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Abstract—In a limited form cellular providers have long shared
spectrum in the form of roaming agreements. The primary
motivation for this has been to extend the coverage of a wireless
carrier’s network into regions with no infrastructure. As devices
and infrastructure become more agile, such sharing could be done
on a much faster time-scale and have advantages even when two
providers both have coverage in a given area, e.g., by enabling one
provider to acquire “overflow” capacity from another provider
during periods of high demand. This may provide carriers with
an attractive means to better meet their rapidly increasing
bandwidth demands. On the other hand, the presence of such a
sharing agreement could encourage providers to under-invest in
their networks, resulting in poorer performance. We adapt the
newsvendor model from the operations management literature
to model such a situation and to gain insight into these tradeoffs. In particular, we analyze the structure of revenue-sharing
contracts that incentivize both capacity sharing and increased
access for end-users.

I. I NTRODUCTION
Capacity sharing in the form of roaming agreements [1]–
[3] have long been a fixture of cellular service. The main
historical impetus for this type of capacity sharing was coverage extension. By entering into a roaming agreement, the
customers of a wireless carrier could receive service in regions
where that carrier had no infrastructure. This makes a carrier’s
service more attractive to customers who “roam” outside of
the carrier’s coverage, without requiring the carrier to invest
in coverage expansion. Here, we focus on a different form of
capacity sharing, namely acquiring “overflow” capacity from
another carrier during periods of high demand. Such sharing
may provide carriers with an attractive means to better meet
their rapidly increasing bandwidth demands and would likely
result in more efficient spectrum utilization. On the other hand,
as with traditional roaming agreements, the presence of such
sharing agreements can effect a carrier’s incentives to invest,
e.g., knowing that one could send excess traffic to another
carrier’s network, could lead a carrier to under-invest in their
own network, resulting in poorer performance. In this paper
we seek to understand such trade-offs. To accomplish this, we
consider a stylized model of such a situation based on the
classic newsvendor model from operations management [4]–
[6].
In the newsvendor model, a single firm seeks to determine
how much inventory to stock in the face of uncertain demand.
There is a cost to procuring each unit of inventory, which can

in turn be sold for a fixed price provided that there is demand
for it. Any inventory that exceeds the realized demand cannot
be sold. Here, we consider two non-cooperative wireless
carriers, who are determining how much capacity to invest in,
also in the face of uncertain demand. Without any capacity
sharing, this can be modeled as the standard newsvendor
model for each carrier. However, with sharing, the carriers’
investment decisions become coupled since the revenue one
carrier earns from sharing capacity with another depends on
the other’s capacity investment. We model the interaction due
to sharing as a game in which each carrier invests so as
to maximize its expected profit under a given sharing rule.
Two different sharing models are considered: one in which
a carrier first serves its own customers before allocating any
excess capacity to the other provider’s customers and one in
which carriers do not discriminate between their own traffic
and the other carrier’s. For each model we given conditions
under which the resulting games have a unique pure strategy
Nash equilibrium and are also individually rational, i.e., each
carrier’s expected profit is higher than it would be without
sharing. In particular, when both providers receive the same
revenue per unit demand a unique Nash equilibrium always
exists for the first sharing model, as well as for the second
model when one provider gets all of the revenue from sharing.
Our analysis allows for the demands seen by the two
providers to be correlated and only requires that a joint
density exists. We also consider the extreme cases where
the demands of the two providers are either co-monotone or
counter-monotone (in which case no joint density exists). We
also show that the Nash equilibrium can be calculated via
iterative best responses. When the revenue per unit demand
is equal and sharing contract satisfies a type of symmetry,
we further show that the Nash equilibrium is given by a
solution to a convex optimization problem. Finally, based
on our analysis we present numerical results comparing the
amount of investment with and without sharing agreements.
These results show that the amount of investment with sharing
an be either greater than or less than the amount with sharing.
The key factor in determining this is how the revenue from
sharing is split between the providers. When more of this
revenue goes to the spectrum owner, the owner has greater
incentive to invest. The dependence in the demands of the
two providers also plays a role; counter-monotone demands
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providing a greater incentive to invest. However, even if the
demands are co-monotone, there can still be an incentive to
increase investment provided the spectrum owner gets a large
enough share of the revenue.
In terms of related work, there has been a line of literature
studying how carriers set prices in roaming agreements (see
e.g. [7]–[13]). Much of this work focuses on a known demand
and seeks to understand if firms pricing decision lead to
collusive behavior [7], [10]–[17]. An extension of this line of
work that also considers investment can be found in [18]. Here
we assume that prices for roaming are given exogenously and
focus instead on the carriers investment decisions in the face
of uncertain demand. There has also been increasing interest in
sharing “raw spectrum” between different providers (e.g. [19]).
This differs from the capacity sharing model considered here
in that if a carrier receives raw spectrum from another carrier,
it would still have to use its own infrastructure to utilize this
spectrum. Finally, we note that the type of capacity sharing
model considered here may be applicable to other settings as
well, such as sharing between providers of renewable energy
in real-time electricity markets [20] where electricity/energy
can be re-sold in real-time.
The paper is organized as follows. In Section II we describe
the newsvendor model and its application to our problem.
Sections III and IV describe two models of sharing and
our results. We present in Section V with some numerical
examples to illustrate our results and some subtleties therein,
and conclude in Section VI.
II. N ON -S HARING M ODEL
We consider a situation with two carriers, 1 and 2, who are
faced with unknown demands in each of their markets. They
each procure capacity, e.g., by investing in new infrastructure
or buying spectrum on a secondary market. Each carrier i
(i = 1, 2) receives a revenue of pi per unit demand that it can
serve and pays a cost per unit capacity of ci . The demands
are denoted by a non-negative stochastic quantity Di with
probability density function fi (·) and cumulative distribution
function Fi (·) (complementary cumulative distribution function being FiC (·)).1 The problem facing each carrier i is to
determine an amount of capacity qi to buy, knowing only the
distribution of Di but not the actual value. Initially, to establish
a base-line case, we consider a scenario in which there is no
sharing between the carriers, and the demands are independent.
Each carrier’s problem can then be viewed as an instance of
the newsvendor model [4]–[6].
With no sharing, for a given choice of qi , the expected profit
of carrier i is given by
E[π̃iN S ] = pi E[min(qi , Di )] − ci qi
Z qi
= pi qi FiC (qi ) + pi
xfi (x)dx − ci qi
0
1 Of course, depending on the time-scale at which procurement occurs, the
actual demand may be a time-varying quantity, in which case one should
interpret Di in an average sense.

where the superscript N S denotes non-sharing. Since
min(qi , x) =: qi ∧ x is a concave function of qi for any
x ∈ (−∞, ∞), it follows that pi E[min(qi , Di )] is also a
concave function of qi . If, in addition, a density exists for
Fi (·), then by taking derivatives, it is easy to see that the
expected profit is a strictly concave function of qi and the
optimal amount of capacity purchased is given by


ci
∗,N S
−1
qi
= Fi
1−
pi
where Fi−1 (·) are inverse functions given by
Fi−1 (y) = inf{x : Fi (x) = y}.
Denote the optimal profit as E[π̃i∗,N S ] for future reference.
Subsequently, we will view this as the outside option available
to the carriers, i.e., this is the profit they would receive if
they did not participate in a sharing agreement. Note that the
analysis carries over unchanged even when the demands are
dependent random variables with the marginal distributions
having densities; unless specified otherwise, this will be the
standing assumption in the rest of this paper.
III. S HARING M ODEL A
We now allow the carriers to share their excess spectrum,
i.e., if one of them has excess demand and the other excess
spectrum, then the excess spectrum can be applied to the
excess demand with the spectrum holder charging for usage
of her spectrum. For explaining the capacity/spectrum sharing
scheme, let us assume the instantiation of the demands is
such that q1 < D1 and q2 ≥ D2 so that carrier 2 has
excess spectrum that can be applied to the excess demand
that carrier 1 sees. Assume that carrier 2 charges a price cr
per unit of capacity. Then she makes an additional profit of
cr min(D1 − q1 , q2 − D2 ) while carrier 1 makes an additional
profit of (p1 − cr ) min(D1 − q1 , q2 − D2 ). Here we assume
that the carriers can distinguish the different types of traffic
and serve all the native demand before serving the traffic of
the other carrier. We will assume that cr ≤ p1 ; otherwise,
the expected profit of carrier 1 would decrease, giving her
no incentive to share this traffic. With such an assumption in
place, the maximum amount of money made from the transaction is p1 min(D1 − q1 , q2 − D2 ), and this has to be shared
between the carriers in the some fashion. We will assume in
the current scenario that carrier 1 gets an α ∈ [0, 1] fraction
of this money with the rest going to carrier 2. In the opposite
scenario where carrier 1 has the excess spectrum and carrier 2
the excess demand, we will assume that carrier 1 gets a 1 − β
fraction of the money, which equals p2 min(D2 −q2 , q1 −D1 ),
with carrier 2 retaining the remainder of the money. An α (or
β) less than a half implies that the owner of the spectrum keeps
more of the money to be made from the sharing contract, and
the vice-versa for the case of α greater than a half. This will
be an important distinction in the analysis later on.
Unlike in the non-sharing case, we now have a game that
the two carriers play. They will try to choose their purchases
of spectrum qi using the knowledge of the distributions of
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the demands of both carriers and the sharing mechanism in
place. The timing of the game is as follows: first the prices
are given and sharing contract is fixed, i.e., the pi s, ci s, α
and β parameters are given; next the carriers simultaneously
purchase capacity/spectrum with the knowledge of the contract
and the distribution of the demands; and finally, the demands
are revealed resulting in each player receiving an ex post
pay-off equal to their resulting profit. In such a setting we
will explore the existence of pure strategy Nash equilibria
[21]; since we are analyzing purchase of spectrum/capacity,
mixed equilibria are hard to justify in a practical setting.
As mentioned before, if one includes the bigger question of
whether carriers will be incentivized to share spectrum, then
one must include the constraint that their profits are above
what they can obtain in the no-sharing scenario, i.e., sharing
must be individually rational. This will be discussed further
in the analysis of the resulting equilibria. We first present
results assuming that the demands have a joint probability
function with a density. We establish some notation first.
Let F (x, y) be the joint cumulative distribution function, i.e.,
P (X ≤ x, Y ≤ y), with joint density f (x, y). Then the
corresponding marginals are given by
F1 (x) = F (x, ∞), F2 (x) = F (∞, x)
Z ∞
Z ∞
f1 (x) =
f (x, y)dy, f2 (y) =
f (x, y)dx.
0

0

Towards the end this section we will also consider specific
joint distributions where marginal densities exist but a joint
density does not exist.
Since the carriers do not know the realization of the demand
when choosing their investments, we assume that they each
attempt to maximize their expected profits (i.e., they are risk
neutral). The expected profit of carrier 1 when she purchases
q1 and carrier 2 purchases q2 is given by
Z q1
E[π1A ] = p1 q1 F1C (q1 ) + p1
xf1 (x)dx − c1 q1
0
Z ∞ Z q2
+ αp1
min(y − q1 , q2 − y)f (x, y)dydx
q1
Z0 q1 Z ∞
+ (1 − β)p2
min(q1 − x, y − q2 )f (x, y)dydx
0

q2

where superscript A stands for model A of sharing. Here, the
first two terms on the right-hand side are the revenue a carrier
makes from its own customers. The third term is the cost of
investment. The fourth and fifth terms are the revenue from
sharing when carrier 1 and carrier 2 have excess demands,
respectively. The expected profit for carrier 2 can be written
in a similar manner. The analysis proceeds by determining the
best-response of carrier 1 when carrier 2 purchases spectrum
q2 , and vice-versa. We will rule out the cases (α = 1, β = 0)
and (α = 0, β = 1) where one carrier gets all the profit from
sharing. In these cases the strategy is obvious: one carrier
purchases as per the no-sharing scenario and the other carrier
purchases spectrum taking into account this action. The main
result is then the following.

Theorem 1: The spectrum game outlined above has a
unique pure Nash equilibrium (q1∗,A , q2∗,A ) if p1 ≥ (1 − β)p2
and p2 ≥ (1 − α)p1 . In addition, the equilibrium can be
obtained by iterating the best-response correspondences.
Note that p1 is the revenue per customer carrier 1 receives
from its own customers, while (1 − β)p2 is the revenue per
customer it receives for each customer of carrier 2’s that is
served. Thus the conditions in this theorem are simply stating
that each provider does not receive more revenue from serving
a customer of the other provider. Also note that this is always
satisfied when both providers have the same revenue per unit
demand (p1 = p2 ).
Proof: The proof is carried out in two steps. The first step
shows that the profit maximization problem of each carrier is
a convex optimization problem with a unique solution. This
then establishes the continuity of each carrier’s best response
in the choice made by the other carrier. We also show that
it suffices to consider strategies in a compact and connected
set. Therefore, existence of pure Nash equilibria follows using
Brouwer’s fixed point theorem [22]. In the second step we
prove that iterating the best-response correspondences results
in a contraction, which then establishes the uniqueness of
the pure Nash equilibrium via the Banach fixed point theorem [22]. The details of the proof are in Appendix A.
Denote the expected profits at the unique Nash equilibria
by E[πi∗,A ] for i = 1, 2. We will now establish the individual
rationality of the sharing contracts that we are analyzing, i.e.,
the expected profit at equilibrium from sharing (using model
A) is always greater than the non-sharing profit.
Proposition 1: Sharing is always individually rational, i.e.,
E[πi∗,A ] ≥ E[π̃i∗,N S ] for i = 1, 2.
Proof: Note that for any given (q1 , q2 ), the expected profit
of service provider 1 (without loss of generality, as a similar
argument holds for 2) is given by
E[π1A ] = E[π̃1N S ]
Z ∞ Z q2
+ αp1
min(y − q1 , q2 − y)f (x, y)dydx
q1
Z0 q1 Z ∞
+ (1 − β)p2
min(q1 − x, y − q2 )f (x, y)dydx,
0

q2

where the last two terms are non-negative. This implies that
E[π1A (q1 , q2 )] ≥ E[π̃1N S (q1 )]
where we are explicitly indicating the arguments. Setting q1 =
q1∗,N S , i.e., the no-sharing optimal purchase, we get
max E[π1A (q1 , q2 )] ≥ E[π1A (q1∗,N S , q2 )]
q1

≥ E[π̃1N S (q1∗,N S )] = E[π̃1∗,N S ]
so that expected profit of the best-response to any given q2
is at least the maximum expected profit from the non-sharing
case. Choosing q2 = q2∗,A and appealing to Theorem 1, the
result then follows.
The key point to notice in the proof is that the contracts are
structured such that the extra revenue from sharing is non-
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negative and over and above what the non-sharing scenario
provides.
A. The equal prices case
An important sub-case that we will discuss further is when
p1 = p2 = p, i.e., the carriers receive the same per unit
demand payoff. This can be justified by assuming that the
service provided by the carriers is the same. Under this
assumption it is sufficient to consider the cost of spectrum
normalized by p. To simplify our analysis, we further assume
that the contracts satisfy the following symmetry relationship
α = 1−β, which implies that provider 1 gets α of the revenue
from any shared customer regardless of which provider it
originates from. With this assumption, we have the following
simpler characterization of the Nash equilibrium:
Proposition 2: Under the previous symmetry conditions,
the Nash equilibrium (q1∗,A , q2∗,A ) is the unique solution to
the following convex optimization problem,
max V (q1 , q2 )

q1 ,q2 ≥0

where

Z q1  C
c1 q1
F1 (x)
+ F1 (x) dx −
V (q1 , q2 ) :=
α
αp1

Z q2  0 C
F2 (x)
c2 q2
+
+ F2 (x) dx −
1
−
α
(1
−
α)p1
0
Z q1 +q2
−
FD1 +D2 (x)dx
0

where FD1 +D2 (·) is the cumulative distribution function of
the total demand D1 + D2 .
Proof: It is easily verified that V (q1 , q2 ) is jointly concave
in (q1 , q2 ), and strictly concave when α ∈ (0, 1), so that
existence and uniqueness of optima easily follows. After some
algebraic manipulations, it is easy to see that the first-order
conditions for equilibrium are the same as setting the gradient
of V (q1 , q2 ) to 0. From the necessary and sufficient conditions
for convex optimization [23], [24], the result then follows. It
can also be verified that we have a potential game [25] in
this specific setting so we can also appeal to results therein to
prove the result.
For comparison,the no-sharing case corresponds to maximizing the following (separable) function when p1 = p2 = p,
E[π̃1N S ]
E[π̃2N S ]
Ṽ (q1 , q2 ) =
+
αp
(1 − α)p
Z q1 C
Z q2 C
F1 (x)
c1 q1
F2 (x)
c2 q2
=
dx −
+
dx −
α
αp
1
−
α
(1
− α)p
0
0
The right-hand side of this expression separates into two terms,
one for each carrier i. The optimization of the first term
corresponds to maximizing the area under the complementary
distribution function and above the horizontal line with value
c1 q1
αp , which can be viewed as maximizing a ”demand” that
1 q1
exceeds the price cαp
. The second term can be interpreted
similarly. Comparing this to V (a1 , q2 ) in the proposition, we

see that this contains two similar terms, in each the ”demand”
is increased due to the presence of sharing; however, the
third term is also needed to avoid double counting this extra
demand.
Next we compare the Nash equilibrium with the jointly
optimal spectrum purchase that tries to maximize the sum
of the expected profits of both the carriers. Note that this
is not necessarily the objective of the social planner who
would instead like to maximize the total demand served by
the carriers subject to their outside option of not sharing; we
defer the discussion of under-investment or over-investment
until later. The pay-off function for maximizing the expected
sum profit is given by
Z q1
E[π] = p1 q1 F1C (q1 ) + p1
xf1 (x)dx − c1 q1
0
Z q2
+ p2 q2 F2C (q2 ) + p2
yf2 (y)dy − c2 q2
0
Z ∞ Z q2
min(x − q1 , q2 − y)f (x, y)dydx
+ p1
q1
0
Z q1 Z ∞
+ p2
min(q1 − x, y − q2 )f (x, y)dydx.
0

q2

Here α and β do not appear, since how revenue is shared does
not impact the total profit. We have the following result for
joint profit maximization problem when p1 = p2 = p.
Proposition 3: When p1 = p2 = p, E[π] is a jointly
concave function of (q1 , q2 ). The optimal solution for the sum
profit maximization problem is the following: the carrier with
the lower cost per unit of spectrum buys spectrum facing the
total demand while the other carrier stays out. If the costs
are the same, then any partition of the spectrum bought when
facing the total demand, between the carriers is optimal.
In other words, the optimal here is generally to funnel all
investment to the provider with the lower investment costs.
For comparison, in the competitive case both providers will
generally invest.
Proof: Without loss of generality we can assume that
p = 1. Then (after some algebraic manipulations) the relevant
partial derivatives of the profit are given by
∂E[π]
= 1 − c1 − FD1 +D2 (q1 + q2 )
∂q1
∂E[π]
= 1 − c2 − FD1 +D2 (q1 + q2 )
∂q2
∂ 2 E[π]
∂ 2 E[π]
∂ 2 E[π]
=
=
= −fD1 +D2 (q1 + q2 )
∂q12
∂q22
∂q1 ∂q2
where fD1 +D2 (·) is the probability distribution function corresponding to the cumulative distribution function FD1 +D2 (·).
From the above it is easy to see that E[π] is jointly concave in
(q1 , q2 ), though not necessarily strictly concave. Maximizing
E[π] subject to non-negativity of q1 and q2 is now very easy.
Let λi be the respective Lagrange multipliers for the non−1
negativity constraints. If c1 = c2 , then q1 + q2 = FD
(1 −
1 +D2
c1 ) so that exact solution is not unique, and λ1 = λ2 = 0.
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−1
However, if c1 < c2 , then q2 = 0 and q1 = FD
(1 − c1 )
1 +D2
with λ1 = 0 and λ2 = c2 − c1 . The case of c2 < c1 is very
similar but with carrier 2 playing the role of carrier 1. In other
words, the carrier with the lowest cost purchases spectrum
facing the total demand while the other carrier stays out.

B. Co-monotone and Counter-monotone case
In this section we consider extreme cases of the dependence
of demand across the carriers. For this we use the theory of
copulas [26], which characterizes the possible joint distribution
between a pair of random variables in terms of their marginals.
It is well known that any joint distribution function satisfies the
Fréchet-Hoeffding upper and lower copula bounds, which in a
certain sense represents the possible extremes of dependency
between the variables. In the two-dimensional case, these
correspond to co-monotone and counter-monotone copulas
with the co-monotone case corresponding to D2 = T (D1 )
for some increasing function and the counter-monotone case
corresponding to D2 = T (D1 ) for some decreasing function.
Note that a joint density does not exist in both cases so that
Theorem 1 is not applicable. However, intuitively it is clear
that these are the extreme-cases scenarios for sharing with
the co-monotone case yielding the least benefit from sharing
and the counter-monotone case yielding the most benefit. We
extend our analysis to these cases in this section and then
show via numerical results in the following section that this
intuition is correct.
First we consider the co-monotone case. Since the marginal
distributions are already known, the function T is uniquely
determined and given by T = F2−1 ◦ F1 where ◦ denotes
composition. In this case, the expected profit by sharing for
service provider 1 is given by

1, we believe that the (q1∗,N S , q2∗,N S ) equilibrium of Theorem
2 is what is obtained in the limit. Note also that we do not
establish the existence of pure Nash equilibria without the
additional assumption pc11 = pc22 .
Now we consider the counter-monotone case. Again, since
the marginal distributions are already known, the (decreasing)
function T is uniquely determined and given by T = F2−1 ◦
−1
◦ F1 ; despite the abuse of notation, the
(1 − F1 ) = F2C
distinction between the two functions is relatively clear and
should not cause any confusion. In this case the expected profit
by sharing for service provider 1 is given by
E[π1CM ] = E[π1N S ] +
(2)
Z T −1 (q2 )
1{T (q1 )≤q2 } (1 − β)p2
min(q1 − x, T (x) − q2 )f1 (x)dx
Z ∞0
+ 1{T (q1 )≥q2 } αp1
min(x − q1 , q2 − T (x))f1 (x)dx
T −1 (q2 )

with CM standing for counter-monotone. This is considerably
harder to analyze. However, we will use this in our discussion
for comparison purposes.
IV. S HARING M ODEL B

We consider an alternate sharing model where the carrier
accepting traffic from its competitor cannot discriminate between the two types of traffic that it has to carry owing to
sharing. Many service providers implement such a policy due
to network neutrality concerns. Here we will only consider the
independent markets model and, as before, the game between
the carriers is to decide on the spectrum investment level so
as to maximize individual profit. Once again the contracts are
determined by two parameters α, β ∈ [0, 1] that determine
the fraction of extra revenue that the service provider with
E[π1cM ] = E[π1N S ] +
(1) excess demand can serve. Note that there is no sharing when
Z T −1 (q2 )
both carriers either have excess spectrum or excess demand.
1{T (q1 )≤q2 } αp1
min(x − q1 , q2 − T (x))f1 (x)dx +
Additionally, when carrier 1 has excess demand, then she
q1
Z q1
serves q1 amount of traffic and sends the remainder to carrier 2,
1{T (q1 )≥q2 } (1 − β)p2
min(q1 − x, T (x) − q2 )f1 (x)dx who then implements the proportional sharing rule; the carrier
T −1 (q2 )
who faces the two types of demands serves each in proportion
where the superscript cM denotes co-monotone. We then have to the submitted demand when the total is above the spectrum
investment. In this setting the two carriers try to cooperate as
the following result.
Theorem 2: If p2 ≥ (1−α)p1 , p1 ≥ (1−β)p2 and pc11 = pc22 , much as possible in terms of serving net demand. The expected
then (q1∗,N S , q2∗,N S ) is a pure Nash equilibrium of the spectrum profit can be rewritten as follows:
Z q1
sharing game with expected profit at the equilibrium being
B
C
∗,N S
E[π
]
=
−c
q
+
p
q
F
(q
)
+
p
F
(q
)
xf1 (x)dx
1 1
1 1 1
1
1 2 2
1
E[π̃i
] for provider i = 1, 2.
0
∗,N S
∗,N S


c1
c2
Z
Z
∞
q1
Assuming p1 = p2 is equivalent to q2
).
= T (q1
q1
,1
+
min
Then, since each provider does not receive more revenue from
x + y − q2
q2
0
serving a customer of the other provider, the best response of
× (p1 x + (1 − β)p2 (y − q2 ))f1 (x)f2 (y)dxdy
provider i to provider j = {1, 2} \ {i} choosing an investment


Z q2 Z ∞
∗,N S
∗,N S
q2
of qj
, is to also choose qi
.
+
min
,1
y + x − q1
Proof: See Appendix B for details.
0
q1
We should point out that our proof does not saying anything
× αp1 (x − q1 )f1 (x)f2 (y)dxdy
about the uniqueness of pure Nash equilibria for the spectrumsharing game in the co-monotone setting. However, since the
co-monotone copula can be approached via copulas with a where B stands for model B. For simplicity we will assume
joint density, e.g., Frank copulas [26], appealing to Theorem that the carrier with excess demand transfers the revenue from
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the amount of traffic served by the carrier with the excess
spectrum, i.e., we set α = β = 0. Going into further details
the expected profit of carrier 1 is given by
Z q1
E[π1B ] = −c1 q1 + p1 q1 F1C (q1 ) + p1 F2 (q2 )
xf1 (x)dx
0


Z ∞ Z q1
q1
min
,1
+
x + y − q2
0
q2

× p1 x + p2 (y − q2 ) f1 (x)f2 (y)dxdy
Again, the case of p1 = p2 = p is easily amenable to
analysis; it is possible to construct distributions for which one
does not get the concavity properties used in the proof of
Theorem 1 when p1 and p2 are distinct. Here we get a further
simplification to
Z q1
E[π1B ] = (p − c1 )q1 − pF2 (q2 )
(q1 − x)f1 (x)dx
0
Z q1 +q2 Z q1 +q2 −y

q1 + q2 − x − y f1 (x)f2 (y)dxdy
−p
q2

0

Proposition 4: For sharing model B, if p1 = p2 = p and
α = β = 0, then there exists a unique pure Nash equilibrium.
Proof: Taking derivatives in q1 we get
∂E[π1B ]
= p − c1 − pF1 (q1 )F2 (q2 )
∂q1
Z q1 +q2
−p
F1 (q1 + q2 − y)f2 (y)dy
q2

∂ 2 E[π1B ]
= −pf1 (q1 )F2 (q2 )
∂q12
Z q1 +q2
−p
f1 (q1 + q2 − y)f2 (y)dy
∂ 2 E[π1B ]
= −p
∂q2 ∂q1

Z

q2
q1 +q2

f1 (q1 + q2 − y)f2 (y)dy
q2

Note that strict concavity follows and using the same logic as
in the proof of Theorem 1 existence and uniqueness of the
pure Nash equilibrium follows.
With some algebraic manipulations where the independence
assumption is critically used, it is possible to show that the
expected profit of carrier i in qi in this model with p1 = p2 = p
and α = β = 0 is exactly the same as that of model A with
α = β = 0, i.e., the regime where the carriers that own the
spectrum keep the profit from sharing spectrum. Therefore, in
both cases the same amount spectrum will be purchased by
both carriers and we also get individual rationality for sharing.
However, in general, the contracts that we have analyzed need
not be individually rational as proportional sharing can result
in a service provider dropping some of her traffic, which
could result in a net loss of revenue, particularly when the
transfer from the competitor is not sufficient to offset the loss.
Designing contracts that are provably individually rational for
this sharing model is for future research.

V. D ISCUSSION
In this section we will explore the consequences of Theorem 1 and compare the resulting equilibrium with the nosharing scenario. For simplicity we will restrict attention to
a symmetric setting where the marginal distributions, the per
unit cost of spectrum and the sharing contracts are the same
for both service providers; the normalized per unit cost of
spectrum will be assumed to be 0.5 in the remainder; note
that no-sharing investment level will correspond to the medians
of the respective distributions. We will vary the dependence
structure between the two markets. As mentioned before,
intuitively it is clear that there will be minimal benefits to sharing if the markets are co-monotone, i.e., perfectly dependent
which in this case corresponds to the same random variable
being chosen for both if the marginals are the same. On the
contrary, counter-monotonicity would yield the most benefits
as the probability of having excess demand at one service
provider and excess spectrum supply at the other provider is
maximized. Given the technical requirements of Theorem 1
of the joint distribution possessing a joint density function,
we will approach/approximate these two extreme cases via
the parameterized Frank copulas [26]. This also allows us to
consider the case when the markets are independent.
First we assume the demands follow a Weibull distribution
with shape parameter 0.5 and scale parameter 0.5 so that the
mean is 1 but the distribution is heavy-tailed (sub-exponential
tail). Using the newsvendor model from Section II, the optimal
spectrum purchase is qi∗,N S = log2 (2)/2 ≈ 0.2402 units. The
expected profit of each service provider is 0.0333 units. In
Figure 1 we compare the resulting Nash equilibrium spectrum
purchase for symmetric contracts as the contract sharing
parameters α and β are varied from 0 to 1. In all cases, the
expected profit is greater than 0.0333 units so that the carriers
will participate in the contract. In general, if the spectrum
owner keeps most of the revenue from sharing (α, β < 0.5),
then more spectrum is bought. In addition, when the demands
are independent or (approximately) counter monotone even
when the spectrum owner keeps a smaller part of the revenue
from sharing, there is greater incentive to purchase more
spectrum than in the no sharing case. The per carrier spectrum
purchase for sum profit maximization is 0.5156, 0.4534 and
0.2554 for the (approximately) counter monotone, independent
and (approximately) co-monotone cases, respectively. Therefore, if the spectrum owner gets the bulk of the revenue from
sharing, then there is incentive to buy more spectrum than the
sum profit maximization strategy.
Next we consider the case of the demands being uniformly
distributed in [0, 2]. In this case, the service providers each
purchase 1 unit of spectrum when there is no sharing. Again,
the expected profit from sharing is strictly better than the no
sharing case. From Figure 2 it is clear that the carriers buy
more spectrum only when the spectrum owner gets a bigger
share of the revenue from sharing. The sum profit maximizing
strategy in this case is for both carriers to buy 1 unit of
spectrum.
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Finally, we consider the case of mixed demands where
carrier 1 has a demand that is uniform in [0, 2] and carrier 2
has a demand that is Weibull distributed with scale and shape
parameter being 0.5. Since the setting is no longer symmetric,
the resulting equilibrium is also not symmetric. From Figure 3
we note that the behavior is similar to the first case such that
more spectrum is bought by the carriers with sharing even
when the spectrum owner does not get most of the revenue
from sharing.
The broad conclusions that we can draw from the numerical
investigations is that sharing increases the expected profit for
the carriers so that it is in their best interests to do so. This
is in line with the conclusions of Proposition 1. Note that the
specific structure of the contracts determines whether more or
less spectrum is purchased with sharing when compared to
the no sharing case. In general, if the spectrum owner retains
the bulk of the revenue from sharing, then more spectrum is
purchased.

Fig. 1: Comparison of Nash equilibrium to the no sharing
scenario for Weibull demand.

Purchased spectrum

1.3
1.2

Counter Monotone
Independent
Co−Monotone
No Sharing

1.1
1

Fig. 3: Comparison of Nash equilibrium to the no sharing
scenario for mixed demand.

from sharing. For a proportional sharing model, justified using
neutrality concerns, we gave an example of a contract that
incentivizes sharing and also results in more customers being
serviced. Detailed study of contracts for the proportional sharing model is, however, for future research. Here the contract
parameters were exogenously given, an interesting direction
of future work is to make these an endogenous part of the
model. Also here we focused on a one period model, another
potential direction is to consider multiple stages of investing
and sharing.
A PPENDIX A
P ROOF OF T HEOREM 1
For this we start by taking (partial) derivatives of the
expected profit in order to characterize a maximizer. We have
Z q2 Z q1 +q2 −y
∂E[π1A ]
= p1 F1C (q1 ) − c1 − αp1
f (x, y)dxdy
∂q1
0
q1
 Z q1 +q2 Z q1
+ (1 − β)p2
f (x, y)dxdy
q2
q +q −y

Z ∞ Z1 q12
+
f (x, y)dxdy
q1 +q2

0.9
0.8
0

0.2
0.4
0.6
0.8
Contract parameter: α=β

1

Fig. 2: Comparison of Nash equilibrium to the no sharing
scenario for uniform demand.

Z q2
∂ 2 E[π1A ]
=
−p
f
(q
)
+
αp
f (q1 , y)dy
1 1 1
1
∂q12
0
Z ∞
Z q2
+ (1 − β)p2
f (q1 , y)dy − αp1
f (q1 + q2 − y, y)dy
q2

0

Z
VI. C ONCLUSION
We analyzed the trade-offs involved in allowing capacity
sharing between wireless service providers. For a sharing
model where service providers prioritize their own traffic,
we demonstrated a family of revenue-sharing contracts that
incentivize capacity-sharing despite strategic behavior of the
providers. Within this family, we also demonstrated a subset that additionally, achieved the socially desirable goal of
servicing more customers. This typically required that the
spectrum owner be able to obtain the bulk of the revenue

0

q1 +q2

− (1 − β)p2

f (q1 + q2 − y, y)dy
q2

∂ 2 E[π1A ]
= −αp1
∂q2 ∂q1

Z

q2

f (q1 + q2 − y, y)dy
Z q1 +q2
− (1 − β)p2
f (q1 + q2 − y, y)dy
0

q2

We will discuss a few sub-cases before proving the full result.
∂ 2 E[π A ]
If p1 = p2 , then we can ensure that ∂q2 1 ≤ 0 with it strictly
1
being negative for all α, β ∈ [0, 1]. Thus, E[π1A ] is a concave
function of q1 in general, and typically strictly concave. Let
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us assume the conditions for strict concavity. Then the best
response q1∗ (q2 ) is unique and a continuous function of q2 . If
αp1 = (1 − β)p2 , then too E[π1A ] is a concave function of
q1 . If we insist on the reciprocal condition for carrier 2 to
ensure that E[π2A ] is a concave function of q2 , then it is the
case that p1 = p2 and α + β = 1. Here too strict concavity
holds for α ∈ [0, 1]. Note that similar conclusions hold for
E[π2A ]. Finally, consider the second-order partial derivative of
the expected profit of carrier 1 in q1 in more detail. We have
Z q2
∂ 2 E[π1A ]
=
−p
f
(q
)
+
αp
f (q1 , y)dy
1
1
1
1
∂q12
0
Z ∞
Z q2
+ (1 − β)p2
f (q1 , y)dy − αp1
f (q1 + q2 − y, y)dy

From the above, note that the absolute value is at most 1; the
value is 1 only when
p1 = (1 −
β)p2 and α∗ =∗ 1. A ∗similar
q2∗ (q1∗ (q2 ))
q (q (q )) q (q )
∂q2∗ (q1 )
.
Since
= 2 q11 2 1q2 2 , it
form holds for ∂q
q2
1
∗ ∗
is easy to see that q2 (q1 (q2 )) is a contraction. Thus, uniqueness
of the Nash equilibrium follows from the Banach fixed point
theorem [22]. From the same theorem it is also clear that
iterating the best-response correspondences will yield the
unique pure Nash equilibrium.
A PPENDIX B
P ROOF OF T HEOREM 2

We start by defining a specific increasing function G(·) by
considering the condition for equality in the minimum function
q2
0
that appears in the expected profit expression in (1), viz., x +
Z q1 +q2
T (x) = q1 + q2 . Let G(·) denote the inverse of x + T (x),
− (1 − β)p2
f (q1 + q2 − y, y)dy
which is well defined as x + T (x) is increasing in x. We also
q2
Z q2
Z q2
note that pc11 = pc22 implies that
= −(1 − α)p1
f (q1 , y)dy − αp1
f (q1 + q2 − y, y)dy


0
0
Z ∞
q2∗,N S = T (q1∗,N S ), and G q1∗,N S + q2∗,N S = q1∗,N S .
− (p1 − (1 − β)p2 )
f (q1 , y)dy
q2
Then the expected profit expression can be rewritten as
Z q1 +q2
follows
− (1 − β)p2
f (q1 + q2 − y, y)dy
Z G(q1 +q2 )
q2
cM
NS
E[π1 ] = E[π1 ] + 1{T (q1 )≤q2 } αp1
(x − q1 )f1 (x)dx
q1

Therefore, if p1 ≥ (1 − β)p2 , then we again have strict
concavity of the expected profit. The corresponding condition
for the expected profit of carrier 2 is p2 ≥ (1 − α)p1 . Thus,
(without loss of generality owing to symmetry) if p1 ≥ p2 ,
then there is no restriction on β while we are restricted to
α ≥ 1 − pp21 .
Assuming strict concavity then implies the existence of a
pure Nash equilibrium via Brouwer’s fixed point theorem [22]
in an obvious manner if the supports of F1 and F2 are compact
and connected. Owing to the −c1 term we can argue that this
can extend to non-compact supports as well; irrespective of
the value of q2 we can find an upper bound on q1 beyond
which the first
derivative will always be negative. We will now
∂q ∗ (q )
show that 1q2 2 < 0 which will then ensure that q2∗ (q1∗ (q2 ))
is an increasing function of q2 . The required result holds
∂E[π A ]
since qi∗ is the unique solution of ∂q11 = 0; also note

T −1 (q2 )

Z
+ 1{T (q1 )≤q2 } αp1

(q2 − T (x))f1 (x)dx
G(q1 +q2 )
Z G(q1 +q2 )

+ 1{T (q1 )≥q2 } (1 − β)p2

(T (x) − q2 )f1 (x)dx
T −1 (q )
Z q1 2

+ 1{T (q1 )≥q2 } (1 − β)p2

(q1 − x)f1 (x)dx
G(q1 +q2 )

It can be verified that T (q1 ) ≤ q2 implies that q1 ≤ G(q1 +
q2 ) ≤ T −1 (q2 ) and T (q1 ) ≥ q2 implies that T −1 (q2 ) ≤
G(q1 + q2 ) ≤ q1 . Taking partial derivatives in q1 yields the
following once we use the definition of G(·)
Z G(q1 +q2 )
∂E[π1cM ]
∂E[π1N S ]
=
− 1{T (q1 )≤q2 } αp1
f1 (x)dx
∂q1
∂q1
q1
Z q1
+ 1{T (q1 )≥q2 } (1 − β)p2
f1 (x)dx
G(q1 +q2 )

∂E[π A ]

that ∂q11 |q1 =0 = p1 (1 − αP (D1 + D2 ≤ q2 )) ≥ 0 so that
the solution will always be an interior point. . Thus, taking
derivatives in q2 on both sides, we get
∂ 2 E[π1A ] ∂q1∗ (q2 ) ∂ 2 E[π1A ]
+
=0
∂q12
∂q2
∂q2 ∂q1
Since both the second-order partial derivatives are negative,
the conclusion follows. From this we can also write down
∂q1∗ (q2 )
∂ 2 E[π1A ] ∂ 2 E[π1A ]
=−
/
=
∂q2
∂q2 ∂q1
∂q12
−1
R q2
R∞
(1−α)p1

αp1

R q2
0

0

f (q1 ,y)dy+(p1 −(1−β)p2 )

f (q1 +q2 −y,y)dy−(1−β)p2

R q1 +q2
q2

q2

If T (q1∗,N S ) = q2∗,N S , then for q2 = q2∗,N S , the first derivative
in q1 is zero at q1 = q1∗,N S . Let q1 < q1∗,N S , then T (q1 ) ≤
T (q1∗,N S ) = q2∗,N S and q1 ≤ G(q1 + q2∗,N S ) ≤ G(q1∗,N S +
q2∗,N S ) = q1∗,N S , and so the ratio of the partial derivative to
p1 is
Z G(q1 +q2∗,N S )
1 ∂E[π1cM ]
c1
= F1C (q1 ) −
−α
f1 (x)dx
p1 ∂q1
p1
q1
Z G(q1 +q2∗,N S )
C
C ∗,N S
= F1 (q1 ) − F1 (q1
)−α
f1 (x)dx
q1

f (q1 ,y)dy

f (q1 +q2 −y,y)dy

+1

Z

q1∗,N S

Z

G(q1 +q2∗,N S )

f1 (x)dx − α

=
q1

f1 (x)dx ≥ 0
q1
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where we used the definition of q1∗,N S . Similarly, if q1 > [17]
q1∗,N S , then T (q1 ) ≥ T (q1∗,N S ) = q2∗,N S and q1 ≥ G(q1 +
q2∗,N S ) ≥ G(q1∗,N S + q2∗,N S ) = q1∗,N S , and so the ratio of the
[18]
partial derivative to p1 is
Z q1
cM
c1
(1 − β)p2
1 ∂E[π1 ]
[19]
f1 (x)dx
= F1C (q1 ) −
+
∗,N
S
p1 ∂q1
p1
p1
G(q1 +q2
)
Z G(q1 +q2∗,N S )
[20]
(1 − β)p2
= F1C (q1 ) − F1C (q1∗,N S ) +
f1 (x)dx
[21]
p1
q1
Z q1
Z G(q1 +q2∗,N S )
[22]
(1 − β)p2
=−
f1 (x)dx +
f1 (x)dx ≤ 0
∗,N S
p1
q1
q1
[23]
where the last inequality necessarily holds if p1 ≥ (1 − β)p2 .
Thus, the expected profit is maximized at q1∗,N S as we have
shown it to be quasiconcave [27], [28]. The same argument
applies to the expected profit of provider 2 where the equivalent condition is p2 ≥ (1 − α)p1 , and this finishes the proof.
It is easy to see that the profit is exactly the profit in the
non-sharing case.
R EFERENCES
[1] European Commission, “Mobile telephones/international roaming: Frequently asked questions,” 2005, discussion paper MEMO/05/44.
[2] ——, “Impact assessment of policy options in relation to a commission
proposal for a regulation of the european parliament and of the council
on roaming on public mobile networks within the community,” 2006,
discussion paper SEC(2006) 925.
[3] FCC, “Small entity compliance guide: Reexamination of roaming
obligations of commercial mobile radio service providers,” May 19
2011, fCC Document, 10-59, WT Docket No. 05-265, DA 11-916.
[Online]. Available: http://hraunfoss.fcc.gov/edocspublic/attachmatch/
DA-11-916A1.pdf
[4] F. Edgeworth, “The mathematical theory of banking,” J. Royal Statistical
Society, vol. 51, 1888.
[5] K. J. Arrow, T. Harris, and J. Marschak, “Optimal inventory policy,”
Econometrica, vol. 19, no. 3, pp. pp. 250–272, 1951.
[6] W. J. Stevenson, Operations Management, 11th ed. Irwin/McGrawHill, 2011.
[7] M. Armstrong, “The theory of access pricing and interconnection,” in
Handbook of Telecommunications Economics. Elsevier, 2002.
[8] M. Armstrong and J. Wright, “Mobile call termination,” Economic
Journal, vol. 119, no. 538, 2009.
[9] M. Carter and J. Wright, “Symbiotic production: The case of
telecommunication pricing,” Review of Industrial Organization, vol. 9,
pp. 365–378, 1994, 10.1007/BF01029511. [Online]. Available: http:
//dx.doi.org/10.1007/BF01029511
[10] J.-J. Laffont, P. Rey, and J. Tirole, “Network competition: I.
overview and nondiscriminatory pricing,” RAND Journal of Economics,
vol. 29, no. 1, pp. 1–37, Spring 1998. [Online]. Available:
http://ideas.repec.org/a/rje/randje/v29y1998ispringp1-37.html
[11] ——, “Network competition: II. price discrimination,” RAND Journal of
Economics, vol. 29, no. 1, pp. 38–56, Spring 1998. [Online]. Available:
http://ideas.repec.org/a/rje/randje/v29y1998ispringp38-56.html
[12] J.-J. Laffont and J. Tirole, Competition in Telecommunications. MIT
Press, 2001.
[13] E. Sutherland, “International mobile roaming: Competition, economics
and regulation,” Working paper, May 2010. [Online]. Available:
http://papers.ssrn.com/sol3/papers.cfm?abstractid=1622759
[14] B. Bühler, “Do international roaming alliances harm consumers?” Working paper, February 2009. [Online]. Available: http://www.eea-esem.
com/files/papers/EEA-ESEM/2009/1584/2009 01 23 Roaming.pdf
[15] R. Salsas and C. Koboldt, “Roaming free?: Roaming network
selection and inter-operator tariffs,” Information Economics and Policy,
vol. 16, no. 4, pp. 497–517, December 2004. [Online]. Available:
http://ideas.repec.org/a/eee/iepoli/v16y2004i4p497-517.html
[16] U. Stumpf, “Prospects for improving competition in mobile roaming,”
in CoRR, vol.cs.CY/0109115, 2001.

[24]

[25]
[26]
[27]
[28]

L. Tsyganok, “Economic analysis of international mobile
telecommunication services: The eu roaming markets case,” Working
paper, 2008. [Online]. Available: http://dipeco.economia.unimib.it/
endogenous/pdf/Tsyganok.pdf
T. Vallett and C. Cambini, “Investment and network competition,” The
RAND Journal of Economics, vol. 36, no. 2, pp. 446–467, 2005.
R. Berry, M. Honig, and R. Vohra, “Spectrum markets: motivation,
challenges and implications,” IEEE Communications Magazine, vol. 48,
no. 11, pp. 146–155, 2010.
J. Nair, S. Adlakha, and A. Wierman, “Energy procurement strategies
in the presence of intermittent sources,” 2012, Preprint.
D. Fudenberg and J. Tirole, Game theory. Cambridge, MA: MIT Press,
1991.
A. Granas and J. Dugundji, Fixed point theory, ser. Springer Monographs
in Mathematics. New York: Springer-Verlag, 2003.
R. T. Rockafellar, Convex analysis, ser. Princeton Landmarks in Mathematics. Princeton, NJ: Princeton University Press, 1997, reprint of the
1970 original, Princeton Paperbacks.
R. T. Rockafellar and R. J.-B. Wets, Variational analysis, ser.
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Berlin: Springer-Verlag, 1998, vol.
317.
D. Monderer and L. S. Shapley, “Potential games,” Games Econom.
Behav., vol. 14, no. 1, pp. 124–143, 1996.
R. B. Nelsen, An introduction to copulas, 2nd ed., ser. Springer Series
in Statistics. New York: Springer, 2006.
K. J. Arrow and A. C. Enthoven, “Quasi-concave programming,” Econometrica, vol. 29, pp. 779–800, 1961.
O. L. Mangasarian, “Pseudo-convex functions,” J. Soc. Indust. Appl.
Math. Ser. A Control, vol. 3, pp. 281–290, 1965.

