of the lattice, the mean trajectory of
the filter coefficients, and asymptotic variance of the filter
coefficients and its affect upon the output MSE have been
approximated assuming the inputs to the stage considered are
stationary. Approximations used are 1) the filter coefficients
are independent of the input data sequence, which is analogous
to the independence assumption used to analyze the LMS
transversal algorithm [19], 2) the average

can be replaced by
E[X;]
E[Y;]

for the cases considered, and 3) the error sequences e, and ef
are jointly Gaussian. The second assumption is reasonable
since the random variables X; and Y; are, for the cases con-
sidered, time averages of second-order input statistics. The
variances of X; and Y; therefore become relatively small as i
increases. The third assumption was used to approximate
fourth-order statistics by second-order statistics.

A comparison of the formulas in this section with their
counterparts in [1] illustrates the similarities between the LS
lattice and LMS lattice. In particular, calculated single-stage
time constants, coefficient variance, and output MSE for both
the LS and LMS lattice algorithms are nearly identical. The
first-order techniques used in this paper therefore do not
distinguish between the LS and LMS lattice algorithms. This
is because the difference in performance between the two
algorithms is primarily due to the added optimal weighting
factors y(iln), 1< n < N, which tend to remain constant for
stationary Gaussian inputs. The results in this section are
consistent with the comparative LMS-LS simulations in [3]
which indicate that the difference in performance between the
two algorithms with Gaussian noise inputs is slight.

IV. MurLTISTAGE LS LATTICE CONVERGENCE MODELS

Having described the convergence properties of one stage of
the LS lattice, we now consider the effects which adapting
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Fig. 5. Mean value trajectories of least squares backward PARCOR coefficients by 1) simulation and 2) from the conver-
gence model. Curve 3 shows the trajectory of k;(1b)opt(i ) computed by the model.

stages have on successive stages. In this section we therefore
attempt to extend the convergence model in [1] for the LMS
lattice to the least squares case.

A. LS Lattice Predictor Model

The convergence model for the LS lattice is again obtained
by ignoring the effect of statistical fluctuations of the coeffi-
cients k(@) and k@), 1<n<N. Given second-order
information about the input sequence, we can then replace
k,(,b.zl(i) and ks,j?l(i) by their mean value trajectories and
obtain a set of simple deterministic iterative equations. In
particular, noting that

es(iln) = F LIV, (4.12)
and
ep(iln) = b T (iln)y;1, (4.1b)
where
.Viln=[yi,yi~1:"'ayi—ns"'syi—N—l]a (4'2)

and f(iln) and b(iln) are defined by (2.19) and (2.22), respec-
tively, the order recursions (3.1) can be rewritten with k,(le

and kf,’:)l replaced by their mean values as follows:

Fln+ 1) =F(@in) - E[L) (D)1 B(n) (4.3a)
and
B+ 1) =215 - 1n) - E[k$D,()]z~YF G - 1ln).
(4.3b)

2z Yp(i - 1ln - 1) represents (i - 1ln - 1) shifted “down” one
element, i.e.,

[z7Y8@ - 1n)]; =[0G - 1in)];j-, for 2<j<N+2
and [z7b( - 1n)], =0.
In order to compute E[k ()] and E[kP)()], we assume

Elkyq (i
Ek$,0)] ”’"E[T];?i%]l
and
E[E®)0)] = % (4.4)

Taking expected values of both sides of (3.3), (3.4), (3.52),
and (3.5b), using the second approximation discussed at the
end of the last section, the values of E[ k4 ()], E[R/(iln)],
and E[R(iln)] can be compuied at each iteration i. Second-
order statistics are approximated as follows:

Eles(iinyey(iln)] ~ f T(An)E[ 71,7 i1 D (ln), (4.5)
Efe}@m)] = FTGn)E[ 71,y fn] £ @), (4.6)

and
E[e}(iln)] ~ BT (In)E[¥;1,7 fin) B(ln). “.7

Equations (4.3)~(4.7) constitute the convergence model for the
LS lattice filter. Fig. 5 compares the mean value trajectories
of k)(i), n=4 and 10, obtained from the model and by
simulation for the same input statistics used to illustrate the
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Fig. 6. Output MSE of a least-squares lattice predictor by 1) simulation
and 2) from the convergence model.

accuracy of the LMS model in [1].
trajectories of

Eles(iln)ey(iin)]
- Ele}(iln)]

Fig. 6 compares output MSE as generated by the model and by
simulation. The adaptation constant was set to w=1-§,
where 8 was the adaptation constant used for the simulations
in [1]. The speeds of convergence for both the LMS and LS
algorithms are therefore similar. A comparison of Figs. 5 and
6 with Figs. 3 and 4 in [1] indicates that the LS model for
convergence is more accurate than the LMS model; however,
additional results in [3] indicate that by using a somewhat
different LMS algorithm from that simulated in [1], the LMS
curves can be made nearly identical to the LS curves.

Also shown are the

S ope =

B. LS Lattice Joint Process Estimator Model

In analogy with the LMS lattice, the convergence model for
the LS lattice predictor is easily extended to the LS lattice
joint process estimator. In addition to the predictor recursions
in Section III, the LS lattice joint process estimator [15] uses
the additional recursions

e (iln + 1) = e, (iln) - k$ 1 (D)ey i) (4.8)
and
" )}
@) i+ 1)= wks,"zl(>+f"—(—’y”_()l.77”)(f@ “9)
where
n+1(l)
Fho == i

As discussed in Section II, e, (iln) can be represented by the
vector f(iln) defined by (2.19) and (4.8) can be rewritten
with kf,x+)1(l) replaced by its mean value as (2.21). We then
approximate

1 5vA0)

B0 ~ ]

(4.10)
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and

T (16 D] ~wE (T + ELeximes(in)]
B[R+ D] ~wEBEH O] + =2

(4.11)

where Ele,(iln)ey, (iln)] is given by (2.25). Output MSE as a
function of time is given by (2.24).

The LS lattice predictor model in Section IV-A combined
with (4.10) and (4.11) completes the LS lattice joint process
estimator model. Plots of mean coefficient trajectories and
output MSE are nearly identical to the LMS cases discussed
earlier and are therefore omitted.

V. “FasT” KALMAN CONVERGENCE MODEL

The “fast” Kalman algorithm [9] is a computationally
efficient version of the Kalman-Godard or least squares trans-
versal algorithm presented in [8]. Both the “fast” Kalman
and least-squares lattice algorithms minimize the (weighted)
sum of the squares' of the prediction residuals, and hence, in
this sense are equivalent. The lattice structure, however,
generates all of the least squares backward and forward resid-
vals of orders one through N in addition to possessing other
desirable characteristics [5]. On the other hand the “fast”
Kalman algorithm requires somewhat less computation than
the least squares lattice algorithm [16], [18]. Because the LS
lattice and “fast” Kalman algorithms are equivalent (aside
from finite word length effects), if output MSE is the only
item of interest, the convergence model for the LS lattice
algorithm would suffice for both algorithms. In addition, we
point out that the formulas for asymptotic output MSE given
in Section 111 should also apply to the LS transversal filter.

The algorithm is stated as follows:

& ()=~ TG~ Dyosiw EX)
F@) =1~ 1) +ep()e() (5.2)
er@ =y~ FT@yi- v (5.3)
Rp() =wR, (i - 1) +e; (el () (5.4)
er(i)

T+ 1) } | R
[Z’_z,zw i+ @ - er(i )f() (5-5)

a0
eyt )=y, n - b @yun (5.6)
B+ 1) _b(l)'l'eb(l + g, @+ 1) (57

1- ep(i+ DEy+ (i +1)
gli+1)=g, y(+1D)+gy. G+ 1DbGE+1) (5.8)

where
f@O=HinG), -, v @) (5.9a)
b= [bun@), -, byin O], (5.99)
Yan=n Viene1l. (5.10)
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g(¥) is the Kalman gain, i.e.,

e =Piwyi-1in (5.11)
and ®;) y is the sample covariance matrix,
i L .
Dyy=3 W TyicunyFun twis  (5.12)

j=1

for some small initial value 8. &, ,(i) denotes the vector
formed by the mth through the nth element of the (V + 1)-
dimensional “extended Kalman gain vector” g (i) given by

g@)=

The residuals ef and e}, are again the causal prediction errors as
discussed in Section III. Note that (5.1) and (5.2) alone con-
stitute the least squares transversal algorithm. Equations
(5.3)-(5.8) merely evaluate g(7) given by (5.11).

To obtain a “fast” Kalman convergence model, we again
represent the residuals ef(f) and e,(i) by their respective
prediction coefficient vectors f (/) and b (i) defined as

Bl N+ YiN - (5.13)

Fr@y =[1-fT@io] (5.149)
and
b7y = [0l-pT()I1] (5.14b)

where f(7) and b(7) are the forward and backward tap vectors
defined by (5.9). By definition, er(i) and ey, (i) are represented
by the vectors f(i - 1) and b(i - 1). Since we assume the tap
welghts are evolvmg deterministically, the matrices ®;/%y and
@7} v+ can also be regarded as deterministic. From (5.11)
and (5.13) each element of g(i) and g(¢) is alinear combination
of Yoy, Vieas s Vi-nsand ¥, ¥ioq," ", ¥i - N, TESpectively.
We therefore represent [g(7)];, 1<j <N, and [g(+ 1)];,
1 <j < N + 1, by their respective coefficient vectors

g]T(i)=[05g]1:g]25ag]N: 0] (515)
and
—g—iT(i)=[?}1;2}2,"',5,1\[4-1,0]- (5.16)

The vectors g;(i) and g;(7), therefore, approximate the jth
row of the matrices £{®;y] and E[®;1 |+ 1], tespectively.
(The last “0” element is added to keep the dimension of g;
and g; the same as the dimension of f and 5.)

The mean-forward tap update can be evaluated from (5.2)
using second-order statistics as follows:

N+t N
HDINDY
I=1 m=1

D1i8im R - m -1s

LA =1rG - DI

[FG- 1<j <N
(5.17)

The mean-covariance update is similarly given by

N+1 N+1
E[R;()] ~wE[R(i- 1)] + Z Z_l
FOLIFGE- DImRi- - (5.18)
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The coefficient vectors g;(i + 1) are then updated by using
(5.5) to write

N 1)
&+ 1)—E[Rf(l.)] (5.192)
and
Ej(” 1) =gj-1() - [FG)]j- 181G+ 1) (5.19b)
for2<j<N+1
In order to compute b(i), we use the fact that [2]
. _ep(itl)
[BG+DInes= R+ 1) (5.20)
and therefore
gv+1+1) - 1z2Cr DL (5.21)

E[Ry(i+ 1)]

where zb(i + 1) denotes b (i + 1) shifted “up” one element
in_analogy to the notation used in Section IV-A. Since
[26G+ D] nsq = 1, it follows that

1

E[Ry(i + 1)) (5:22)

En+1, N+ T )=

and

8N+ 1(i + 1)
Ever, N+ 1)

Finally, to update the vectors g;, 1 < j
write

g+ 1D=g @+ 1)+ [b@E+ D]gn+.G+ D). (5.24)

Notice that since g;( + 1) is a linear combination of y;, y;-1,

* 5 Vi-n+1, We expect that [g;(i + 1)] ;.4 = 0. This can be
proven using (5.24) and (5.22). At the (7 + 1)st iteration of
the algorithm, z1g;(; + 1) must be used in (5.17).

A convergence model for the least squares transversal filter
is therefore given by (5.17), (5.18), (5.19), (5.23), and (5.24).
Fig. 7 shows mean value trajectories of the tap weights f;10(?),
j =4 and 10, obtained from the model and by simulation for
the same input statistics used to illustrate the accuracy of the
LS lattice model in Section IV-A. The adaptation constant w
was also the same as that used in Section IV-A. Output MSE
generated by the model and by simulation is nearly identical
to the analogous LS lattice curves in Fig. 6 and is therefore not
shown. Fig. 7 would seem to indicate that the model gives a
reasonably accurate description of the convergence process.

Zh(i+1)= (5.23)

< N, we use (5.8) to

VI. CONCLUSIONS

This paper has discussed the convergence properties of the
LMS and LS lattice joint process estimators, LS lattice pre-
dictor, and “fast” Kalman algorithm. Each case involved an
extension of the techniques used in [1] to analyze the LMS
lattice filter. The convergence models for both LMS lattice
joint process estimation algorithms yield similar accuracy to
that exhibited by the model presented in [1]. Results for the
LMS lattice and LS lattice are similar, indicating that both
algorithms exhibit similar performance in stationary environ-
ments. The behavior of LS and LMS lattice algorithms in non-
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Fig. 7. Mean value trajectories of tap weights 4 and 10 in a “fast” Kalman tenth-order predictor by 1) simulation and 2)
from the convergence model,

stationary environments is an interesting topic for future
investigation.
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