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Abstract

The existing distributed algorithms for Network Utility Maximization (NUM) problems
are mostly constructed using dual decomposition and first-order (gradient or subgradient)
methods, which suffer from slow rate of convergence. Recent work [25] proposed an alter-
native distributed Newton-type algorithm for solving NUM problems with self-concordant
utility functions. For each primal iteration, this algorithm features distributed exact step-
size calculation with finite termination and decentralized computation of the dual variables
using a finitely truncated iterative scheme obtained through novel matrix splitting tech-
niques. This paper analyzes the convergence properties of a broader class of algorithms
with potentially different stepsize computation schemes. In particular, we allow for errors
in the stepsize computation. We show that if the error levels in the Newton direction
(resulting from finite termination of dual iterations) and stepsize calculation are below a
certain threshold, then the algorithm achieves local quadratic convergence rate in primal
iterations to an error neighborhood of the optimal solution, where the size of the neigh-
borhood can be explicitly characterized by the parameters of the algorithm and the error
levels.
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1 Introduction

There has been much recent interest in developing distributed algorithms for solving convex
optimization problems over networks. This is mainly motivated by resource allocation problems
that arise in large-scale communication networks. This paper focuses on the rate allocation
problem in wireline networks, which can be formulated as the Network Utility Mazimization
(NUM) problem (see [1], [23], [7], [17], [19]). NUM problems are characterized by a fixed set of
sources with predetermined routes over a network topology. Each source in the network has a
local utility, which is a function of the rate at which it transmits information over the network.
The objective is to determine the source rates that maximize the sum of the utilities without
violating link capacity constraints. The standard approach for solving NUM problems in a
distributed way relies on using dual decomposition and first-order (subgradient) methods, which
through a dual price exchange mechanism enables each source to determine its transmission
rate using only locally available information ([16], [19], [21]). However, the drawback of these
methods is their slow rate of convergence.

In this paper, we study the convergence properties of a distributed Newton-type method for
solving NUM problems proposed in [25]. This method involves an iterative scheme to compute
the dual variables based on matrix splitting and uses the same information exchange mechanism
as that of the first-order methods applied to the NUM problem. The stepsize rule is inversely
proportional to the inexact Newton decrement (where the inexactness arises due to errors in the
computation of the Newton direction) if this decrement is above a certain threshold and takes
the form of a pure Newton step otherwise.

Since the method uses iterative schemes to compute the Newton direction, exact computation
is not feasible. In this paper, we consider a truncated version of this scheme and present a
convergence rate analysis of the constrained Newton method when the stepsize and the Newton
direction are estimated with some error. We show that when these errors are sufficiently small,
the value of the objective function converges superlinearly in terms of primal iterations to a
neighborhood of the optimal objective function value, whose size is explicitly quantified as a
function of the errors and bounds on them.

Our paper is most related to [4] and [13]. In [4], the authors have developed a distributed
Newton-type method for the NUM problem using a belief propagation algorithm. Belief prop-
agation algorithms, while performing well in practice, lack systematic convergence guarantees.
Another recent paper [13] studied a Newton method for equality-constrained network optimiza-
tion problems and presented a convergence analysis under Lipschitz assumptions. In this paper,
we focus on an inequality-constrained problem, which is reformulated as an equality-constrained
problem using barrier functions. Therefore, this problem does not satisfy Lipschitz assumptions.
Instead, we assume that the utility functions are self-concordant and present a novel convergence
analysis using properties of self-concordant functions.

Our analysis for the convergence of the algorithm also relates to work on convergence rate
analysis of inexact Newton methods (see [10], [15]). These works focus on providing conditions
on the amount of error at each iteration relative to the norm of the gradient of the current iterate
that ensures superlinear convergence to the ezact optimal solution (essentially requiring the error
to vanish in the limit). Even though these analyses can provide superlinear rate of convergence,
the vanishing error requirement can be too restrictive for practical implementations. Another
novel feature of our analysis is the consideration of convergence to an approximate neighborhood
of the optimal solution. In particular, we allow a fixed error level to be maintained at each step
of the Newton direction computation and show that superlinear convergence is achieved by the
primal iterates to an error neighborhood, whose size can be controlled by tuning the parameters
of the algorithm. Hence, our work also contributes to the literature on error analysis for inexact



Newton methods.

The rest of the paper is organized as follows: Section 2 defines the problem formulation and
related transformations. Section 3 describes the exact constrained primal-dual Newton method
for this problem. Section 4 outlines the distributed inexact Newton-type algorithm developed
in [25]. Section 5 contains the rate of convergence analysis for our algorithm. Section 6 contains
our concluding remarks.

Basic Notation and Notions:

A vector is viewed as a column vector, unless clearly stated otherwise. We write R, to
denote the set of nonnegative real numbers, i.e., Ry = [0,00). We use subscripts to denote the
components of a vector and superscripts to index a sequence, i.e., z; is the i* component of
vector  and x* is the kth element of a sequence. When z; > 0 for all components i of a vector
x, we write x > 0.

For a matrix A, we write A;; to denote the matrix entry in the i* row and 5™ column. We
write I(n) to denote the identity matrix of dimension n x n. We use 2’ and A’ to denote the
transpose of a vector x and a matrix A respectively. For a real-valued function f : X — R,
where X is a subset of R”, the gradient vector and the Hessian matrix of f at x in X are denoted
by Vf(z) and V2 f(x) respectively. We use the vector e to denote the vector of all ones.

A real-valued convex function g : X — R, where X is a subset of R, is self-concordant
if it is three times continuously differentiable and |¢"” (x)| < 2¢”(x)2 for all z in its domain.*
For real-valued functions in R", a convex function g : X — R, where X is a subset of R", is
self-concordant if it is self-concordant along every direction in its domain, i.e., if the function
g(t) = g(z+tv) is self-concordant in ¢ for all  and v. Operations that preserve self-concordance
property include summing, scaling by a factor a > 1, and composition with affine transformation
(see [6] Chapter 9 for more details).

2 Network Utility Maximization Problem

We consider a network represented by a set £ = {1,..., L} of (directed) links of finite nonzero
capacity given by ¢ = [¢]ier and a set S = {1,...,S} of sources, each of which transmits
information along a predetermined route.? For each link [, let S(I) denote the set of sources
using it. For each source i, let L(i) denote the set of links it uses. Let the nonnegative source
rate vector be denoted by s = [s;];es. Let matrix R be the routing matriz of dimension L x S,
given by

(1)
For each i, we use U; : R, — R to denote the utility function of source i. The Network

Utility Mazimization (NUM) problem involves choosing the source rates to maximize a global
system function given by the sum of all utility functions and can be formulated as

R.o_ 1 if link 7 is on the route of source 7,
71 0 otherwise.

S

maximize Z Ui(si) (2)
i=1

subject to Rs <¢, s>0.

We adopt the following assumptions on the utility function.

1Self-concordant functions are defined through the following more general definition: a real-valued three times
continuously differentiable convex function g : X — R, where X is a subset of R, is self-concordant, if there exists
a constant a > 0, such that |¢"”(z)| < 2a~2¢"(z)? for all # in its domain [22], [14]. Here we focus on the case
a = 1 for notational simplification in the analysis.

2We assume that each source flow traverses at least one link and each link is used by at least one source.



Assumption 1. The utility functions U; : R, — R are continuous, strictly concave, mono-
tonically nondecreasing on R, and twice continuously differentiable on the set of positive real
numbers. The functions —U; : R, — R are self-concordant on the set of positive real numbers.

The self-concordance assumption is satisfied by standard utility functions considered in the
literature, for instance logarithmic (i.e., weighted proportionally fair, see [23]) utility functions
and concave quadratic functions, and is adopted here to allow a self-concordant analysis in
establishing local quadratic convergence. We use h(z) to denote the (negative of the) objective
function of problem (2), i.e., h(x) = — Zil Ui(x;), and h* to denote the (negative of the) optimal
value of this problem.? Since h(z) is continuous and the feasible set of problem (2) is compact,
it follows that problem (2) has an optimal solution, and therefore h* is finite. Moreover, the
interior of the feasible set is nonempty, i.e., there exists a feasible solution x with x; = SLH for
alli € S with ¢ > 0.4

We reformulate the problem into one with only equality constraints by introducing nonneg-
ative slack variables [y;];cz, such that

S
Zlesj—i—yl:cl forl:1,2...L, (3)

j=1

and using logarithmic barrier functions for the nonnegativity constraints (which can be done since
the feasible set of (2) has a nonempty interior).” The new decision vector is = ([s;]ics, [Uiller)’
and problem (2) can be rewritten as

S+L

minimize — i Ui(x;) — p Z log (z;) (4)
subject to AxZ:c, -
where A is the L x (S + L)-dimensional matrix given by
A=[R I(L)], (5)

and p is a nonnegative barrier function coefficient. We use f(z) to denote the objective function
of problem (4), i.e.,

flz) = — Z Ui(zi) — p Z log (), (6)

and f* to denote the optimal value of this problem, which is finite for positive 1.5
By Assumption 1, the function f(z) is separable, strictly convex, and has a positive definite
diagonal Hessian matrix on the positive orthant. The function f(x) is also self-concordant for
1 > 1, since both summing and scaling by a factor u > 1 preserve self-concordance property.
We write the optimal solution of problem (4) for a fixed barrier function coefficient p as
x(p). One can show that as the barrier function coefficient o approaches 0, the optimal solution
of problem (4) approaches that of problem (2), when the constraint set in (2) has a nonempty

3We consider the negative of the objective function value to work with a minimization problem.

4One possible value for ¢ is ¢ = min;{¢;}.

®We adopt the convention that log(z) = —oo for x < 0.

6This problem has a feasible solution, hence f* is upper bounded. Each of the variable z; is upper bounded by
¢, where ¢ = max;{¢; }, hence by monotonicity of utility and logarithm functions, the optimal objective function
value is lower bounded. Note that in the optimal solution of problem (4) z; # 0 for all 4, due to the logarithmic
barrier functions.



interior and is convex [2], [11]. Hence by continuity from Assumption 1, h(z(u)) approaches h*.
Therefore, in the rest of this paper, unless clearly stated otherwise, we study iterative distributed
methods for solving problem (4) for a given u. In order to preserve the self-concordance property
of the function f, which will be used in our convergence analysis, we first develop a Newton-type
algorithm for x> 1. In Section 5.3, we show that problem (4) for any p > 0 can be tackled by
solving two instances of problem (4) with different coefficients u > 1, leading to a solution x(u)

that satisfies W < a for any positive scalar a.

3 Exact Newton Method

For each fixed p, problem (4) is feasible and has a convex objective function, affine constraints,
and a finite optimal value f*. Therefore, we can use a strong duality theorem to show that,
for problem (4), there is no duality gap and there exists a dual optimal solution (see [3]).
Moreover, since matrix A has full row rank, we can use a (feasible start) equality-constrained
Newton method to solve problem (4)(see [6] Chapter 10), which serves as a starting point in the
development of a distributed algorithm. In our iterative method, we use * to denote the primal
vector at the k™" iteration.

3.1 Feasible Initialization

We initialize the algorithm with some feasible and strictly positive vector 2°. For example, one
such initial vector is given by

x;, = fori=1,2...5, (7)

S
:13?4_5:0;—2}%”%“ foril=1,2...L,
j=1

where ¢; is the finite capacity for link [, ¢ is the minimum (nonzero) link capacity, S is the total
number of sources in the network, and R is routing matrix [cf. Eq. (1)].

3.2 Iterative Update Rule

We denote Hj, = V2f(z*) for notational convenience. Given an initial feasible vector 2°, the
algorithm generates the iterates by z**! = 2% 4+ d*Az*, where d* is a positive stepsize, Az¥ is
the (primal) Newton direction given as

Az* = —H ' (Vf(2¥) + Aw*), and (8)
(AH ' AYwh = —AH_ 'V f(25), (9)
where w¥ = [wf];c, is the dual vector and the w} are the dual variables for the link capacity

constraints at primal iteration k. This system has a unique solution for all k. To see this, note
that the matrix Hj is a diagonal matrix with entries

LD 1<i<$
(Hy)ii = owp? - @)? PR (10)
(xi+)2 S+1<i<S+L.
By Assumption 1, the functions U; are strictly concave, which implies 62%;(; il < 0. Moreover,

the primal vector z* is bounded (since the method maintains feasibility) and, as we shall see in
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Section 4.2, can be guaranteed to remain strictly positive by proper choice of stepsize. Therefore,
the entries (Hy); > 0 and are well-defined for all 4, implying that the Hessian matrix Hj is
invertible. Due to the structure of A [cf. Eq. (5)], the column span of A is the entire space RY,
and hence the matrix AH, ' A’ is also invertible.” This shows that the preceding system of linear
equations can be solved uniquely for all k.

The objective function f is separable in x;, therefore given the vector wy for [ in L(i), the
Newton direction Az¥ can be computed by each source i using local information available to
that source. However, the computation of the vector w” at a given primal solution z* cannot be
implemented in a decentralized manner since the evaluation of the matrix inverse (AH, 'A’)~!
requires global information. This motivates using matrix splitting technique to compute the
dual variables w” in the inexact distributed Newton method developed in [25], which we briefly
summarize in the following section.

4 Distributed Inexact Newton Method

This section describes the distributed Newton algorithm developed in [25]. We consider a broader
class of algorithms which allow for errors in the stepsize computation. These algorithms use
a distributed iterative scheme to compute the dual vector, which is then used to determine
an inexact primal Newton direction that maintains primal feasibility. Section 4.1 summarizes
the distributed finitely terminated dual vector computation procedure. Section 4.2 presents
the distributed primal Newton direction computation and the stepsize rule, together with the
bounds on the error level in the inexact algorithm.

4.1 Distributed Dual Variable Computation via Matrix Splitting

The computation of the dual vector w* at a given primal solution ¥ requires solving a linear
system of equations [cf. Eq. (9)]. The dual variables can be computed using a distributed iterative
scheme relying on novel ideas from matrix splitting (see [9] for a comprehensive review). We let
Dy, be a diagonal matrix with diagonal entries

(Di)u = (AH P A, (11)
By be a symmetric matrix given by
By, = (AH,'A") — Dy, (12)

and B; be a diagonal matrix with diagonal entries

L

(Be)i = »_(Br)yj- (13)

j=1
It was shown in [25] that we can use the matrix splitting
AH'A' = (By + Dy) + (By — By) (14)

to compute the dual variables iteratively. We include the theorem statement here for complete-
ness.

"If for some = € RY, we have AH, ' A’z = 0, then 2/ AH, 'A'x = HH];%AII

because the matrix H is invertible. The rows of the matrix A’ span R%, therefore we have = 0. This shows
that the matrix AH, L A’ is invertible.

’ = 0, which implies || A'z|], = 0,
2



Theorem 4.1. For a given k > 0, let Dy, By, By be the matrices defined in Egs. (11), (12) and
(13). Let w(0) be an arbitrary initial vector and consider the sequence {w(t)} generated by the
iteration

w(t +1) = (D + Br) " (Br — Be)w(t) + (Di + By) " (—AH, 'V f(z")), (15)

for all ¢ > 0. Then the spectral radius of the matrix (Dy + By)~'(By — By,) is strictly bounded
above by 1 and the sequence {w(t)} converges as t — 0o, and its limit is the solution to Eq. (9).

The results from [25] shows that iteration (15) can be implemented in a distributed way,
where each source or link is viewed as a processor, information available at source i can be
passed to the links it traverses, i.e., [ € L(i), and information about the links along a route
can be aggregated and sent back to the corresponding source using a feedback mechanism. The
algorithm has comparable level of information exchange with the subgradient based algorithms
applied to the NUM problem, see [25] for more implementation details.

4.2 Distributed Primal Direction Computation

Given the dual variables computed using the above iteration, the distributed Newton method
computes the primal Newton direction in two stages to maintain feasibility. In the first stage,
the first S components of AZ* are computed via Eq. (8) using the dual vector obtained from
iteration (15). Then in the second stage, the last L components of AZ*, corresponding to the
slack variables, are solved explicitly by the links to guarantee the condition AAZ* = 0 is satisfied.
The feasibility correction is given by

(Afk>{s+1...s+L} =R (Ajk){l---s}' (16)

Starting from an initial feasible vector x°, the initialization in Eq. (7) for instance, the
distributed Newton algorithm generates the primal vectors z* as follows:

" = oF 1+ dF AT (17)

where d* is a positive stepsize, and AZ* is the inexact Newton direction at the k" iteration.

The stepsize used in the distributed algorithm is based on an inexact Newton decrement,
which we introduce next. We refer to the exact solution of the system of equations (8) as the
ezact Newton direction, denoted by Az*. The inexact Newton direction AZ* computed by our
algorithm is a feasible estimate of Az*. At a given primal vector z*, we define the exact Newton
decrement \(z¥) as

MzF) = /(Azk) V2 f(2F) Ak, (18)

Similarly, the inezact Newton decrement S\(LEk) is given by

Mat) = /(ATF)V2f (F) AZF. (19)

Note that both A(z*) and A(z*) are nonnegative and well defined because the matrix V2f(z")
is positive definite.

We assume that A(z¥) is obtained through some distributed computation procedure and
denote 0% as its approximate value. One possible procedure with finite termination yielding
08 = \(x*) is described in [25]. However, other estimates 6% can be used, which can potentially
be obtained by exploiting the diagonal structure of the Hessian matrix, writing the inexact
Newton decrement as

Ma*) = [ Y0 (AF)(Hyu = V(L +5),

ieLys



where § = SJFLL ZieSUL(Aik)f(Hk)ii and using iterative consensus-type algorithms.

Given the scalar 0%, an approximation to the inexact Newton decrement \(z*), at each
iteration k, we choose the stepsize d* as follows: Let V be some positive scalar with 0 < V <
0.267. Based on [22], we have

g — e if 6F >V for al'l previous k, (20)
1 otherwise,

where 2‘(/111 < b < 1. The upper bound on V will be used in analysis of the quadratic convergence

phase of our algorithm [cf. Assumption 4]. This bound will also ensure the strict positivity of
the generated primal vectors [cf. Theorem 4.3]. The lower bound on b will be used to guarantee
a lower bounded improvement in the damped convergent phase. The stepsize rule in [25] uses
08 = \(z*) and b = 1 as a special case of this broader class of stepsize rules.

There are three sources of inexactness in this algorithm: finite precision achieved in the com-
putation of the dual vector due to truncation of the iterative scheme (15); two-stage computation
of an approximate primal direction to maintain feasibility; inexact stepsize value obtained from
a finitely truncated consensus algorithm. The following assumptions quantify the bounds on the
resulting error levels.

Assumption 2. Let {*} denote the sequence of primal vectors generated by the distributed
inexact Newton method. Let Az* and Az* denote the exact and inexact Newton directions at
2*, and 7* denote the error in the Newton direction computation, i.e.,

Ark = AZF 4 A5 (21)
For all k, 7" satisfies
|(*) V2 ()] < p*(ATF)YV2 f () AT + e (22)
for some positive scalars p < 1 and e.

This assumption imposes a bound on the weighted norm of the Newton direction error v*
as a function of the weighted norm of AZ* and a constant e. Note that without the constant
e, we would require this error to vanish when z* is close to the optimal solution, i.e., when
AZ* is small, which is impractical for implementation purposes. Since the errors arise due to
finite truncation of the dual iteration (15) , the primal Newton direction can be computed with
arbitrary precision. Therefore given any p and e, the dual computation can terminate after
certain number of iterations such that the resulting error +* satisfies this Assumption.

The recent papers [25] and [26] presented two different distributed methods to determine
when to terminate the dual computation procedure such that the above error tolerance level
is satisfied. The method in [25] has two stages: in the first stage a predetermined number
of dual iterations is implemented; in the second stage, the error bound is checked after each
dual iteration. The method in [26] computes an upper bound on the number of dual iterations
required to satisfy Assumption 2 at each primal iteration. Simulation results suggest that the
method proposed in [26] yields a loose upper bound, while it does not require distributed error
checking at each dual iteration and hence involves less communication and computation overhead
in terms of error checking.

We bound the error in the inexact Newton decrement calculation as follows.

Assumption 3. Let 7% denote the error in the Newton decrement calculation, i.e.,
™ = \z") — 6~ (23)

7



For all k, 7% satisfies

17| < (% - 1) (1+V).

This assumption will be used in establishing the strict positivity of the generated primal
vectors zF. When the method presented in [25] is used to compute 6%, then we have 7% = 0
and b = 1 for all £ and the preceding assumption is satisfied clearly. Throughout the rest of the
paper, we assume the conditions in Assumptions 1-3 hold.

In [25] we have shown that the stepsize choice with % = \(z*) and b = 1 can guarantee
strict positivity of the primal vector z* generated by our algorithm, which is important since it
ensures that the Hessian H* and therefore the (inexact) Newton direction is well-defined at each
iteration. We next show that the stepsize choice in (20) will also guarantee strict positivity. We
first establish a bound on the error in the stepsize under Assumption 3.

Lemma 4.2. Let 6% be an approximation of the inexact Newton decrement \(z*) defined in
(19). For 6% >V, we have

2b—1)/(Ma*) +1) < <1/(M=") +1 24
(20— 1)/(A=") +1) < gy < V(A7) + 1), (24)
where b € (0, 1] is the constant used in stepsize choice (20).

Proof. By Assumption 3 and the fact §* > V', we have
- 1 1
INzF) — 6F| < (g—l) 1+V)< (5_1> (1+6%). (25)
By multiplying both sides by the positive scalar b, the above relation implies
bo* — bA(2F) < (1 —b)(1+ 6%),
which yields

(2b — 1)0% + (2b — 1) < bA(z*) + b.
By dividing both sides of the above relation by the positive scalar (8% +1)(A(z¥) + 1), we obtain
the first inequality in Eq. (24).
Similarly, using Eq. (25) we can establish

bA(2") — % < (1 —b)(1 + 6%),
which can be rewritten as
bA(z®) +b < 0% + 1.
After dividing both sides of the preceding relation by the positive scalar (6% +1)(A(z*) +1), we
obtain the second inequality in Eq. (24). O

With this bound on the stepsize error, we can show that starting with a strictly positive
feasible solution, the primal vectors z* generated by our algorithm remain positive for all k.

Proposition 4.3. Given a strictly positive feasible primal vector z°, let {z*} be the sequence
generated by the inexact distributed Newton method (17). Assume that the stepsize d* is

selected according to Eq. (20) and the constant b satisfies 2“//111 < b < 1. Then, the primal
k

vector z” is strictly positive for all k.



Proof. We will prove this claim by induction. The base case of 2z° > 0 holds by the assumption
of the theorem. Since the U; are strictly concave [cf. Assumption 1], for any z*, we have
-2 UZ( ¥) > 0. Given the form of the Hessian matrix [cf. Eq. (10)], this implies (Hy)y; > &

Oz} ()2
1
) ) > max;

for all t, and therefore
where the last inequality follows from the nonnegativity of the terms u (

\/_Ax

’L

Mm:(Z(Aaz) ) (Zu<

=1

k) By taking the

l

reciprocal on both sides, the above relation implies
zk

7
AZF

1

xk

7
AZF

]

1 1 1
/N\@k) B max; ‘/ﬁ%if VI

i

, (26)

min; < min;

where the last inequality follows from the fact that u > 1.
We show the inductive step by considering two cases.

e Casei: 0" >V

. V41
Since 0 < AN

< b <1, we can apply Lemma 4.2 and obtain that the stepsize d* satisfies

d* < 1/(14 M) < 1/M(z").

Using Eq. (26), this implies d* < min; . Hence if 2% > 0, then 2F! = 2%+ d*Az*F > 0.

A:El

o Caseii: OF <V 3
By Assumption 3, we have A(z*) < V + (3 — 1) (1+V). Using the fact that b > 775, we
obtain

1 2V +1
k - _ — <
/\(x)<V+(b 1)(1+V)<V+(V+1 1)(1+V) 2V <1,

where the last inequality follows from the fact that V' < 0.267. Hence we have d* = 1 <
1
then z**! = 2% + d*Az*F > 0.

< mini]:—;], where the last inequality follows from Eq. (26). Once again, if 2% > 0,

In both cases we have 2! = 2¥ 4 d*AZ* > 0, which completes the induction proof. n

Hence the algorithm with a more general stepsize rule is also well defined. In the rest of
the paper, we will assume that the constant b used in the definition of the stepsize satisfies

V41
2V+1 <b < L.

5 Convergence Analysis

We next present our convergence analysis for both primal and dual iterations of the algorithm
presented above. We first establish convergence for dual iterations.



5.1 Convergence in Dual Iterations

We study the convergence rate of iteration (15) in terms of a dual (routing) graph, which we
introduce next.

Definition 1. Consider a network G = {£, S}, represented by a set £ = {1, ..., L} of (directed)
links, and a set S = {1,...,5} of sources. The links form a strongly connected graph, and
each source sends information along a predetermined route. The weighted dual (routing) graph
G = {N, L}, where N is the set of nodes, and £ is the set of (directed) links defined by:

AN =CL;

B. A link is present between node L; to L; in G if and only if there is some common flow between
Li and Lj in Q

C. The weight VVU on the link from node L; to L; is given by

Wi = (D + Bi) (Br)ij = (Di + Bi)y (AH ' A)yy = (Dy+ Bi) Y, H
s€S(HNS ()

where the matrices Dy, By, and By are defined in Egs. (11), (12) and (13).

Two sample network - dual graph pairs are presented in Figures 1, 2 and 3, 4 respectively.
Note that the unweighted indegree and outdegree of a node are the same in the dual graph,
however the weights are different depending on the direction of the links. The splitting scheme
in Eq. (14) involves the matrix (Dy + By) ' (By — By), which is the weighted Laplacian matrix
of the dual graph.® The weighted out-degree of node i in the dual graph, i.e., the diagonal entry
(Dy + Bk);ian- of the Laplacian matrix, can be viewed as a measure of the congestion level of
a link in the original network since the neighbors in the dual graph represent links that share
flows in the original network. We show next that the spectral properties of the Laplacian matrix
of the dual graph dictate the convergence speed of dual iteration (15). We will use the following
lemma [24].

Lemma 5.1. Let M be an n x n matrix, and assume that its spectral radius, denoted by p(M),
satisfies p(M) < 1. Let {\;}i=1, ., denote the set of eigenvalues of M, with 1 > |\;| > |Ag| >
... > |A\n] and let v; denote the set of corresponding unit length right eigenvectors. Assume the
matrix has n linearly independent eigenvectors.” Then for the sequence w(t) generated by the
following iteration

w(t+ 1) = Mw(t), (27)

we have
[w(t) —w*]], < |\, (28)

for some positive scalar «, where w* is the limit of iteration (27) as t — oc.

We use M to denote the L x L matrix, M = (Dy + B;)"Y(By, — Bi), and z to denote the
vector z = (Dy+ By) " (—AH, 'V f(2¥)). We can rewrite iteration (15) as w(t+1) = Mw(t) + z,
which implies

g—1
w(t+q) = Miw(t) + ZMlz = M%(t) + (I — M9)(I — M) 2.

=0

8We adopt the following definition for the weighted Laplacian matrix of a graph. Consider a weighted directed
graph G with weight W;; associated with the link from node ¢ to j. We let W;; = 0 whenever the link is not
present. These weights form a weighted adjacency matriz W. The weighted out-degree matriz D is defined as a
diagonal matrix with Dy; = >, Wi; and the weighted Laplacian matriz L is defined as L = D — W. See [5], [8]
for more details on graph Laplacian matrices.

9An alternative assumption is that the algebraic multiplicity of each ); is equal to its corresponding geometric
multiplicity, since eigenvectors associated with different eigenvalues are independent [18].
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This alternative representation is possible since p(M) < 1, which follows from Theorem 4.1.
After rearranging the terms, we obtain

w(t +q) = MU w(t) — (I — M) '2)+ (I — M) 'z

Therefore starting from some arbitrary initial vector w(0), the convergence speed of the sequence
w(t) coincides with the sequence u(t), generated by u(t + ¢) = M%(0), where u(0) = w(0) —
M(I — M)z

We next show that the matrix M has L linearly independent eigenvectors in order to apply
the preceding lemma. We first note that since the nonnegative matrix A has full row rank
and the Hessian matrix H has positive diagonal elements, the product matrix AH, 'A’ has
positive diagonal elements and nonnegative entries. This shows that the matrix Dy [cf. Eq.
(11)] has positive diagonal elements and the matrix B [cf. Eq. (13)] has nonnegative entries.
Therefore the matrix (Dy + Bk)*% is diagonal and nonsingular. Hence, using the relation M =
(Dy + By)2 M(Dy, + By,) "2, we see that the matrix M = (Dy, + By,) ™ (Bg — By) is similar to the
matrix M = (Dy+ Bk)*%(gk — By)(Dy + Bk)*%. From the definition of By [cf. Eq. (12)] and the
symmetry of the matrix AH, ' A’ we conclude that the matrix B is symmetric. This shows that
the matrix M is symmetric and hence diagonalizable, which implies that the matrix M is also
diagonalizable, and therefore it has L linearly independent eigenvectors.! We can use Lemma
5.1 to infer that

lw(t) = wlly = [Ju(t) — u"|l, < [Al'e,

where \; is the eigenvalue of M with largest magnitude, and « is a constant that depends on
the initial vector u(0) = w(0) — (I — M)~'z. Hence \; determines the speed of convergence of
the dual iteration.

We next analyze the relationship between A\; and the dual graph topology. First note that
the matrix M = (D, + B;,) "' (By — By) is the weighted Laplacian matrix of the dual graph [cf.
Section 4.1], and is therefore positive semidefinite [8]. We then have p(M) = |\| = Ay > 0.
From graph theory [20], Theorem 4.1 and the above analysis, we have

4me(M)

: A \—17
7 < A1 < min {2 max [(Dy, + By) Bk]” ; 1} ; (29)

where mc(M) is the weighted maximum cut of the dual graph, i.e.,

HIC(M) = magi{ Z Wij + Z W]l} y
SN \iesjas i€S,jes

where Wij is the weight associated with the link from node i to j. The above relation suggests

that a large maximal cut of the dual graph provides a large lower bound on A;, implying the

dual iteration cannot finish with very few iterates. When the maximum weighted out-degree,

i.e., maxey, [(Dk + Bk)*lBk]”, in the dual graph is small, the above relation provides a small

upper bound on A\; and hence suggesting that the dual iteration converges fast.

We finally illustrate the relationship between the dual graph topology and the underlying net-
work properties by means of two simple examples that highlight how different network structures
can affect the dual graph and hence the convergence rate of the dual iteration. In particular, we
show that the dual iteration converges slower for a network with a more congested link. Con-
sider once more the two networks given in Figures 1 and 3, whose corresponding dual graphs

10Tf a square matrix A of size n x n is symmetric, then A has n linearly independent eigenvectors. If a square
matrix B of size n X n is similar to a symmetric matrix, then B has n linearly independent eigenvectors [12].
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are presented in Figures 2 and 4 respectively. Both of these networks have 3 source-destination
pairs and 7 links. However, in Figure 1 all three flows use the same link, i.e., L4, whereas in
Figure 3 at most two flows share the same link. This difference in the network topology results
in different degree distributions in the dual graphs as shown in Figures 2 and 4. To be more
concrete, let U;(s;) = 151log(s;) for all sources ¢ in both graphs and link capacity ¢; = 35 for all
links {. We apply our distributed Newton algorithm to both problems, for the primal iteration
when all the source rates are 10, the largest weighted out-degree in the dual graphs of the two
examples are 0.46 for Figure 2 and 0.095 for Figure 4, which implies the upper bounds for A\;
of the corresponding dual iterations are 0.92 and 0.19 respectively [cf. Eq. (29)]. The weighted
maximum cut for Figure 2 is obtained by isolating the node corresponding to L4, with weighted
maximum cut value of 0.52. The maximum cut for Figure 4 is formed by isolating the set
{L4, L¢}, with weighted maximum cut value of 0.17. Based on (29) these graph cuts generate
lower bounds for A\; of 0.30 and 0.096 respectively. By combining the upper and lower bounds,
we obtain intervals for \; as [0.30,0.92] and [0.096, 0.19] respectively. Recall that a large spectral
radius corresponds to slow convergence in the dual iteration [cf. Eq. (28)], therefore these bounds
guarantee that the dual iteration for the network in Figure 3, which is less congested, converges
faster than for the one in Figure 1. Numerical results suggest the actual largest eigenvalues are
0.47 and 0.12 respectively, which confirm with the prediction.

5.2 Convergence in Primal Iterations

We next present our convergence analysis for the primal sequence {:Ef} generated by the inexact
Newton method (17). For the k** iteration, we define the function f; : R — R as

fe(t) = f(a" + A7), (30)

which is self-concordant, because the objective function f is self-concordant. Note that the
value fk(()) and fk(dk) are the objective function values at 2* and 2**! respectively. Therefore
fr(d*) = f(0) measures the decrease in the objective function value at the k" iteration. We will
refer to the function fk as the objective function along the Newton direction.

Before proceeding further, we first introduce some properties of self-concordant functions and
the Newton decrement, which will be used in our convergence analysis.!!

5.2.1 Preliminaries

Using the definition of a self-concordant function, we have the following result (see [6] for the
proof).

Lemma 5.2.~Let f : ~]R — R be a self-concordant function. Then for all ¢ > 0 in the domain of
the function f with ¢f” (0)% < 1, the following inequality holds:

F(£) < FO) +tF'(0) — tF(0)7 —log(1 — tf"(0)?). (31)

We will use the preceding lemma to prove a key relation in analyzing convergence properties
of our algorithm [see Lemma 5.8]. The next lemma will be used to relate the weighted norms of
a vector z, with weights V2f(z) and V2f(y) for some z and y. This lemma plays an essential
role in establishing properties for the Newton decrement (see [14], [22] for more details).

1'We use the same notation in these lemmas as in (4)-(6) since these relations will be used in the convergence
analysis of the inexact Newton method applied to problem (4).
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Figure 1: Each source-destination pair is displayed with the same color. We use z; to denote the
flow corresponding to the i*" source-destination pair and L; to denote the i** link. All 3 flows
traverse link L.

L32I3

x1

Figure 2: Dual graph for the network in Figure 1, each link in this graph corresponds to the
flows shared between the links in the original network. The node corresponding to link L, has
high unweighted out-degree equal to 6.
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Figure 3: Each source-destination pair is displayed with the same color. We use z; to denote
the flow corresponding to the i** source-destination pair and L; to denote the i** link. Each link
has at most 2 flows traversing it.

™

Figure 4: Dual graph for the network in Figure 4, each link in this graph corresponds to the
flows shared between the links in the original network. Both nodes corresponding to links Ly4
and Lg has relatively high out-degree equal to 4.
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Lemma 5.3. Let f : R™ — R be a self-concordant function. Suppose vectors x and y are in the
domain of f and A = ((z —y)'V2f(z)(z —y))2 < 1, then for any z € R", the following inequality
holds:
(1= N)2V2f(2)z < 2'V2f(y)z < WZ’VQf(x)z. (32)
The next two lemmas establish properties of the Newton decrement generated by the equality-
constrained Newton method. The first lemma extends results in [14] and [22] to allow inexactness
in the Newton direction and reflects the effect of the error in the current step on the Newton
decrement in the next step.'?

Lemma 5.4. Let f : R® — R be a self-concordant function. Consider solving the equality
constrained optimization problem
minimize f(z) (33)
subject to Az = ¢,
using an (exact) Newton method with feasible initialization, where the matrix A is in RE*(ZL+5)

and has full column rank, i.e., rank(A) = L. Let Az be the exact Newton direction at z, i.e.,
Ax solves the following system of linear equations,

(P DE)-CE)

Let A% denote any direction with v = Ar — AZ, and x(t) = v +tA7 for t € [0,1]. Let z be
the exact Newton direction at  + AZ. If A = \/AZ'V2f(2)AZ < 1, then we have

2
IV + V(@) 5

Proof. See Appendix A. n

I(9)
—-R
corresponding unconstrained domain consists of the source rate variables. In the unconstrained
domain, the source rates are updated and then the matrix K adjusts the slack variables accord-
ingly to maintain the feasibility, which coincides with our inexact distributed algorithm in the
primal domain. The above lemma will be used to guarantee quadratic rate of convergence for
the distributed inexact Newton method (17)]. The next lemma plays a central role in relating
the optimality gap in the objective function value to the exact Newton decrement (see [6] for
more details).

Vif(x+ AF) 2 <

One possible matrix K in the above proof for problem (4) is given by K = , whose

Lemma 5.5. Let F' : R® — R be a self-concordant function. Consider solving the unconstrained
optimization problem
minimize,cgn F(z), (35)

using an (unconstrained) Newton method. Let Az be the exact Newton direction at z, i.e., Ax =
—V?F(z)"'VF(z). Let A(x) be the exact Newton decrement, i.e., A(z) = /(Az)'V2F (z)Axz.
Let F** denote the optimal value of problem (35). If A(x) < 0.68, then we have

F*> F(x) — Mx)*. (36)

12We use the same notation in the subsequent lemmas as in problem formulation (4) despite the fact that
the results hold for general optimization problems with self-concordant objective functions and linear equality
constraints.
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Using the same elimination technique and isomorphism established for Lemma 5.4, the next
result follows immediately.

Lemma 5.6. Let f : R — R be a self-concordant function. Consider solving the equality
constrained optimization problem

minimize f(z) (37)

subject to Ax = ¢,

using a constrained Newton method with feasible initialization. Let Ax be the exact (primal)
Newton direction at x, i.e., Az solves the system

(75 5)(3) (%)

Let A(z) be the exact Newton decrement, i.e., A(z) = /(Az)V2f(z)Az. Let f* denote the
optimal value of problem (37). If A(z) < 0.68, then we have

fr= fl@) = AMa)*. (38)

Note that the relation on the optimality gap in the preceding lemma holds when the exact
Newton decrement is sufficiently small (provided by the numerical bound 0.68, see [6]). We will
use these lemmas in the subsequent sections for the convergence rate analysis of the distributed
inexact Newton method applied to problem (4). Our analysis comprises of two parts: The first
part is the damped convergent phase, in which we provide a lower bound on the improvement
in the objective function value at each step by a constant. The second part is the quadrati-
cally convergent phase, in which the optimality gap in the objective function value diminishes
quadratically to an error level.

5.2.2 Basic Relations

We first introduce some key relations, which provides a bound on the error in the Newton
direction computation. This will be used for both phases of the convergence analysis.

Lemma 5.7. Let {z*} be the primal sequence generated by the inexact Newton method (17).
Let A(z%) be the inexact Newton decrement at z* [cf. Eq. (19)]. For all k, we have

(%) V2 (") AT < pA(ah)? + Ma") Ve,
where 7*, p, and € are nonnegative scalars defined in Assumption 2.

Proof. By Assumption 1, the Hessian matrix V2 f(z*) is positive definite for all z¥. We therefore
can apply the generalized Cauchy-Schwarz inequality and obtain

(47 V2 F(2) AT <\ ((FF) V2 f (2h)yR) (AZR) V2 f(2F) AZF) (39)
< (A2 + A2
< A h)? + €+ ARV,
where the second inequality follows from Assumption 2 and definition of 5\(55’“), and the third

inequality follows by adding the nonnegative term 2p\/25\(;vk)3 to the right hand side. By the
nonnegativity of the inexact Newton decrement A(z*), it can be seen that relation (39) implies

(") V2 f (@) AT < Ma®) (pA(2*) + Ve) = pA(a*)® + A(a*) Ve,

which proves the desired relation. O
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Using the preceding lemma, the following basic relation can be established, which will be
used to measure the improvement in the objective function value.

Lemma 5.8. Let {2*} be the primal sequence generated by the inexact Newton method (17).
Let fk be the objective function along the Newton direction and )\( *) be the inexact Newton
decrement [cf. Eqs. (30) and (19)] at 2" respectively. For all k with 0 <t < 1/\(z*), we have

Fi(t) < fo(0) = (1 = p)A(a")® = (1 = Ve)tA(z") — log(1 — tA(a")), (40)
where p, and € are the nonnegative scalars defined in Assumption 2.

Proof. Recall that Az" is the exact Newton direction, which solves the system (8). Therefore
for some w¥, the following equation is satisfied,

V2f (2" Ax® + Awh = —V f(2*).
By left multiplying the above relation by (Az*)’, we obtain
(AZR)YV2f () Axk 4+ (AZF) Aw® = —(AZF)'V f(2F).

Using the facts that Ax* = AZ*F + ~* from Assumption 2 and AAZ* = 0 by the design of our
algorithm, the above relation yields

(AT F(@)AT + ATV F(ah)F = (AT V(o).
By Lemma 5.7, we can bound (Az*)'V?2f(z*)v* by,
DAY + A(aF)VE > (AT () > ph(et) — AV

Using the definition of )\(ack) [cf. Eq. (19)] and the preceding two relations, we obtain the following
bounds on (AZ*)'V f(z*):

—(1+p)A*)? = Aa")Ve < (AF)Vf(a*) < —(1 = p)A(=")* + M) ve,
By differentiating the function fi(t), and using the preceding relation, this yields,
fi(0) = V f(a") AZ" (41)
—(1 = p)A")? + Aa")Ve.
Moreover, we have
i (0) = (AZ)' V2 f(2") AZ" (42)
= \z")2.

The function fk(t) is self-concordant for all k, therefore by Lemma 5.2, for 0 <t < 1/ S\(xk), the
following relations hold:

Jilt) < Jil0) + ££(0) = ££(0)* — log(1 = t£(0)?)
< fi(0) = t(1 = p)A")? + tA(2*) Ve — tA(e") — log(1 — tA(2"))
= fu(0) = t(1 = p)A@@")® — (1 = Ve)tA(z") — log(1 — tA(a")),
where the second inequality follows by Eqgs. (41) and (42). This proves Eq. (40). O

The preceding lemma shows that a careful choice of the stepsize t can guarantee a constant
lower bound on the improvement in the objective function value at each iteration. We present
the convergence properties of our algorithm in the following two sections.
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5.2.3 Damped Convergent Phase

In this section, we consider the case when 6% > V and stepsize d* = 5 = [cf. Eq. (20)]. We
will provide a constant lower bound on the improvement in the objective function value in this

case. To this end, we first establish the improvement bound for the exact stepsize choice of
t=1/(\(z")+1).

Theorem 5.9. Let {z*} be the primal sequence generated by the inexact Newton method (17).
Let fk be the obJectlve function along the Newton direction and )\( *) be the inexact Newton
decrement at z* [cf. Eqs. (30) and (19)]. Consider the scalars p and ¢ defined in Assumption 2

2
0'5_1’)(2‘?_‘/%_1)) , where b is the constant used in

and assume that 0 < p < % and 0 < e < <(

the stepsize rule [cf. Eq. (20)]. For * >V and t = 1/ (X(xk) + 1), there exists a scalar a > 0
such that

. Whb—V +b—1)\" Wh—V +b—1
/ 1+ .

(0 = R0 < —ap) (222 b (43

Proof. For notational simplicity, let y = X (a:k) in this proof. We will show that for any positive

scalar a with 0 < a < <% —p- (2Vb—\+b+b—1)> /(p+1), Eq. (43) holds. Note that such « exists
since € < <(0-5—p)(2vbb—v+b—1)>2‘

By Assumption 3, we have for 6% > V|

1 1 2Vb—V +b—1
yzw—(g—Q(HJQzV—<E—Q(HJQ:‘/ 2+ : (44)
Using b > 5544, we have y > V — (3 —1) (1 4+ V) > 0, which implies 2Vb -V +b—1 > 0.
Together with 0 < o < (% —p— ﬁ%) /(p+1) and b > 3L this shows

Ve <

2Vb—V—|—b—1(

; ——p—aﬂ+M)

2

Combining the above, we obtain

1
v@éy(§—p—aﬂ+p0,
which using algebraic manipulation yields

—(1=py—(1—-Ve)+(1+y) -

l\DI@

—a(1+p)y.

From Eq. (44), we have y > 0. We can therefore multiply by y and divide by 1 + y both sides
of the above inequality to obtain

1— 1— /€ 2 1+p)y?
1+y 1+y 2(1+vy) 1+y

Using second order Taylor expansion on log (1 4 ), we have for y > 0

y2

log(1+y)§y—m.
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Using this relation in Eq. (45) yields,

1-p 2_1_\/E

y (1+4p)y?
1+y 1+y ’

14y

y+log(l+y) < —a

Substituting the value of t = 1/ (y + 1), the above relation can be rewritten as

(1+p)y2'

_(1_p)ty2—(1—\/E)ty—10g(1—t?/)5_0‘ l+y

Using Eq. (40) from Lemma 5.8 and definition of y in the preceding, we obtain

2

; ; y
t) — 0) < —-afl .
fo)=Fu0 < —a+p) 2

Observe that the function h(y) = nyQI is monotonically increasing in y, and for ¥ > V by

relation (44) we have y > 22=¥+=1 Therefore

2 2
Y 2Vb—-V +b—-1 2Vb—-V +b-1
—a (1 < —a(l 1 .
ot < —atp (PP 1+ 222
Combining the preceding two relations completes the proof. O]
Note that our algorithm uses the stepsize d¥ = ch«lkl in the damped convergent phase, which

is an approximation to the stepsize t = 1/(A(z*) + 1) used in the previous theorem. The error
between the two is bounded by relation (24) as shown in Lemma 4.2. We next show that with
this error in the stepsize computation, the improvement in the objective function value in the
inexact algorithm is still lower bounded at each iteration.

Let 8 = %, where t = 1/(5\(351“) + 1). By the convexity of f, we have

fa® + ptAz®) = f(B(a® + tAZ") + (1 = B)(2%)) < Bf(a® + tAz") + (1 = B) f(2").
Therefore the objective function value improvement is bounded by

flz+ ptazr) — f(a¥) < Bfa* + tAL%) + (1 = B) f(2*) — f(a)
= B(f(a" + tAz") — f(a"))
= B(fr(t) — fx(0)),

where the last equality follows from the definition of fk(t) Since 0 < 2‘(,%11 < b <1, we can

apply Lemma 4.2 and obtain bounds on § as 2b — 1 < § < 1. Hence combining this bound with
Theorem 5.9, we obtain

(2Vb7V+b—1 )2

fE@) = f(a%) < =(2b = Da (1 +p) (1+ 2VII);V+b1)' (46)

Hence in the damped convergent phase we can guarantee a lower bound on the object function
value improvement at each iteration. This bound is monotone in b, i.e., the closer the scalar b
is to 1, the faster the objective function value improves, however this also requires the error in
the inexact Newton decrement calculation, i.e., :\(xk) — 0%, to diminish to 0 [cf. Assumption 3.
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5.2.4 Quadratically Convergent Phase

In this phase, there exists k& with #* < V and the step size choice is d* = 1 for all k > k.'3 We
show that the optimality gap in the primal objective function value diminishes quadratically to
a neighborhood of optimal solution. We proceed by first establishing the following lemma for
relating the exact and the inexact Newton decrements.

Lemma 5.10. Let {2*} be the primal sequence generated by the inexact Newton method (17)
and \(z¥), A\(z*) be the exact and inexact Newton decrements at z* [cf. Egs. (18) and (19)]. Let
p and € be the nonnegative scalars defined in Assumption 2. We have

(1= p)Aa") = Ve S Aa*) < (L +p)A(*) + Ve (47)

Proof. By Assumption 1, for all k, V2f(z"*) is positive definite. We therefore can apply the
generalized Cauchy-Schwarz inequality and obtain

|(Aah)' V2 f(a")AT*| </ ((Adk) V2 f(2k) Aak) ((AZk)' V2 f (aF) A) (48)
= Az")A("),

where the equality follows from definition of A(z*) and A(z*). Note that by Assumption 2, we
have Az* = AZ* + ~+*, and hence

(A?) V2 f(2*) Az = [(AZ" + %) V2 f (o) AT (49)
> (AT V2 f(2F)AZ" — |(7F) V2 f (") AZ"
> X(a")? = ph(a)? = M )Ve,
where the first inequality follows from a variation of triangle inequality, and the last inequality
follows from Lemma 5.8. Combining the two inequalities (48) and (49), we obtain

A@)A(z*) = A(z*)? = pA(a*)® — VeA(a"),

By canceling the nonnegative term A(z*) on both sides, we have

A*) = Ma*) = pA(a*) — Ve

This shows the first half of the relation (47). For the second half, using the definition of \(z¥),
we have

M2*)? = (A" V2 f(2¥) Ax”
(A" + %)V f(a*)(AZ" + )
(ATFYV?f(H) AT + (FY V2 F ) + 20T V2 ()
where the second equality follows from the definition of ¥ [cf. Eq. (21)]. By using the definition
of A(z*), Assumption 2 and Lemma 5.7, the preceding relation implies,

AP < Ma*)? + p? (@) + €+ 2pA (@) + 2V/EA(2")

A(@F)2 4+ A (@) + 2pA(2F)? + 2v/e(1 4+ p)A(zF) + €

(1+pAGE") + Ve,

where the second inequality follows by adding a nonnegative term of 2v/epA(z*) to the right

hand side. By nonnegativity of p, €, A and S\(xk), we can take the square root of both sides and
this completes the proof for relation (47). O

IN I/\

13Note that once the condition §% < V is satisfied, in all the following iterations, we have stepsize d* = 1 and
no longer need to compute 9*.
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Before proceeding to establish quadratic convergence in terms of the primal iterations to an
error neighborhood of the optimal solution, we need to impose the following bound on the errors
in our algorithm in this phase. Recall that k is an index such that #* < V and d* = 1 for all
k> k.

Assumption 4. Let {2*} be the primal sequence generated by the inexact Newton method
(17). Let ¢ be a positive scalar with ¢ < 0.267. Let £ and v be nonnegative scalars defined in
terms of ¢ as

¢p + /¢ N 20\/e+ ¢ . 1
l—p—¢—ve (l-p—0¢—e)? (I=p—¢—e)*

where p and € are the scalars defined in Assumption 2. The following relations hold

£ =

(14 p)(0*F + %) + Ve < o, (50)

v(0.68) + & < 0.68, (51)
0.68 4 /e

= <1, (52)

p+Ve<1— (4617 — ¢, (53)

where 78 > 0 is a bound on the error in the Newton decrement calculation at step k [cf.

Assumption 3].

The upper bound of 0.267 on ¢ is necessary here to guarantee relation (53) can be satisfied
by some nonnegatwe scalars p and e. Relation (50) can be satisfied by some nonnegative scalars
p, € and 7F, because we have 0% < V < 0.267. Relation (50) and (51) will be used to guarantee
the condltlon A(zF) < 0.68 is satisfied throughout this phase, so that we can use Lemma 5.6
to relate the optimality gap with the Newton decrement, and relation (52) and (53) will be
used for establishing the quadratic rate of convergence of the objective function value, as we
will show in the Theorem 5.12. This assumption can be satisfied by first choosing proper values
for the scalars p, € and 7 such that all the relations are satisfied, and then adapt both the
consensus algorithm for #* and the dual iterations for w* according to the desired precision (see
the discussions following Assumption 2 and 3 for how these precision levels can be achieved).

To show the quadratic rate of convergence for the primal iterations, we need the following
lemma, which relates the exact Newton decrement at the current and the next step.

Lemma 5.11. Let {*} be the primal sequence generated by the inexact Newton method (17)
and A(z*), A(z*) be the exact and inexact Newton decrements at z* [cf. Eqs. (18) and (19)].
Let 6% be the computed inexact value of A(z*) and let Assumption 4 hold. Then for all k with
A(z*) < 1, we have

Az < w(@F)? + ¢, (54)
where £ and v are the scalars defined in Assumption 4 and p and € are defined as in Assumption
2.

Proof. Given A(2*) < 1, we can apply Lemma 5.4 by letting z = Az*+!, we have
MzM)? = (AP V2 (x + Az)Axk T

< L VAT + ()7 et
< 1)\(§’“()2k)\/(Axk+1)/V2f( )Axk+1+\/ Y2 f(x k\/ Ak f (1) Axk+
— Az
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where the last inequality follows from the generalized Cauchy-Schwarz inequality. Using As-
sumption 2, the above relation implies

5\@%)2

AzFHh)? < (—1 T P2N(ak)2 + 6) V(ALY V2 f () Akt

By the fact that 5\(33"7) < 0"+ 7 < ¢ <1, we can apply Lemma 5.3 and obtain,

1y2 1 k) 23 (k)2 o2 = 1
AW*)SLJ@@&_Mﬂﬁ‘PMﬁVMJJ&ﬂﬂVf@%MMﬂ+

Ay PA? +e
N Ty T T )T

By dividing the last line by A(2z**1), this yields

)\(Ik+1> S

S\(xk)Q N p25\(gjk)2 +e€ - S\(xk)2 N pS\(fEk) + \/—
1 —

(L=A@h)?  1=A@h) 7 (1= A@h))? Aak)

From Eq. (47), we have \(z¥) < %ﬁ. Therefore the above relation implies

" M) Tve ' AN+
S (T e o) T

By Eq. (56), we have A(z"*) < ¢, and therefore the above relation can be relaxed to

k1 A(z") ? op + /€ 2¢\/€ + €
< (5 2) T e e e

Hence, by definition of £ and v, we have

MzF) <woa(ah)? + €.
O

In the next theorem, building upon the preceding lemma, we apply relation (38) to bound
the optimality gap in our algorithm, i.e., f(z*) — f*, using the exact Newton decrement. We
show that under the above assumption, the objective function value f(z*) generated by our
algorithm converges quadratically in terms of the primal iterations to an explicitly characterized
error neighborhood of the optimal value f*.

Theorem 5.12. Let {2*} be the primal sequence generated by the inexact Newton method (17)
and A(z*), A(z*) be the exact and inexact Newton decrements at ¥ [cf. Eqs. (18) and (19)]. Let
f(2%) be the corresponding objective function value at k' iteration and f* denote the optimal
objective function value for problem (4). Let Assumption 4 hold, and £ and v be the scalars
defined in Assumption 4. Assume that for some § € [0,1/2),

)
< —.
fHuls 4v
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Then for all m > 1, we have

(55)

and

limsupmﬁoof(mk+m) - f* S €+ 2ij
v

where k is the iteration index with 6% < V.

Proof. We prove Eq. (55) by induction. First for m = 1, from Assumption 3, we have 5\(33"“) <
0% + 7%, Relation (50) implies 6% + 7% < ¢ < 1, hence we have A(z*) < 1 and we can apply
Lemma 5.11 and obtain ) )

Az < o(@h)? + ¢

By Assumption 4 and Eq. (47), we have
@) < (1L+p)(0" +7) +ve <o, (56)
The above two relations imply
AP < g + €.

The right hand side is monotonically increasing in ¢. Since ¢ < 0.68, we have by Eq. (51),
A(z*1) < 0.68. By relation (53), we obtain (1 — p — ¢ — /€)* > 4¢?. Using the definition of v,
ie.,v= m, the above relation implies v¢? < ﬁ. Hence we have

E—l—{.

This establishes relation (55) for m = 1. .
We next assume that Eq. (55) holds and A(z¥*™) < 0.68 for some m > 0, and show that
these also hold for m 4 1. From Eqgs. (47) and (52), we have

- _ E+m
)\(karm) < A )WL\/E < 0-684‘\/E <1,
1—»p 1—»p

where in the second inequality we used the inductive hypothesis that /\(a:]_”m) < 0.68. Hence we
can apply Eq. (54) and obtain

)\(xl}+m+1) < U}\(xl_c+m)2 _i_é&’

using Eq. (51) and A(zF*™) < 0.68 once more, we have A\(zFt™*1) < 0.68. From our inductive
hypothesis that (55) holds for m, the above relation also implies

22y 22m

1 3 §22"1 1 52271 1\?
= Sy, + 9om 1 + o 9Tl +ou(&+ ST + &,

; 1 52" 1\’
)\(:L,k-i-m-‘rl) S v ( +§_,_ ;—) +£

1Note that we do not need monotonicity in A(z*), instead the error level assumption from relation (52) enables
us to use Lemma 5.11 to establish quadratic rate of convergence.
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Using algebraic manipulations and the assumption that £ + v€ < %, this yields

1 5221

k+m+1
A(z™* +)§m+€+522m—+1,

completing the induction and therefore the proof of relation (55).
The induction proof above suggests that the condition A(z**™) < 0.68 holds for all m > 0,
we can therefore apply Lemma 5.6, and obtain an upper bound on optimality gap as follows,

Pk = 57 < (AaHm) <Ak,

Combining this with Eq. (55), we obtain

; 1 52271 -1
k+m\ _ prx < - e -
F@™) = f* < g+ —
Taking limit superior on both sides of the preceding relation establishes the final result. O]

The above theorem shows that the objective function value f(z*) generated by our algorithm
converges in terms of the primal iterations quadratically to a neighborhood of the optimal value
f*, with the neighborhood of size £ + 2%, where

- optve | 20Vete Y 1
T=p=6-ve (-p—6-yor (=6 Vo
and the condition & 4+ v¢ < % is satisfied. Note that with the exact Newton algorithm, we have
p = € = 0, which implies £ = 0 and we can choose § = 0, which in turn leads to the size of the
error neighborhood being 0. This confirms the fact that the exact Newton algorithm converges
quadratically to the optimal objective function value.

Note that the analysis is independent of how the dual variables are obtained. Any algorithm
for problem (4) where the update rule is given as Eq. (17) with stepsize d* defined as in Eq. (20)
and inexact Newton direction AZ* defined as an inexact solution to the system (8), if Assump-
tions 2-4 are satisfied, then the preceding analysis can be extended and the sequence of objective
function value generated by the algorithm converges quadratically to an error neighborhood of
the optimal value.

5.3 Convergence with respect to Design Parameter p

In the preceding development, we have restricted our attention to developing an algorithm for a
given logarithmic barrier coefficient p. We next study the convergence properties of the optimal
object function value as a function of y and develop a method that enables us to bound the error
introduced by the logarithmic barrier functions to be arbitrarily small. We utilize the following
result from [22].

Lemma 5.13. Let G the nonnegative orthant in R"”, and function g : R* — R be a logarithmic
barrier for G, i.e., g(z) = —>_"  log(x;). Then for any z, y in interior of G, we have (y —
z)'Vg(z) < 1.1

Using this lemma and an argument similar to that in [22], we can establish the following
result, which bounds the sub-optimality as a function of pu.

15The lemma also holds for more general cases, when G is a closed convex domain and function ¢ is a logarithmic
barrier for G.
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Theorem 5.14. Given p > 0, let x(u) denote the optimal solution of problem (4) and h(z(u)) =
25:1 —U;i(z;(p)) . Similarly, let z* denote the optimal solution of problem (2) together with
corresponding slack variables (defined in Eq. (3)), and h* = Y27 | —U;(«7). Then, the following
relation holds,

ha(w) — b < p.

S+L

Proof. For notational simplicity, we write g(z) = —> 7 log(z;). Therefore the objective

function for problem (4) can be written as h(z) + pug(z). By Assumption 1, we have that the
utility functions are concave, therefore the negative objective functions in the minimization
problems are convex. From convexity, we obtain

h(a®) 2 h(z(p)) + (2° — 2(w)) Vh(z(w)). (57)

By optimality condition for z(u) for problem (4) for a given u, we have,

(Vh(z(p)) +uVg(x(p)) (v — 2(n) >0,

for any feasible x. Since z* is feasible, we have

(Vh(z(n) + uVg(z(p))' (=" — 2z(n) 2 0,

which implies

Vh(z(p) («" = x(p) > —pVg(z(un)) (@™ —x(1)).

For any p, we have z(u) belong to the interior of the feasible set, and by Lemma 5.13, we have
for all i, Vg(z(pn)) (z(r) — z(n)) < 1. By continuity of z(x) and the fact that the convex set
Az < cis closed, for A and ¢ defined in problem (4), we have z* = lim,_,o (1), and hence

Vy(x(p)) (=" = 2(p)) = im Vg(z () (z(i) — =(n) < 1.

n—0

The preceding two relations imply

Vh(a(w)) (@* - 2(1)) = —p.

In view of relation (57), this establishes the desired result, i.e.,

ha(p)) = h* < p.
O

By using the above theorem, we can develop a method to bound the sub-optimality between
the objective function value our algorithm provides for problem (4) and the exact optimal objec-
tive function value for problem (2), i.e, the sub-optimality introduced by the barrier functions
in the objective function, such that for any positive scalar a, the following relation holds,

W <a, (58)

where the value h(x(u)) is the value obtained from our algorithm for problem (4), and h* is
the optimal objective function value for problem (2). We achieve the above bound by im-
plementing our algorithm twice. The first time involves running the algorithm for problem
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(4) with some arbitrary p. This leads to a sequence of z* converging to some z(u). Let
h(z(p) = S22, —Us(x;(n)). By Theorem 5.14, we have

ha(p)) —p < 1" (59)

Let scalar M be such that M = (a[h(x(u)) — p])~ and implement the algorithm one more time
for problem (4), with 1 = 1 and the objective function multiplied by M, i.e., the new objective is
to minimize —M 2% | Uy(z;) — 3254  log (x;), subject to link capacity constraints.'® We obtain
a sequence of Z* converges to some Z(1). Denote the objective function value as h(Z(1)), then
by applying the preceding theorem one more time we have

Mh(#(1)) — Mh* < p =1,

which implies
h(z(1)) = h* < alh (z(p)) — p] < ah”

where the first inequality follows by definition of the positive scalar M and the second inequality
follows from relation (59). Hence we have the desired bound (58).

Therefore even with the introduction of the logarithmic barrier function, the relative error in
the objective function value can be bounded by an arbitrarily small positive scalar at the cost
of performing the fast Newton-type algorithm twice.

6 Conclusions

This paper presents a convergence analysis for the distributed Newton-type algorithm for Net-
work Utility Maximization problems proposed in [25], which uses an information exchange mech-
anism similar to that involved in first order methods applied to this problem. We utilize the
property of self-concordant functions and show that even when the Newton direction and step-
size are computed with some error, the method converges globally and achieves local superlinear
convergence rate in terms of primal iterations to an error neighborhood, the size of which can
be specified explicitly using the error tolerance level and the parameters of the algorithm. Pos-
sible future directions include a more detailed analysis of the relationship between the rate of
convergence of the dual iterations and the underlying topology of the network and investigating
convergence properties for a fixed finite truncation of dual iterations.

A Proof of Lemma 5.4

We first transform problem (33) into an unconstrained one via elimination technique, establish
equivalence in the Newton decrements and the Newton primal directions between the two prob-
lems following the lines in [6], then derive the results for the unconstrained problem and lastly
we map the result back to the original constrained problem.

Since the matrix A has full column rank, i.e., rank(A) = L, in order to eliminate the equality
constraints, we let matrix K € R(SHL*S bhe any matrix whose range is null space of A, with
rank(K) = S, vector & € R5*L be a feasible solution for problem (33), i.e., AZ = ¢. Then we
have the parametrization of the affine feasible set as

{r|Az = ¢} = {Ky + i|y € RY}.

16When M < 0, we can simply add a constant to the original objective function to shift it upward. Therefore
the scalar M can be assumed to be positive without loss of generality. If no estimate on M is available apriori,
we can implement the distributed algorithm one more time in the beginning to obtain an estimate to generate
the constant accordingly.
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The eliminated equivalent optimization problem becomes
minimize,cgs  F(y) = f(Ky + ). (60)

We next show the Newton primal direction for the constrained problem (33) and uncon-
strained problem (60) are isomorphic, where a feasible solution x for problem (33) is mapped to
y in problem (60) with Ky + & = x. We start by showing that each Ay in the unconstrained
problem corresponds uniquely to the Newton direction in the constrained problem.

For the unconstrained problem, the gradient and Hessian are given by

VF(y)= K'Vf(Ky+%), V°F(y)=KV*f(Ky+)K. (61)

Note that the objective function f is three times continuously differentiable, which implies its
Hessian matrix V2 f(Ky + &) is symmetric, and therefore we have V2F(y) is symmetric, i.e.,
VEE(y) = V*F(y).

The Newton direction for problem (60) is given by

Ay =—(V2F(y)) VF(y) = —(K'V2f(2)K) ' K'V f(x)."7 (62)
We choose
w=—(AA) AV f(z) + V2 f(z)Az), (63)
and show that (Az,w) where
Az = KAy (64)

is the unique solution pair for the linear system (34) for the constrained problem (33). To estab-

!/
lish the first equation, i.e., V2f(x)Az + A'w = —V f(x), we use the property that ( IZ ) u =

/
( [/(15 > = 0 for some u € R%*L implies v = 0.'® We have

( *’Z ) ( V2f(x)Az + Aw+ Vf(z) )

_ ( K'V2 f(z) K(=(K'V2 f(2) K) KV f(x)) + K'A'w + K'V f () )
AV2f(z)Ax — AV f(z) + V2f(2)Az) + AV f(x)
0
={ )
(1)

where the first equality follows from definition of Az, Ay and w [cf. Egs. (64), (62) and (63)]
and the second equality follows the fact that K’A'w = 0 for any w.!® Therefore we conclude
that the first equation in (34) holds. Since the range of matrix K is the null space of matrix A,
we have AKy = 0 for all y, therefore the second equation in (34) holds, i.e., AAx = 0.

For the converse, given a Newton direction Az defined as solution to the system (34) for the
constrained problem (33), we can uniquely recover a vector Ay, such that KAy = Az. This is

1"The matrix KV?2f(z)K is invertible. If for some y € R, we have KV2f(z)K'y = 0, then y/ KV2f(z)K'y =
(72 @)t Ky
rows of the matrix K’ span R®, therefore we have y = 0. This shows that the matrix K'V2f(x)K’ is invertible.

I8Tf K'u = 0, then the vector u is orthogonal to the row space of the matrix K’, and hence column space of
the matrix K, i.e., null space of the matrix A. If Au = 0, then w is in the null space of the matrix A. Hence the
vector u belongs to the set nul(A) N (nul (A))", which implies u = 0.

YLet K’ A'w = u, then we have ||u\|§ =u'K'A'w = w' AKu. Since the range of matrix K is the null space of
matrix A, we have AKu = 0 for all u, hence ||u||§ = 0, suggesting u = 0.

’2 = 0, which implies ||K’z||, = 0, because the matrix V2 f(z) is strictly positive for all z. The
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because AAx = 0 from (34), and hence Az is in the null space of the matrix A, i.e., column
space of the matrix K. The matrix K has full rank, thus there exists a unique Ay. Therefore
the (primal) Newton directions for problems (60) and (33) are isomorphic under the mapping
K. In what follows, we perform our analysis for the unconstrained problem (60) and then use
isomorphic transformations to show the result hold for the equality constrained problem (33).

Consider the unconstrained problem (33), let Ay denote the exact Newton direction at y [cf.
Eq. (61)], vector Ajj denote any direction in R®, y(t) = y+tAg and \ = VAYV2F(y)Ag. Note
that with the isomorphism established earlier, we have

A= VAYV2E(y)Aj = /AYK'V2f(Ky + #) KAj = \/AZ'V2f(x)AZ,

where z = Ky + 7 and A7 = KAy. From the assumption in the theorem, we have A < 1. For
any t < 1, (y — y(t))V2F(y)(y — y(t)) = t*A> < 1 and by Lemma 5.3 for any z, in R®, we have

L

(1= tA)* 2 V2 F(y)z, < 2,V F(y(t))z, < K.

VzF(y)zy
which implies
2 (V2F(y(t)) — V2F(y))z, < (; — 1) 2 V2F(y)z (65)
v YT\ -t v .

and

4 (V2F(y) = V2R (y(1)2 < (1= (1= t0)?) 2 V2 F ()2,

Using the fact that 1 — (1 —t\)% < (1_1;\)2 — 1, the preceding relation can be rewritten as

/ 1 /
TR = FGO)5 < (s = 1) 470 (00
Combining relations (65) and (66) yields

|2y (V2F(y) = V2F(y(t)))z] < ( 1) 2, VI (y)zy. (67)

(1—t\)2

Since the function F is convex, the Hessian matrix V2F(y) is positive semidefinite. We can
therefore apply the generalized Cauchy-Schwarz inequality and obtain

[(Ag) (VEF(y(t)) = V2F(y)z| (68)
< V(Ag)(V2F(y(t) — V2F(y))Aﬂ’\/zg(V2F(y(t)) — V2F(y))z

1 ~\I\72 TN 2 z
< (m—1> V(AG)V2F (y)Ajjy /2, V2 F (y) 2,

- ((1_;”)2 — 1) VAR AER

where the second inequality follows from relation (67), and the equality follows from definition
of \.
Define the function x : R = R, as k(t) = VF(y(t))'z, + (1 — t)(Ag)'V*F (y)'z,, then

0] = (@I F0), - (Q0YF ()] = (A0 (T F60) - Fw)a],
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which is the left hand side of (68).

Define v, = Ay — Ay, which by the isomorphism, implies v = Az — AZ = Ky,. By rewriting
Ay = Ay—, and observing the exact Newton direction Ay satisfies Ay = —V?F(y) "'V F (y) [cf.
Eq. (61)] and hence by symmetry of the matrix V2F(y), we have Ay'V?F(y) = Ay'V2F (y) =
—VF(y)', we obtain

k(0) = VF(y)'zy + (A§)V?F(y) 2y = VF(y)' zy — VFE(y) 2y — 7, V?F(y)zy = =7, V2F(y) 2,

Hence by integration, we obtain the bound

A 2 t 1 — s 'V? z
k(1) < A\ /2V F(y)Zy/O (m 1) ds + |7, V=F(y) 2|

5\2152 /Y72 ! 72
=T 5 2 V2F(y)zy + [, VI (y) 2y |-

For t =1, y(t) = y + Ag, above equation implies

2

~\/ )\ /
k()] =I|VF(y+Ag)z,| < T3 2 V2E(y)zy + |7, V2 (y) 7).

We now specify z, to be the exact Newton direction at y+Ag, then z, satisfies z’yVZF(y—I—Agj)zy =
|\VF(y+ Ay)'z,|, by using the definition of Newton direction at y+Agy [cf. Eq. (62)], which proves

_ A2
2, V2F(y + Af)z, < 1—x 2, V2F(y)z, + |%’/V2F(y)’zy|.

We now use the isomorphism once more to transform the above relation to the equality
constrained problem domain. We have z = Kz,, the exact Newton direction at z + Az =
T+ Ky + KAy. The left hand side becomes

2 V2E(y+ Af)zy = 2, K'V? f(x + AZ)K 2, = 2'V? f(z + AQ)z.

Similarly, we have the right hand sand satisfies

A2 A2
3 2 N2F(y)zy + [V, VP F(y) 2| = ﬁ\/z;f(fvz f@)Kzy + |7, K'V? f(2)Kz|

2

= V2V2f(2)z + |V f(2) 2|

1)

By combining the above two relations, we have established the desired relation.
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