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Thành Nguyen†

July 2012

Abstract

We study how local bargaining in a networked market can cause endogenous

fluctuations by a new approach that incorporates non-cooperative bargaining into a

large networked economy. In particular, we consider a networked bargaining game

that captures trade with intermediaries and define its replications. We examine the

agents’ behavior in the limit as the population size goes to infinity: a limit stationary

equilibrium exists if there is a converging sequence of semi-stationary equilibria in

the finite replications. The existence of a limit stationary equilibrium captures the

hypothesis that when the market gets large, the agents will behave myopically and

the market will be stable. However, we prove that limit stationary equilibria need

not exist even when market fundamentals are deterministic, agents are patient and

share a common belief. This shows that in our setting the underlying network is

the main friction that hinders stationary markets.
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1 Introduction

The study of how network structure relates to economic activity is becoming increasingly

important because many classical economic models that abstract away from patterns of

interaction are unable to provide insight into certain phenomena. The widespread dis-

ruption of financial asset markets during the last crisis is one such example. It was a

contagion that spread through networks of market participants, as individuals and insti-

tutions adapted to the changing market conditions that caused non-linear, interdependent

and ultimately destructive patterns of activity. This has highlighted the question of how

the underlying networks of liabilities among financial intermediaries relate to the potential

for financial contagion? Could the network pattern of interactions be a crucial ingredient,

that rapidly shifts the system from one mode of operation to another?

Although classic economic models like Arrow and Debreu [1954] is able to incorporate

an underlying network to the economy, they abstract away the micro-level and dynamic

process of how agents interact and assume market clearing prices are always reached.

Thus, for example if there is a shock in the system, market prices will adjust and eventually

lead the the system into a perturbed and efficient equilibrium.

In this paper, we deviate from this classic approach and consider a non-cooperative

bargaining process as a micro market mechanism, we then incorporate it into a large,

competitive networked market. We find that even when the economy is large so that

an agent has vanishing influence on the economy, agents’ strategies need not lead to an

efficient and stationary equilibrium. In this economy, the non-cooperative bargaining

process constrained by an underlying network leads to a chain of sunk cost problems and

gives rise to endogenous fluctuations. Our result also shows that a small shock in the

economy can be amplified through the network nonlinearly and causes a “stable” market

to become one that does not have a stable outcome.

Our method to incorporate non-cooperative bargaining into a large market is new and

can be described as follows. We first consider a non-cooperative bargaining process in a

finite networked economy, then define its replications and examine agents’ behavior in the

limit as the size of the population goes to infinity. This is a novel approach that deviates

from the standard way of modeling large markets that assumes a continuum of agents,

whose payoff is determined by an axiomatic bargaining solution.1 The most important

1These nonatomic models are not entirely satisfactory for studying non-stationary markets for two
reasons. First, the market outcome might depend qualitatively on the choice of a specific bargaining
solution. Second, even though these models generate non-stationary equilibria, they do not exclude
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aspect of considering replications is the following. It is conventional wisdom that when the

population grows, a single agent will have a vanishingly small influence on the economy

and behaves myopically, therefore, by the law of large number the market converges to

a stationary competitive outcome.2 However, if agents’ behavior does not converge to a

stationary outcome, then the model will reveal a friction causing endogenous fluctuations.

In the following to capture the limiting behavior, we define the concept of a limit

stationary equilibrium as the limit of a sequence of semi-stationary equilibria of the finite

replicas. Our goal is to characterize the (non)existence of such limit stationary equilibria.

If such an equilibrium does not exist, then it indicates that in any other equilibrium, mar-

ket price will oscillate. This characterization sheds light on how the underlying structure

gives rise to endogenous fluctuations. On the other hand, if a limit stationary equi-

librium exists, then in this equilibrium agents behave like price-takers. Hence, similar

to Reny and Perry [2006] our approach also provides a strategic bargaining foundation of

the price taking behavior in a large market. This equilibrium will provide insights into

how the underlying network and non-cooperative bargaining influence the distribution of

resources among the agents.

To be more specific, we consider the following setting. A population of sellers, indexed

0, and a population of buyers, indexed n + 1, cannot trade directly; trade needs to go

through a chain of middlemen, indexed 1, . . . , n, where each i ∈ {1, . . . , n} corresponds to

a population of the same type of middlemen. We assume goods are indivisible and each

agent can hold at most one unit of the good (an item) at every period. V is the buyer’s

value for the good and C0, C1, . . . , Cn are transaction cost of trade between the agents

along the chain. See Figure 1.

0 n+ 11 2 n

V
C1 CnC0

Figure 1: A chain of intermediaries

Bargaining is modeled by an infinite horizon repeated game, where agent i’s discount

rate for a period is given by 0 < δi < 1. In this game, at the beginning of every period an

agent i is randomly selected. When i has an item, he tries to sell to one of the agents at

stationary outcomes. Whereas a more robust theory would explain why a stationary equilibrium cannot
be a possible outcome.

2There has been an extensive line of works along this line including core convergence results, approx-
imation of large games by non-atomic model or mean-field equilibrium approach.
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i+ 1 who is currently not owning an item, when i does not have an item, he tries to buy

from one of the agents at i− 1, who has an item. If there are no such neighboring agents

that i can trade with, the game moves to the next period. Otherwise, i makes a take-it-

or-leave-it offer to one of his trading partners.3 (The tie breaking rule can be arbitrary.)

If the trading partner refuses, the game moves to the next period, otherwise, the good

and money is transferred between the two agents, and the game continues. Following

Rubinstein and Wolinsky [1987] we assume that after trade buyers and sellers exit the

game and are replaced by clones, whereas intermediaries are infinitely-lived.

Next, we define a (k, Tk)-replication of this bargaining game. In the replicated game

the bargaining process is defined to be the same as above, except that the population

at each node i ∈ {0, . . . , n + 1} is increases by a factor of k and time gap between two

consecutive periods is decreased by a factor of Tk. In this model, the decrease in the time

game can be modeled by changing the discount rate of i from δi to δ
1/Tk

i . Intuitively,

the rate Tk

k
captures the density of the market transactions. For instance, when Tk = k,

then the replicated games keep the density of transactions invariant.4 However, when

limk→∞ Tk/k = ∞, the limiting game also captures a dense market.5

We examine the agents’ behavior in the limit as the population size goes to infinity: a

limit stationary equilibrium exists if there is a converging sequence of semi-stationary equi-

libria of the finite replicas. Ideally, a stationary equilibrium consists of a time-independent

strategy profile and a state of the economy, that stays unchanged if agents follow the given

strategy. We assume the agents only react to the aggregate of the economy and thus, we

consider a state of the economy to be a vector that captures the fraction of agents that

holds an item in each position of the network. However, in a finite economy agents are

atomic, and thus the state of the economy might change over time. Nevertheless, when

the population is “large enough”, a single agent in a given period can only changes the

state slightly, moreover, in future periods, other agents’ activities might move the state

back to the original position. Hence, if one expects that in the limit agents behave my-

opically, then this behavior should be a limit of a sequence of myopic strategies in the

finite games. To capture this, for a given (k, Tk)-replication, we define a pair of state

3Our model captures a spot market, where agents can not use more complex contract involving
commitment. However, in a large market, this is a reasonable assumption: agents come from a large
population and meet each other randomly, it is hard for them to commit before meeting a trading
partner.

4A precise statement is given in Section 2
5Notice that choosing Tk >> k is an alternative and more convenient way of considering Tk = k and

assuming δ is close to 1. All results for the former assumption holds for the latter.

4



and time-independent strategy (ω(k), σ(k)) semi-stationary equilibrium if agents believe

that the economy’s state is always ω(k), then σ(k) is a corresponding stationary equilib-

rium. A limit stationary equilibrium (ω, σ), if exists, should be the limit of a sequence of

semi-stationary equilibria (ω(k), σ(k)).

Our main result provides a robust characterization for the (non)existence of a limit

stationary equilibrium. The characterization is captured by the unique solution of a

convex program. We show that a limit stationary equilibrium need not exist even when the

agents are patient and trade is beneficial. Thus, for example the solution in which agents,

when selected, trade immediately with a fixed price is not an equilibrium. Therefore,

an equilibrium of this game will consists of strategies and prices that change over time,

agents sometimes might want to hold the item and wait for a better price in the future.

Moreover, we also show that when a limit stationary equilibrium exists, the payoff

of any such stationary equilibrium is unique.6 We examine a chain effect exhibited in

the limit equilibrium where the sellers at the beginning of the chain get much less share

of the surplus than the buyers at the end of the chain. We show that the degree of

this “unfairness” depends on the combination of the number of intermediaries and the

transaction costs towards the beginning of the chain.

The main economic intuition of our results is that when bargaining is restricted by the

locality of the underlying network, a series of such local interactions leads to a chain of

hold-up problems. In particular, when an agent i bargains with i+1, previous costs along

the chain are sunk. Thus, if the cost at the beginning of the chain is large or the chain is

long enough, then the hold-up problem prevents the existence of a stable outcome.

1.1 Related Literature

The literature on asset prices and market fluctuation is large and expanding.7 Our main

contribution is to prove a different reason for endogenous market fluctuations: network.

Compared with previous models, in our setting there is no exogenous shock, all mar-

ket fundamentals are deterministic, agents share common belief and fully rational. The

friction causing fluctuation is the combination of non-cooperative bargaining and network.

The other distinction between our work and this literature is our new approach that

incorporates nonoperative bargaining to large markets. Whereas, as discussed earlier,

most existing models along this line are nonatomic and use axiomatic bargaining solutions.

6Thanks to the unique solution of the convex program.
7One can see for example Rocheteau and Wright [2010] for a review and the citation therein.
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Our work is also related to the literature that studies middlemen in a search theoretic

framework. In particular, Rubinstein and Wolinsky [1987] is one of the first papers to

consider trading with middlemen. However, they did not consider strategic bargaining

nor transaction costs. Recently, Wong and Wright [2011] study middlemen in a model

similar to ours. Specifically, their model also involves a chain of middlemen with non-

negative search costs. However, only a single unit of good is considered in the economy.

Our model can be seen as a common generalization of the two models. This combination

allows us to establish the nonexistence of a stationary outcome. For example, although

Wong and Wright [2011] also studies unstable markets, there bubbles-like behavior only

emerge when the intermediary chain is infinite, whereas in our paper the market can be

unstable even with a single middleman.

Non-cooperative bargaining game in a trading network with intermediaries is recently

studied in Nguyen [2011]. However, in that paper the bargaining protocol is coalitional,

that is a proposer can communicate with all agents a long a trading path. As a result,

it is proved that a stationary equilibrium always exist. This difference emphasizes even

more the main point of this paper that communication friction plays an important role

in trade and can make market unstable.

1.2 Outline of The Paper

Section 2 introduces the model and the solution concept. Section 4 provides a necessary

condition for a stationary equilibrium to exist based on a convex programing approach.

This is the main tool for analyzing limit stationary equilibria in our paper. Section 3

characterizes the (non)existence of a limit stationary equilibrium and studies the compar-

ative statics when a limit stationary equilibrium exists. Section 5 concludes. Most of the

proofs are given in the appendix.

2 The Model and the Solution Concept

In this section we introduce our local bargaining model for a finite population, its repli-

cation and the notion of limit stationary equilibrium.
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2.1 Local Bargaining Model in a Finite Economy

Trading Network

The basic underlying structure of the model is a line network, whose nodes are indexed

sequentially by 0, 1, . . . , n+1. Let N = {0, 1, . . . , n+1}. We slightly abuse the notation by

also using N(= n+ 2) for the cardinality of N . Each node i ∈ N represents a population

of mi ≥ 1 agents. Node 0 and n + 1 represent sellers and buyers, respectively, while

{1, . . . , n} correspond to intermediaries.

There is one type of indivisible good in this economy. At every period each agent can

hold at most one unit of the good (an item). Thus, every time period, an intermediary

either has an item or does not have one. In this model, agents trade along the chain. Two

consecutive agents j and j + 1 are feasible trading partners if j owns an item and j + 1

does not own one.

Transaction costs between two consecutive agents i and i+1 is Ci ≥ 0. The value that

each buyer get for an item is V ≥ 0. We assume trade is beneficial, that is, V >
∑

i Ci.

0 n+ 11 2 n

V
C1 CnC0

Figure 2: A chain of intermediaries

The Bargaining Process

We consider an infinite horizon, discrete time repeated bargaining game, where an agent

i’s discount rate is 0 < δi < 1. Each period has multiple steps and is described as follows.

Step 1. This is the beginning step of each period. In this step, a node i is picked

randomly from the network, then among the mi agents an agent is selected at random.

Step 2. If the selected agent i does not have any feasible trading partner, then the

game moves to the next period, which starts from Step 1. (Recall that depending on

whether i has an item or not, a feasible trading partner of i is either an agent i + 1 not

owning an item or an agent i− 1 that owns an item.)

Step 3. If i has several feasible trading partners, then i picks a random one to bargain

with. (The choice of tie-breaking rule can be arbitrary.) To bargain, i suggests a price at

which he is willing to trade. If the trading partner refuses, the game moves to the next

period. Otherwise, the two agents trade: one agent gives the item to and receives the
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money from the other. We assume intermediaries are long lived and they do not produce

nor consume; they earn money by flipping the good. On the other hand, buyers and

sellers exit the game after trade and are replaced by a clone.

Step 4. The game moves to the next period, which starts from Step 1.

The game is denoted by

Γ(N, ~m, ~C, V, ~δ).

2.2 Replicated Economy

Given the game Γ(N, ~m, ~C, V, ~δ) described as above, the game’s replications are defined

as follows.

DEFINITION 1 Given the game Γ(N, ~m, ~C, V, ~δ) and k, Tk ∈ N
+, let m′

i = k ·mi and

δ′i = δ
1/Tk

i . The (k, Tk)-replication of Γ is defined as Γ(N, ~m′, ~C, V, ~δ′), and denoted by

Γk
Tk
(N, ~m, ~C, V, ~δ).

Thus, the (k, Tk)-replication of Γ is a game of the same structure, except each popu-

lation mi is increased by a factor of k, and the time gap between two consecutive periods

is reduced by a factor of Tk.

We are interested in two cases: Tk

k
= 1 and limk→∞

Tk

k
= ∞. Given an agent i, the

probability that he is selected within Tk periods, which have the total amount of time

equal to one period of the original game, is

Pri = 1− (1−
1

Nkmi

)Tk .

When Tk = k and k,mi are large, we have

Pri = 1− (1−
1

Nkmi

)k ≈ 1− e
−

1

Nmi ≈
1

Nmi

.

Thus, by assuming Tk = k we keep the trading density of the replications of Γ approxi-

mately invariant.

On the other hand, when Tk >> k, agents are selected more frequently, and as k

approaches infinity, the limiting game captures a dense market.
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2.3 Limit Stationary Equilibrium

In the remaining of this section, we fix a game Γ(N, ~m, ~C, V, ~δ) and consider its replica-

tions. We denote the original game by Γ and its (k, Tk)-replication by Γk
Tk
.

State Space

For an agent i let i1, i0 be the variables capturing the two states of i when he owns and

does not own an item, respectively. We represent the state of the economy by a vector

ω ∈ [0, 1]n+2, where ωi represents the fraction of population i that currently owns an

item. Note that because sellers and buyers exit the game after trade and are replaced by

a clone, thus, ω0 = 1 and ωn+1 = 0.8

Time-independent Strategies

To capture stationary behavior, we consider the set of time-independent strategies, where

an agent’s strategy at any given time depends exclusively on his identity, his state and

the play of the game: which agent he is bargaining with, who is the proposer and what

is proposed. We assume that agents of the same type in the same state have the same

strategy.

More precisely, assume that at a given time if i bargains with j and i is the proposer,

then a time-independent strategy σi maps the type of trade between i and j to a distri-

bution of prices that i proposes. On the other hand, for agent j, σj maps this type of

trade and the price offered by i to a probability of accepting the offer.

We will study the convergence of the economy and the limit of a strategy sequence.

Thus, we assume that the strategy space of agents is “nicely behaved” and there is a well

defined metric between two time-independent strategies.9

Limit Stationary Equilibrium

A limit stationary equilibrium is captured by the limit of a sequence of stationary equi-

libria in the finite replications. However, for finite games stationary equilibria need not

exist. Hence, we will relax the equilibrium concept in finite games. Intuitively, if one hy-

pothesizes that when the population is large, agents do not have influence on the state of

8We will be mainly interested in situations where in each intermediary population there are agents
in both states. In other words, 0 < ωi < 1 for all 1 ≤ i ≤ n.

9The concrete form of the metric does not influence the analysis.
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the economy and behave myopically, then this behavior should be the limit of a sequence

of “semi-stationary” equilibrium (ω(k), σ(k)) in Γk
Tk
, where agents also behave myopically.

Thus, we consider the following definition.

DEFINITION 2 A pair of state and time-independent strategy (ω(k), σ(k)) is a semi-

stationary equilibrium in the game Γk
Tk
, if σ(k) is a sub-game perfect equilibrium assum-

ing that agents believe the state of the economy is always ω(k).

Notice that we do not require any condition on how the state of the economy changes in

a semi-stationary equilibrium. The reason is that we do not want to exclude the strategies

that “approximately” keep the state of the economy unchanged. Instead, we will only

require this condition for a limit stationary equilibrium.10

In particular, for a pair of (ω, σ) the balance condition requires that when the state of

the economy is ω if agents follow σ, then the expected change in the state of the economy

is ~0. This means that for every intermediary node i, the probability that an agent i sell

an item to i+ 1 is equal to the probability that an agent i− 1 sell it an item to i. Notice

that at every period an agent is selected randomly from his population, thus, the balance

condition depends not only on the strategy σ but also on the state ω, which determines

the probability of an agent in a given state is selected.

Specifically, at a given period the probability that some agent i owning an item is

selected is 1
N
ωi, and the probability that some agent i+ 1 not owning an item is selected

is 1
N
(1 − ωi+1).

11 Therefore, if ω satisfies 0 < ωi < 1 for 1 ≤ i ≤ n, then the probability

that in a period an agent i sells an item to an agent i+ 1 is equal to

Pi→(i+1)(ω, σ) =
1

N
ωi × Pr(i+ 1 accepts i’s offer)

+
1

N
(1− ωi+1)× Pr( i accepts i+ 1’s offer).

(1)

DEFINITION 3 A pair of state and time-independent strategy (ω, σ) is balanced if

ω satisfies 0 < ωi < 1 for 1 ≤ i ≤ n and P(i−1)→i(ω, σ) = Pi→(i+1)(ω, σ) for every

i ∈ {1, . . . , n}, where P is defined as in (1).

Our solution concept of limit stationary equilibrium is defined as follows.

10Relaxing stationary equilibria this way, we guarantee that for every finite game a semi-stationary
equilibrium exists. Interestingly, our result shows that there need not exist a converging sequence of such
equilibrium.

11Recall that ωi is the faction of agents at i that have an item.
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DEFINITION 4 Given a bargaining game Γ and a class of (k, Tk) replicated economies,

a pair of state and time-independent strategy (ω, σ) is a limit stationary equilibrium

of Γ, if it is balanced and for every k ∈ N
+ there exist a semi-stationary equilibrium

(ω(k), σ(k)) in Γk
Tk

such that limk→∞(ω(k), σ(k)) = (ω, σ).

3 Main Result

In this section we will describe our main finding. The proof of such result is based on a

convex programming technique developed in Section 4.

In the remaining of the section, we will focus on the case dense market, that is

limk→∞ Tk/k = ∞. Furthermore, we assume that the population and the discount factor

for each i are the same, that is, mi = m, δi = δ.12 The main result in this section is the

following theorem.

THEOREM 1 Consider the game Γ(N, ~m, ~C, V, ~δ), where mi = m, δi = δ and a class

of (k, Tk)-replications such that limk→∞ Tk/k = ∞, then the following holds.

(I) If
∑

i Ci < V <
∑n

i=0(n+ 1− i)Ci, then the game Γ does not have a limit stationary

equilibrium.

(II) If V >
∑n

i=0(n + 1 − i)Ci, then there exists a limit stationary equilibrium, and at

the limit the payoff of a seller (vs) and the payoff of a buyer (vb) are

vs =
(V −

∑n
i=0 Ci)

n+ 2
−

n
∑

i=0

n− i

n+ 2
Ci and vb =

n+ 1

n+ 2
(V −

n
∑

i=0

Ci) +
n
∑

i=0

n− i

n+ 2
Ci.

Proof. See Appendix A.4.

Endogenous fluctuation The impossibility of a limit stationary equilibrium implies

that the solution in which agents, when selected, trade immediately with a fixed price

cannot be an outcome. Therefore, an equilibrium of this game will consists of strategies

and prices that change over time, agents sometimes might want to hold the item and

wait for a better price in the future. Notice that in the result above trade is beneficial,

12We choose these parameters for ease of analysis. Even when Tk = k, the qualitative results do not
change if we choose the discount rates close enough to 1.
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all market fundamentals are deterministic and the impossibility does not depend on dis-

count rate δ.13 Thus, we conclude that bargaining constrained by a network can cause

endogenous fluctuation.

The economic intuition for the nonexistence of a limit stationary equilibrium is the

following. When agents bargain along the chain, the previous costs at the beginning of

the chain have been sunk and bargaining power increases in the direction of trade. If the

value of buyer V is small then it cannot support this chain effect and market will fluctuate

because of hold-up problem.

The chain effect as “systemic risk” Notice that the nonexistence of a limit station-

ary equilibrium is more sensitive to the costs towards the beginning than the costs at the

end of the chain. For example, when n is large, a small increase in C0 can cause a large

increase in
∑n

i=0(n + 1 − i)Ci, and changes the market from one that has a stationary

equilibrium to a non-stationary one.

Split of surplus Consider the case when a limit stationary equilibrium exists. In

such an equilibrium, agents, when selected, trade immediately with a price that does

not depend on time. From the result above, in a limit stationary equilibrium the sellers

obtain a much smaller share of surplus than the buyers. This “unfairness” depends on the

combination of the intermediary chain’s length and the transaction costs. Here, similarly,

the costs towards the beginning of the chain have more influence on the share of surplus

between the sellers and the buyers.

Furthermore, notice that vs + vb = V −
∑

i Ci, which means that for every item,

the fee that intermediaries get is 0.14 An intuitive explanation for this property is that

because sellers and buyers have only one chance of trading, they are willing to wait for

the best trading opportunity. On the other hand, intermediaries do not go away, they

earn money by accumulating fees from many transactions. Hence, even though discount

rates of all agents are the same, intermediaries want to finish bargaining early for the

next transaction. Furthermore, notice that in our model, each node corresponds to a

population of agents, hence i is also faced with competition by other intermediaries.

13The independence on δ holds because we assume limk→∞ Tk/k = ∞.
14This does not mean that the over all payoff of an intermediary is 0. The payoff calculated above is

for the limit case, for every period, the fee approaches 0, but because intermediaries are long-lived, the
total payoff does not approach 0.
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An “intuitive” reasoning Below, we give an “intuitive” reasoning for the result above.

The calculation below can be made formal in Section 4.

Considering the following example that consists of three nodes s, i and b and two links

si and ib. Here s, i and b represent sellers, intermediaries and buyers. V > 0 is the value

of seller when getting the item; C0 and C1 are the transaction costs. Let uj1 , uj0 be the

expected payoff of each agent j in the corresponding state (see Figure 3).

ui1

ui0

ub1 = V

ub0

us1

us0 = 0

xixs xb

C1C0

Figure 3: Duplicated network of the path s → i → b

Observe that when an agent who is not a buyer owns an item, he has no choice but

to bargain with the next agent in the trading path that currently does not have an item.

In these states, the two agents have equal “bargaining power”. More precisely, in our

analysis, we can show that at equilibrium

us1 = ui0 , and ui1 = ub0 .

Moreover, in order for trade to happen, the total payoff of the agents after trade needs

to be at least that value before trade. Therefore,

us1 + ui0 ≤ ui1 + us0 − C0 and ui1 + ub0 ≤ ui0 + ub1 − C1.

Replacing us1 = ui0 , ui1 = ub0 , we get

ui1 − us1 ≥ (us1 − us0) + C0 and ub1 − ui1 ≥ (us1 − us0) + C0 + C1.

This simple example illustrates that the payoff increases along the path from the seller

to the buyer. Furthermore, if V is not large enough compared with C1, C2 then the game

cannot support a stationary equilibrium.
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4 The Convex Programming Approach

In this section we develop the main technical tool to analyze the set of limit stationary

equilibria. In particular, we use a convex programming method to give a necessary con-

dition for a semi-stationary equilibrium. This convex program allows us to examine the

behavior of agents in the limit.

We start with some notation. Consider the game Γ(N, ~m, ~C, V, ~δ), let (ω, σ) be a semi-

stationary equilibrium in this game. That is, σ is a stationary equilibrium assuming all

agents believe the state of the economy is always ω. Denote by (i → i + 1) the type of

trade between i owning an item and i+1 who does no own one. We say trade (i → i+1)

arises when either an agent i or an agent i + 1 in the corresponding state is selected as

the proposer.

We have the following theorem.

THEOREM 2 Given the game Γ(N, ~m, ~C, V, ~δ), let (ω, σ) be a semi-stationary equilib-

rium such that 0 < ωi < 1 for all i ∈ {1, . . . , n}. Consider the following convex program

minimize:
n
∑

i=0

Nmi
(1− δi)

δi
x2
i +Nmn+1

(1− δn+1)

δn+1

(δn+1V − xn+1)
2 +

n
∑

j=0

z2j

subject to: xi − xi+1 + zi + Ci ≥ 0 ∀ 0 ≤ j ≤ n

~x, ~z ≥ 0.

(A)

Let x∗, z∗ be the unique solution of (A), then

(i) the expected payoff of sellers and buyers are vs =
x∗

0

δ0
and vb = V −

x∗

n+1

δn+1
, respectively;

(ii) if z∗i > 0, then when trade (i → i+ 1) arises, it is accepted with probability 1;

(iii) if x∗

i − x∗

i+1 + Ci > 0, then i and i+ 1 never trade.

Proof. See Appendix A.1.

Remark. To prove this theorem, we consider the expected payoff of each agent in each

state and the recursive condition of a stationary payoff. Namely, let ui1 , ui0 be the expected

expected payoff of an agent i ∈ N at states i1 and i0 (owning or not owing an item). Notice

that in this game buyers and seller exit the game after trade, thus, we have u00 = 0 and

14



un+11 = V . The specific recursive formulas for ~u are given in Appendix A.1. The main

technical idea here is to consider the following variables.

xi = δi(ui1 − ui0).

Here, xi captures the gain that an agent i obtains buying an item. With this new set

of variables, the recursive formulas can be interpreted as the first order conditions of the

convex program (A).

The convex program (A) allows us to establish the convergence of payoffs and strategies

in a simple way. In particular, we apply Theorem 2 to the game Γk
Tk

by replacing mj with

kmj and δj with δ
1/Tk

j . Thus, for each k we obtain the following convex program:

minimize:
n
∑

i=0

Nkmi
(1− δ

1/Tk

i )

δ
1/Tk

i

x2
i +Nkmn+1

(1− δ
1/Tk

n+1 )

δ
1/Tk

n+1

(δ
1/Tk

n+1 V − xn+1)
2 +

n
∑

j=0

z2j

subject to: xi − xi+1 + zi + Ci ≥ 0 ∀ 0 ≤ i ≤ n

x, z ≥ 0.

(Ak)

Observe that

lim
Tk→∞

Tk
1− δ

1/Tk

i

δ
1/Tk

i

= ln(
1

δi
).

Using this relation, let (~x(k), ~z(k)) be the optimal solution of (Ak), we will show that if

Tk = k, then as k approaches infinity, (~x(k), ~z(k)) approaches to the unique solution of

minimize:
n
∑

i=0

Nmi ln(
1

δi
)x2

i +Nmn+1 ln(
1

δi
)(V − xn+1)

2 +
n
∑

j=0

z2j

subject to: xj − xj+1 + zj + Cj ≥ 0 ∀ 0 ≤ j ≤ n

x, z ≥ 0.

(B)

On the other hand, if limk→∞

Tk

k
= ∞, then we will show that ~z(k) approaches ~0 and ~x(k)

15



converges to the unique solution of the following convex program.

minimize:
n
∑

i=0

mi ln(
1

δi
)x2

i +mn+1 ln(
1

δn+1

)(V − xn+1)
2

subject to: xj − xj+1 + Cj ≥ 0 ∀ 0 ≤ j ≤ n

x ≥ 0.

(C)

These limit results are given formally in the following theorems.

THEOREM 3 Assume Tk = k and a limit equilibrium (ω, σ) of Γ exists. Let x∗, z∗ be

the unique solution of (B), then the followings are true.

(i) The limit payoff of buyer and seller are vs = x∗

0 and vb = V − x∗

n+1, respectively.

(ii) If z∗j > 0, then when trade (j → j + 1) arises, it is accepted with probability 1.

(iii) If x∗

j − x∗

j+1 + Cj > 0, then j and j + 1 never trade.

Proof. See Appendix A.2.

THEOREM 4 Assume limk→∞Tk/k = ∞, and a limit equilibrium (ω, σ) of Γ exists.

Let x∗ be the unique solution of (C), then the followings are true.

(i) The limit payoff of buyer and seller are vs = x∗

0 and vb = V − x∗

n+1, respectively.

(ii) If x∗

j+1 > 0, then when trade (j → j + 1) arises, it is accepted with probability 1.

(iii) If x∗

j − x∗

j+1 + Cj > 0, then j and j + 1 never trade.

Proof. See Appendix A.3.

Remark. We have several remarks. First, in (B), zj can be seen as a slack variable

capturing the bargaining friction between j and j + 1. When Tk >> k, i.e, the density of

trades increases faster than the population, the bargaining friction is vanishing. This is

explicitly captured by the fact that limk→∞ z(k) = ~0, which gives the convex program (C).

Second, according to Theorem 2, z∗j > 0 indicates trade between j and j + 1 occurs

with probability 1. This does not mean that limk→∞ z
(k)
j = 0 implies trade between j and

j + 1 is disappearing. If z
(k)
j > 0 for all k, then trade between j and j + 1 occurs with

probability 1 in every replicated game, and thus this will also holds for the limit game.

Finally, notice that because lack of ~z∗ in (C), we instead use ~x∗ to characterize this

trade. This is a slightly weaker condition, it will be enough for us to characterize the

(non)existence of limit stationary equilibria in the next section.

16



5 Conclusion

We have examined a model of local bargaining in a networked economy. Our main finding

is that an unstable market can emerge because of network frictions. Our approach models

explicitly a non-cooperative bargaining process and thus, is different from the standard

nonatomic models of large market. This approach is general, and in the future, we plan

to apply this approach to other settings.
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A Missing Proofs

A.1 Proof of Theorem 2

Given a semi-stationary equilibrium (ω, σ), let ui1 and ui0 be the corresponding expected
payoff of agent i is state i1 and i0, respectively. Consider

xi = δi(ui1 − ui0). (2)

We will first derive a condition for ~x based on the recursive formulation of a stationary
equilibrium. We then show that if ~x satisfies these conditions, then x is the unique solution
of the convex program (A).
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Now, consider a situation when agent i is selected to be a proposer and he has an
item. Because wi+1 < 1, i has a feasible trading partner, that is, an agent i + 1 who is
currently does not have an item. If trade between i and i + 1 is successful, then in the
next period i + 1 moves to state (i + 1)1, hence his payoff is δi+1u(i+1)1 . otherwise his
stays in the same state and his payoff is δi+1u(i+1)0 . Hence, as the proposer i will ask i+1
to pay the difference of these payoffs. After trade i also moves from i1 to i0, therefore, if
they successfully trade, i’s payoff is

δiui0 + δi+1(u(i+1)1 − u(i+1)0)− Ci.

However, i also has an option to decline to propose (or suggests an offer that will be
rejected), under which i’s payoff is δiui0 . Thus, when i has an item and he is the proposer,
i’s payoff is

max{δiui0 + δi+1(u(i+1)1 − u(i+1)0)− Ci, δiui1}.

We introduce the following variable

zi = max{δi+1(u(i+1)1 − u(i+1)0)− δi(ui1 − ui0)− Ci, 0} = max{xi+1 − xi − Ci, 0}. (3)

With this notation we have

max{δiui0 + δi+1(u(i+1)1 − u(i+1)0)− Ci, δiui1} = δiui1 + zi.

Intuitively, zi capture the extra surplus that i obtains when he is the proposer. Given
an agent i owning an item, the probability of i being selected as the proposer is 1

Nmi

.
Furthermore, when i is not selected as the proposer, his payoff is discounted by δiui1 .
Therefore, to be a stationary payoff, ui1 needs to satisfy the following recursive formula.

ui1 =
1

Nmi

(δiui1 + zi) +

(

1−
1

Nmi

)

δiui1 ,

which is equivalent to
Nmi(1− δi)ui1 = zi. (4)

Now, if i does not have an item and he is selected as the proposer, then i will propose
to an agent i− 1 who has an item. By a similar argument as above, we denote

zi−1 = max{δi(ui1 − ui0)− δi−1(u(i−1)1 − u(i−1)0)− Ci−1, 0} = max{xi − xi−1 − Ci−1, 0}.

i’s payoff in this case is δiui0 + zi−1. Hence, ui0 needs to satisfy the following recursive
formula.

ui0 =
1

Nmi

(δiui0 + zi−1) +

(

1−
1

Nmi

)

δiui0 ,
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which is equivalent to
Nmi(1− δi)ui0 = zi−1. (5)

Subtracting (5) from (4), we get

Nmi(1− δi)(ui1 − ui0) = zi − zi−1.

Replacing xi = δi(ui1 − ui0), we have

Nmi(1− δi)

δi
xi = zi − zi−1. (6)

We have two special cases, where i is a seller or a buyer, that is, i = 0 and i = n+ 1. In
these cases we have

u00 = us0 = 0 and u(n+1)1 = ub1 = V.

Thus,
xs = δs(u01) and xb = δb(V − u(n+1)0). (7)

Applying this to (4) and (5), we obtain

Nms
1− δs
δs

xs = z0

Nmb
1− δb
δb

(δbV − xb) = zn.

(8)

So far, given u a stationary equilibrium payoff, we defined ~x as in (2), and ~z as in (3),
we derived (8) and (6).

We will show that ~x, ~z is the unique solution of (A) by considering

λi = 2zi. (9)

as dual variables of the convex program. We need check that ~x, ~z and ~λ satisfy the first
order and the complementary-slackness conditions of (A).

First, by replacing zi = λi/2 to (8) and (6), we obtain the desired first order conditions.
Second, the complementary slackness conditions also follow because:

• If xi−xi+1+ zi+Ci > 0, then zi > xi+1−xi−Ci, and because of (3), zi = 0, which
means the dual variable λi = 0.

• If λi > 0, then zi > 0, therefore, according to (3) zi = xi+1 − xi − Ci. This implies
that the constraint i binds.

From here, the proof of the theorem is standard. In particular,

(i) The expected payoff of a seller and a buyer are u01 and u(n+1)
0
, respectively. From (7),

we obtain vs =
x∗

0

δ0
and vb = V −

x∗

n+1

δn+1
.
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(ii) When z∗i > 0, one of the agent i that owns an item or (i+1) that does not own one,
when selected as the proposer, will earn an extra payoff of z∗i . The other agent will
accept the offer with probability 1 in any equilibrium.15

(iii) If x∗

i − x∗

i+1 + Ci > 0, then the gain in trade is not large enough. In this case the
proposer is better off declining to propose, or his offer will be rejected.

By this we conclude the proof.

A.2 Proof of Theorem 3

Recall that (~x(k), ~z(k)) is the optimal solution of (Ak). First observe that because of this,
the sequence (~x(k), ~z(k)) is inside a compact set. If (~x(k), ~z(k)) does not converge to (~x∗, ~z∗)
(the optimal solution of (B)), then there exists a subsequence of (~x(k), ~z(k)) that converges
to (~x+, ~z+) 6= (~x∗, ~z∗). Without loss of generality (by re-indexing) we assume

lim
k→∞

(~x(k), ~z(k)) = (~x+, ~z+).

Let fk(~x, ~z) be the objective function of (Ak), and f(~x, ~z) be the objective function of
(B). Because

lim
k→∞

k
1− δ

1/k
i

δ
1/k
i

= ln(
1

δi
)

and fk, f is continuous we have

lim
k→∞

fk(~x
k, ~zk) = f(~x+, ~z+). (10)

Since (~x(k), ~z(k)) is the optimal solution of (Ak),

fk(~x
k, ~zk) < fk(~x

∗, ~z∗).

Taking the limit we have

lim
k→∞

fk(~x
k, ~zk) ≤ lim

k→∞

fk(~x
∗, ~z∗) = f(~x∗, ~z∗).

From this and (10), we have
f(~x+, ~z+) ≤ f(~x∗, ~z∗).

However, this is a contradiction, since (~x+, ~z+) 6= (~x∗, ~z∗) and (~x∗, ~z∗) is the unique optimal
solution of (B).

15This is a standard argument in bargaining. The proposer will leave to his trading partner exactly
the partner’s current expected payoff discounted by the discount factor, and take the remaining trading
surplus. If the trading partner does not agree with probability 1, then the proposer can increase the
offer by ǫ > 0 to get a better payoff. However, by the previous argument, this cannot be an equilibrium
outcome.
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Therefore, we conclude that

lim
k→∞

(~xk, ~zk) = (~x∗, ~z∗).

Because of this convergence, the remaining of the theorem trivially follows.

A.3 Proof of Theorem 4

Consider the program (Ak), the solution of the program does not change if we multiply
the objective function by Tk

k·N
. Therefore, we obtain the following program, which has the

same optimal solution.

minimize:
n
∑

i=0

Tkmi
(1− δ

1/Tk

i )

δ
1/Tk

i

x2
i + Tkmn+1

(1− δ
1/Tk

n+1 )

δ
1/Tk

n+1

(δ
1/Tk

n+1 V − xn+1)
2+

+
n
∑

j=0

Tk

kN
z2j

subject to: xi − xi+1 + zi + Ci ≥ 0 ∀ 0 ≤ i ≤ n

x, z ≥ 0.

(Ck)

If z
(k)
j does not converge to 0, then there exists an ǫ > 0 such that z

(k)
j > ǫ for

infinitely many k. In this case, the objective of (Ck) can be arbitrarily large because

limk→∞

Tk

kN
= ∞. This implies that z

(k)
j were not the optimal solution of the program.

(For example choosing xi = 0, zi = 0 for all i gives a better solution.) Therefore,

lim
k→∞

~z(k) = ~0.

Let
P∗ = {x : xi − xi+1 + Ci ≥ 0, xi ≥ 0},

P (k) = {x : xi − xi+1 + z
(k)
i + Ci ≥ 0, xi ≥ 0}.

We have P∗ ⊂ P (k). Furthermore, because ~z(k) approaches ~0, P (k) converges to P∗ (in
Hausdorff metric).

Now, assume ~x(k) does not converge to ~x∗ (the optimal solution of (C)), then because
the sequence ~x(k) is bounded, there exists x+ 6= x∗ and a subsequence of x(k) that converges
to ~x+. Without loss of generality (by re-indexing), we assume

lim
k→∞

~x(k) = ~x+.

Furthermore, because P (k) converges to P∗ and P∗ is a closed set, we have ~x+ ∈ P ∗.
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Denote

f(~x) =
n
∑

i=0

mi ln(1/δi)x
2
i +mn+1 ln(1/δn+1)(V − xn+1)

2, and

fk(~x) =
n
∑

i=0

Tkmi
(1− δ

1/Tk

i )

δ
1/Tk

i

x2
i + Tkmn+1

(1− δ
1/Tk

n+1 )

δ
1/Tk

n+1

(δ
1/Tk

n+1 V − xn+1)
2.

Notice that

lim
Tk→∞

Tkmi
(1− δ

1/Tk

i )

δ
1/Tk

i

= mi ln(
1

δi
) and lim

k→∞

δ
1/Tk

n+1 = 1.

Therefore,
lim
k→∞

fk(~x
(k)) = f(~x+).

Because ~x(k) is the minimizer of fk(x) for x ∈ P (k) and ~x∗ ∈ P∗ ⊂ P (k), therefore,

fk(~x
(k)) ≤ fk(~x

∗).

Taking the limit we have
f(~x+) ≤ f(~x∗). (11)

However, this is a contradiction because ~x∗ is the unique minimizer of f(~x) for ~x ∈ P∗.
From this we obtain

lim
k→∞

~x(k) = ~x∗.

The proofs of (i) and (iii) follow from the converge of ~x(k). To prove (ii) , we need

to show that if x∗

j+1 > 0, then there exists K such that z
(k)
j > 0 for all k > K.

By considering the first order condition of the convex program (Ak) according to the

variable xj+1, we will obtain a relation between x
(k)
j+1 and z

(k)
j . In particular, we have

Nkmj(1− δ
1/Tk

j )

δ
1/Tk

j

xj = zj − zj−1.

Therefore, if x∗

j+1 > 0, then there exists K such that

(z
(k)
j − z

(k)
j−1)

δ
1/Tk

i

Nkmj(1− δ
1/Tk

j )
> 0 for all k > K.

This implies z
(k)
j > 0, which is what we need to prove.
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A.4 Proof of Theorem 1

To prove this theorem, we first need to consider the convex program (C). When mi =
m, δi = δ, the optimal solution of (C) is the same as the optimal solution of

minimize:
n
∑

i=0

x2
i + (V − xn+1)

2

subject to: xj − xj+1 + Cj ≥ 0 ∀ 0 ≤ j ≤ n

x ≥ 0.

(D)

The solution of (D) is captured in the following claim.

CLAIM 1 Assume 0 ≤ l ≤ n be the smallest index such that

n
∑

j=l

(n+ 1− j)Cj ≤ V,

then the solution of (D) is the following

xj = 0 for j < l,

xl =
V −

∑n
j=l(n+ 1− j)Cj

n+ 2− l
,

xj = xj−1 + Cj−1 for l < j ≤ n+ 1.

Proof. First, it is not hard to check that ~x satisfies all the constraints of (D). In partic-
ular, by the definition of x, the only constraint that we need to check is

xl−1 − xl + Cl−1 ≥ 0.

This is true because

0−
V −

∑n
j=l(n+ 1− j)Cj

n+ 2− l
+ Cl−1 =

∑n
j=l−1(n+ 1− j)Cj − V

n+ 2− l
> 0.

The last inequality holds because l is the smallest index such that

n
∑

j=l

(n+ 1− j)Cj ≤ V.

We will need to provide a set of dual variables that satisfy the first order condition
and the complementary-slackness. In particular, let

λj = 0 for j < l;λl = 2xl and λj = λj−1 + 2xj for l < j ≤ n,
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where λj is a dual variable for the constraint xj − xj+1 + Cj.
The first conditions are

2xi = λi − λi1 for 1 ≤ i ≤ n,

2x0 = λ0, and

2(V − xn+1) = λn

The first two conditions are satisfied because of the way we define λi. To prove the
last one, observe that because xj = xj−1 + Cj−1 for l < j ≤ n+ 1

xk+1 = xl + Ck + · · ·+ Cl for k ≥ l.

Furthermore, because λj = λj−1 + 2xj, we have

λk = 2

(

(k + 1− l)xl +
k
∑

i=l

(k − i)Ci

)

for k ≥ l.

For example, one can check this by the following induction argument.

λk+1 = λk + 2xk+1 = λk + xl + Ck + · · ·+ Cl.

Thus,

λk+1 = 2

(

(k + 1− l)xl +
k
∑

i=l

(k − i)Ci + xl + Ck + · · ·+ Cl

)

=

= 2

(

(k + 1 + 1− l)xl +
k+1
∑

i=l

(k + 1− i)Ci

)

.

Now 2(V − xn+1) = λn is equivalent to

2(V − xl − Cl − · · · − Cn) = 2

(

(n+ 1− l)xl +
n
∑

i=l

(n− i)Ci

)

.

But this is true because

xl =
V −

∑n
j=l(n+ 1− j)Cj

n+ 2− l
.

Next, we need to check the complementary slackness conditions. That is,

λi(xi − xi+1 + Ci) = 0.

This is true because λi = 0 for i < l, and for all i ≥ l, by definition, we have xi−xi+1+Ci =
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0.
By this we conclude the proof of the claim.

Return to the proof of our main theorem, we first prove the nonexistence of a stationary
equilibrium (item (I)).

Assume that there exists a limit stationary equilibrium (ω, σ). Let x be the unique
solution of the convex program (D), then according to Theorem 4,

(ii) If xj+1 > 0, then when trade (j → j + 1) arises, it is accepted with probability 1.

(iii) If xj − xj+1 + Cj > 0, then j and j + 1 never trade.

We will use the solution of (D) as calculated in Claim 1 to show that xn > 0 and
there exists 0 ≤ j < n such that xj − xj+1 + Cj > 0. By this we show that n and n + 1
trade with probability 1 whenever this type of trade arises. However, trade j → j + 1
occurs with probability 0. Therefore, there must be an intermediary node between j and
n + 1, where the balance condition is violated. This show that (ω, σ) cannot be a limit
stationary equilibrium.

First, we show that xn > 0. Because of Claim 1, we have

xn = xl + Cl + · · ·+ Cn−1

Notice that xn = 0 only if xl = 0 and Cl = Cl+1 = · · · = Cn−1 = 0. In this case we have

xl =
V − Cn

n+ 2− l
= 0,

which implies V = Cn. This is a contradiction because we assume that V >
∑n

i=0 Ci.
Therefore, xn > 0.

Second, we show that there exists 0 ≤ j < n such that xj −xj+1+Cj > 0. To simplify
the notation consider

Fl =
n
∑

i=l

(n+ 1− i)Ci.

We have F0 =
∑n

i=0(n+ 1− i)Ci, Fn = Cn and Fi ≥ Fi+1. Furthermore, because

Fn ≤

n
∑

i=0

Ci < V <

n
∑

i=0

(n+ 1− i)Cj = F0,

therefore, there exists 1 ≤ l ≤ n such that

Fl ≤ V < Fl−1.

From Claim 1, we have

xl =
V −

∑n
i=l(n+ 1− i)Ci

n+ 2− l
, and x0 = 0.
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Now, consider
∑l−1

j=0(xj − xj+1 + Cj), we have

l−1
∑

j=0

(xj − xj+1 + Cj) = x0 − xl +
l−1
∑

i=0

Ci =

=
l−1
∑

i=0

Ci +

∑n
i=l(n+ 1− i)Ci − V

n+ 2− l
≥

∑n
i=l−1(n+ 1− i)Ci − V

n+ 2− l
> 0.

Therefore, there exist 0 ≤ j ≤ l − 1 such that

xj − xj+1 + Cj > 0. (12)

By this, we conclude the first part of the theorem.
To prove the second part (item (II)) of the theorem, observe that by Claim 1, xi > 0

for all 0 ≤ i ≤ n+1. Therefore, if a limit stationary equilibrium exists, all trade (i → i+1)
occurs with probability 1.

In this case, once can calculate the expected payoff of sellers and buyers vs, vb by the
value x0, V − xn+1 given in Claim 1.

We will need to show that there exists a state ω such that the balance condition holds.
Now, since all trade are accepted with probability 1, the probability that in a period an
agent i sells an item to an agent i+ 1 is equal to

Pi→i+1 =
1

N
(ωi + 1− ωi+1).

It is not hard to check that if ωi =
n+1−i
n+1

, then

Pi→i+1 =
1

N
(1 +

1

n+ 1
).

Thus, ω satisfies the balance condition. By this we conclude the proof.
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