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Abstract

The problem of allocating indivisible objects arises in the allocation of courses,
spectrum licenses, landing slots at airports and assigning students to schools. This
paper proposes a technique for making such allocations that is based on rounding a
fractional allocation. Under the assumption that no agent wants to consume more
than k items, the rounding technique can be interpreted as giving agents lotteries
over approximately feasible integral allocations that preserve the ex-ante efficiency
and fairness and asymptotically strategy-proof properties of the initial fractional
allocation. The integral allocations are only approximately feasible in the sense
that upto £ — 1 more units than the available supply of any good is allocated.

*This research was supported in part by the NSF under grants CNS-0519935 and CNS-0905407.



1 Introduction

The problem of allocating indivisible objects to agents without the use of transfers is
important and widespread. The literature dates back to at least Shapley and Scarf [1974]
and Hylland and Zeckhauser| [1979]. More recent applications include student assignment
(Abdulkadiroglu and Sonmez| [2003]) and course allocation (Budish|[2011]). In these cases
indivisible objects (schools in the first and courses in the second) must be allocated to
students without the use of transfers in a manner that is fair, incentive compatible and
efficient. Mechanisms for identifying social welfare maximizing allocations (subject to
fairness and incentive compatability) in these settings must do two things simultaneously.
First, elicit information about each agents preferences which is privately held. The inabil-
ity to use transfers makes elicitation difficult. As noted by Budish [2012], one reason is
the absence of a numeraire good, like money, that can be used to discourage agents from
claiming an excessively large utility for their most preferred bundle of objects. Second,
because of the large numbers of agents and distinct types of goods involved, do so in a
way that is computationally efficient.

There are two basic classes of methods that have been studied in the literature. The
first is the Probabilistic Serial mechanism (Bogomolnaia and Moulin| [2001] and some of
its generalizations (e.g. |Peivandi| [2013]). These mechanisms use only ordinal information
about agents preferences as input and return lotteries over allocations that satisfy ordinal
only notions of fairness and efficiency. In settings where there are a large number of
agents, these mechanisms are approximately strategy-proof in that no agent can materially
affect the outcome by misreporting their ordinal preferences. They are, however, not
computationally efficient.

The second class of methods endows agents with an artificial currency and allows them
to trade. Ome approach, called “Competitive Equilibrium from Equal Incomes” gives
each agent the same amount of an artificial currency; and then sets a market clearing
price for each good assuming it is divisible. Each agent is then allocated their most
preferred bundle from their budget set. As the goods are assumed divisible, the bundles
are ‘fractional’ and are interpreted as lotteries over possible outcomes. An example of
this approach is the mechanism proposed by Hylland and Zeckhauser| [1979] which works
in a setting where each agent wants no more than one good and has preferences that
can be represented by a von Neumann-Morgenstern utility function. Recently, Budish
[2011] generalized this approach to the case where agents have preferences over bundles by
eliciting information about marginal rates of substitution across individual objects. These

mechanisms return allocations satisfying a notion of economic efficiency weaker than social



welfare maximization, namely Pareto optimality. These methods, because they require
the determination of market clearing price, i.e., fixed point, are also computationally
inefficient.

This paper offers a computationally efficient approach to finding allocations that are
social-welfare maximizing subject to constraints on fairness and incentive compatibility/T]
In particular, we consider a multi-unit assignment problem similar to Budish|[2011], and

assume the followingﬂ

1. The size of bundles that each agents assign positive utility to is small compared to

the size of the market (measured in terms of the number of agents or goods).
2. The number of agents and supply of goods is large.

Our main idea is to formulate the problem of finding an allocation of objects to agents
so as to maximize social welfare (or other similar objective) subject to (interim) envy-
freeness as an integer program. An allocation is envy-free if each prefers the bundle
assigned to them to any bundled assigned to another agent. Envy-freeness is usual in-
terpreted as a notion of fairness. However, as we show, when the economy gets large,
envy-freeness actually implies strategy-proofness. Thus we obtain fairness and incentive
compatibility at the same time for large economies.

The integer program we formulate is NP-hard. However, we solve its linear relaxation
instead. Subsequently, we use the iterative rounding method (IRM) (Lau et al. [2011]) to
construct a lottery over “almost feasible” integer solutiuons from this fractional solution.
Our main result is that the mechanism that outputs this lottery is fair, “almost” efficient
and strategy-proof.

Our approach has two advantages. First, it allows one to consider stronger notions
of efficiency when preferences are cardinal, for example, maximizing social welfare. The
previous literature only considers Pareto optimality or ordinal efficiency. Our approach is
also more flexible in that, for example, one can replace the objective function of maximiz-
ing the sum of agents’ utilities by maximizing any weighted sum of allocations. Second,
our method is computationally efficient. It does not require the computation of a general
equilibrium as in [Peivandi| [2013], |Hylland and Zeckhauser |[1979] and Budish| [2011]. We
only need to solve a polynomial (in the number of agents and number of goods) number

of linear programs of polynomial size.

IThus, we assume that agents have cardinal utilities denominated on a common scale.
2These conditions hold in several settings. For instance, in course allocation, the number of students
and available courses is large relative to the number of courses a student can take each semester/quarter.



Our approach also applies to different types of problems. For example, in a setting
with unit demand and side constraints, the linear programing approach naturally extends
and give similar results. Unit demand with side constraints settings have important
applications, particularly in school choice problems. Here, no student can be assigned
to more than one school. However, the assignment of students to schools must satisfy
additional constraints regarding the representation of minorities, see for example |Ehlers
et al. [2011]. This application also naturally satisfies the our assumption in that the
number of such side constraints is small relative to the capacity constraints on each
school.

In the following, we describe our results for the Combinatorial Assignment Problem
in more details. Other applications including school choice with side constraints; approx-

imate Walrasian prices and combinatorial auctions will be discussed in Section [3]

Combinatorial Assignment Problem

In the combinatorial assignment problem we have a set G of goods and for each 7 € G
we have a supply of s; units. Let N be the set of agents. Each agent’s preferences
can be represented by a von-Neuman Morgenstern utility function over subsets of G. A
feasible assignment of goods to agents ensures that each agent receives at most one unit
of each good and the total amount of any good allocated does not exceed its supply. One
application of the combinatorial assignment problem is course allocation. G is the set of
courses and s; is the number of seats in course j € G.

To define what it means for the size of a bundle that an agent requests to be small,
denote by u(S) an agent’s von-Neuman Morgenstern utility for the bundle S C G. We
require u(()) = 0. We say that u satisfies k-demand preferences if u(-) has one of three

properties listed below. The first is that no agent has preferences for bundles that are too

large, i.e.
u(S)=0V|S| > k+ 1. (1)
The second is a special case of the first that allows for free disposal and ensures mono-
tonicity.
u(S) = Acasx{u(A) A <k} SCG. (2)

The course allocation problem is a natural setting that gives rise to preferences that
satisfy or . Here students have preferences on bundles of objects that correspond
to courses. Time constraints mean that each student can take only a limited number of

course each quarter or semester. At Northwestern University, for example, k is typically
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no more than 4 or 5 and s; a factor of 10 larger than that.

The third allows for agents to have preferences for large bundles. However, utility for
a large bundle must be additive in ‘smaller’ sub-bundles. Specifically, assume a partition
Py, ..., P, of G such that |P,| <k forallr=1,... ,iﬂ Then,

t

u(S) =Y u(SNP). (3)
r=1
One instance of where preferences of the form may arise is when the objects to be
allocated are bands of spectrum. Bands of spectrum that interfere have similar frequency
and are located close to one another and so can be categorized in groups of small size.
Utilities for interfering bands need not be additive. Bands further apart do not interfere,
so utilities for non-interfering bands can be taken to be additive.
(2) is a special case of . Neither imply or are implied by . When k£ =1,
2)) yield unit demand preferences and the combinatorial assignment problem reduces to
the classical assignment problem. When k = 1, means that utilities are additive.ﬁ
Thus, k-demand preferences for £ = 1 contain the basic classes of preferences that are
substitutable. When k = |G|, k-demand preferences impose no restriction on preferences.
Intermediate values of k restrict the range of complementarities that can be expressed.
The IRM for allocating indivisible goods when agents have k-demand preferences
produces a randomized mechanism that returns an allocation that maximizes total utility

subject to
1. being ex-ante envy-free,
2. asymptotically strategy-proof,
3. and ex-post, the IRM will over-allocate each good by at most k — 1.

The last item on the list is of interest when £ is small relative to s; for each j € G. In
the course allocation problem, £ will be at most 4 while s; is usually at least 20 and
frequently much larger. One can interpret this to mean that under k-demand preferences,
by withholding a relatively small amount of each good, it will be possible to obtain
allocations with desirable properties. Note that in the special case when k = 1 we recover

the Birkhoff-von Neumann Theorem.

3Notice that we allow different agents to have different partition.
4For the motivation behind see section 3.



1.1 Related Work

The most closely related paper to ours is Budish| [2011]. Budish’s mechanism is determin-
istic and based on computing an approximate competitive equilibrium from equal incomes.
Thus, the preference information needed from agents is ordinal as opposed to cardinal in
our case. Budish’s mechanism returns an allocation that is approximately pareto-optimal,
approximately envy-free in an ex-post sense, asymptotically strategy-proof and, like ours,
violates the resource constraints. Budish bounds the violation in terms of the Euclidean
distance (O(y/min{2k,|G|}|G])) between the supply vector and the vector of the number

of goods allocated, unlike the bound on the maximum violation in each type of goods

considered in this paper. In some settings the latter guarantee may be preferred to the
aggregate error as in |Budish| [2011]. Lastly, as already mentioned earlier, unlike Budish
[2011], our mechanism does not require the computation of a fixed point but the solution
of a linear program, which can be solved in time polynomial in |N| and |G|.

More recently, Peivandi [2013] introduced two other related mechanisms. These mech-
anisms, assume agents have ordinal preferences only, and have several attractive properties
such as being ex-ante envy-free and ex-post feasible, and ordinarily efficient. However,
the computational complexity of both of the mechanisms are exponential in the number
of goods and agents.

The precursors to the papers just mentioned are the well known papers of [Sha), Shapley
and Scarf |[1974], Demange et al.| [1986] and Bogomolnaia and Moulin| [2001]. These papers
assume that no agent consumes more than one object (unit demand). In this setting
any fractional assignment can be expressed as a convex combination of feasible integral
assignments (a consequence of the Birkhoff-von Neuman Theorem). Thus, for example in
the quasi-linear case, efficient allocations can be supported with Walrasian prices. In the
non-transferable case, fractional assignments can be interpreted as lotteries over feasible
integral allocations. When the unit demand assumption is relaxed, fractional assignments
are not guaranteed to lie in the convex hull of feasible integral allocations[]

Our paper can be viewed as a generalization to the multi-unit demand setting using
an approximate version of the Birkhoff-von Neuman Theorem that relaxes feasibility. In
particular, when complementarities are limited, i.e., the maximum size of bundles that

agents desire is small, the violation in feasibility is small ]

SBudish et al.| [2013] uses standard results about the integrality of polyhedra to identify cases where
fractional assignments can be interpreted as lotteries over feasible integral allocations.

5In many applications this potential infeasibility can be addressed by preemptively reducing supply.
In other cases, like course assignment, substitutes for scarce resources can be summoned. For example,
additional chairs are placed in the class.



In the next section of this paper we introduce notation and definitions. Section
formulates the an integer linear programming (LIP), that identifies a social welfare max-
imizing allocation of goods to agents subject to a standard ‘fairness’ constraint called
envy-freeness. We then discuss how the solution of the linear relaxation of (LIP) is
asymptotically strategy-proof. The subsequent section discusses how to implement the
fractional solution of (LIP) as a lottery over approximately feasible integer solutions. Sec-
tion |p| describes some applications of this technique to settings like school choice with side
constraints and other type of resource allocation problem with transferable utility not

previously discussed.

2 Notation and Model

Let N be the set of agents. We assume each agent has one of a finite number of types 7.
For each type t € T', let n; be the number of agents of type t. Let G the set of goods and
for each j € G, let s; be the integer supply of good j. Thus, each instance of a market
can be captured by a pair of vectors (77, ).

The type of an agent encodes their preferences which are represented by a von-Neuman
Morgenstern utility function defined on bundles of goods. In our main applications
(course allocation and school choice) we will assume that each agent wishes to consume
at most one copy of each good[]

For an agent of type t € T, let u*(S) > 0 be his utility for bundle S C G. We will
also use the notation uf(S) (or for short u;(S) ) for the utility of agent ¢ for bundle S
when his type is . We assume that an agent’s utility depends exclusively on his type and
outcome. Furthermore, we assume for each type of agents, the utility function satisfies
either , or . Without loss of generality, we also assume u*(f)) = 0 for all type t.
Given a lottery (a probability distribution) over a set of bundles, an agent’s utility is his
expected utility of the lottery.

A feasible allocation is an assignment of bundles of goods to agents such that the
number of copies of each good j allocated is at most the supply s;.

An [-approximately feasible allocation is an assignment of bundles of goods to
agents such that for each good j the number of copies allocated to agents is at most s; +1.

Given a type profile ¢, an allocation # is envy-free if all agents weakly prefer the

"This assumption can be relaxed without influencing our results.



bundle assigned to them under Z to any bundle assigned to another. That is,
u(z;) > u'(x))

Given a type profile ¢, an allocation 7 is efficient (subject to envy-free) if among all

the feasible allocations satisfying the envy-free constraints, z optimizes
Z i (7).
i

Let A denote the set of (approximately) feasible allocations. For every |N| > 0, a

(N)

mechanism &) is a mapping from a profile of agents’ types to a lottery over (approxi-

mately) feasible allocations. More precisely,
M) TN 5 A(A),

Without ambiguity, we sometimes use ® instead of ®®) for short.

A mechanism @ is polynomial time computable if ¢ is polynomial time computable
given the input u,(S) for all t € T'; S C G; and the capacities s; for ¢ € G as well as the
report vector ¢ € TV.

It will be useful to consider a mechanism from the perspective of an agent i. Let
o) T x TNTL = A(A)),

where A; denote the possible bundles that agent i obtains, and ®;(¢;,t_;) denotes the
lottery over bundles that agent i receives when he reports ¢; and other agents report ¢_;.
A mechanism is ® is strategy-proof if it is optimal for each agent to truthfully report

their type given any vector of type reports of the other agents, that is

Uti (q)z(t“ t_z)) Z Uti ((I)Z(tlz, t_z))

A mechanism is e- strategy-proof if it is “almost’ optimal for each agent to report

truthfully given any vector of reports by the other agents, that is

u't (P (t;, t_g)) > uli(Ds(¢5, 1)) — .

Finally, we define asymptotically strategy-proof. & is asymptotically strategy-

proof if for any € > 0 there exists a constant ny such that ® is an e-strategy-proof



whenever there are at least ng agents reporting r to ® for each every type r € T.

Definition 2.1 ¢ is asymptotically strategy-proof if for any ¢ > 0 there exists a
constant ng such that if t satisfies |{i|t; = r}| > no for allr € T, then

ut1(®1<tz,t_z>> Z uti(CI),-(t’i, t_z)) — €.

Our definition of asymptotically strategy-proofness is similar in spirit to the notion of
‘strategy-proofness in the large’ introduced by |Azevedo and Budish| [2012]. To define this
notion assume agents’ reports are drawn independently from a distribution on the type
set T with full support. A mechanism is strategy-proof in the large if it is € strategy-proof
when the number of agents is large enough. In fact, any mechanism that is asymptotically

strategy-proof in our sense will also be strategy-proof in the large.

3 Owur Mechanism

It is well known that strategy-proofness, envy-freeness and efficiency are generally in-
compatible. Simply computing an efficient outcome in combinatorial settings is usually
NP-hard. Here we construct a polynomial time computable mechanism that is asymptot-
ically strategy-proof and subject to envy-freeness is “almost’ efficient. In particular, we
show that our mechanism achieves at least the optimal social welfare that any envy-free
mechanism does while over-allocating each good by only a small amountﬁ

In this section we formulate a a linear program, and show that if a mechanism can
implement the solution of this linear program, then, this mechanism is asymptotically
strategy-proof, ex-ante envy-free and efficient. In the subsequent section we show that
if each agents’ utility satisfies , , or , then the solution of this linear program
can always be implemented as a lottery over k — l-approximate feasible allocations. For
ease of exposition we assume that utilities satisfy . The proof is the same for .
For the the third class of utilities , the LP formulation and the proofs are provided in
Appendix [6.2]

To describe the set of feasible allocations of objects to agents let 0 < x;(S) < 1 be
the variable capturing the probability that agent ¢ obtains bundle S. Because of , each
agent is only interested in bundles of size at most k, thus x;(S) = 0 for all S of size larger

than k.

80ne can enforce the hard constraints on the resources by scaling down the resources before applying
our mechanism.




First, because each agent receives one bundle of goods (possibly empty), any allocation

will need to satisfy the following constraint.

z >0

> w(S)=1VieN (DEMAND)
SCG;ISI<k

Feasibility requires that for each type of good ;7 we do not allocate more than its

available supply:
YY) w(S)<s; Vel (SUPPLY)

i€N S3j

The envy-free constraints of an allocation x is the following.

D ul(S)al(S) = Y ul(S)af(S) Vi Vj £ i Vr £t (ENVY-FREE)

(2
sca sca

Thus, any envy-free mechanism can achieve at most the welfare of the following pro-

gram.

max{» Y ui(S)z;(S): st. (DEMAND),(SUPPLY)), (ENVY — FREE)} (LIP)

iEN jEG

Call a fractional solution z* to implementable if it can be expressed as a convex
combination of feasible integer solutions to this program. An implementable fractional
solution can be interpreted as a lottery over feasible integer solutions. Generally, z* is not
implementable, but if it is, then clearly a mechanism that takes as input a report of each
agents utility function and returns the optimal (fractional) solution to program (LIP|) and
implements it as a lottery is an envy-free and efficient mechanism. We will show in the
next section how to implement z* as a lottery over approximately feasible allocations.

In the rest of this section we show that if has a unique optimal solution the
mechanism implementing z* is actually asymptotically strategy-proof. Notice that the
assumption that has an unique optimal solution is a mild assumption because we

can always guarantee this by perturbing the objective function slightly .

THEOREM 3.1 Suppose has an unique optimal solution x* which is implementable
by a lottery &, then the mechanism that takes in as input a report of each agents type and

returns T is asymptotically strateqy-proof.
Proof: Recall that the set of types is a finite set T'. Let t; be the type reported by agent
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1, and let n; be the number of agents reporting type t.

Consider the following program for finding a utilitarian allocation that is envy-free:

max 33wl (S)al(S) (4)

iEN* SCG
D ali(S)<1Vie N Vie N (5)
Sca
SN al(s) <5, Vi€ ()
iEN §3j
Zu b Zu S)ViVj#i and t; #t; (7)
SCG sca

Recall, that we can set 2% (S) = 0 where |S| > k. Call the disaggregate formu-
lation.

Introduce variables y*(.S) to denote the ‘aggregate’ amount of bundle S that all agents
reporting ¢t get. Namely if we consider an anonymous solution of , that is 2} (S) =
[L’;j (S) whenever t; = t; = ¢, then y*(S) = n,z}(S). Now consider the following ‘aggregate’

max 3" 3 u'(S)y'(9) )

formulation.

teT SCG
1
Y () <1vteT (9)
sca ™
Y Y (S <sVied (10)
teT S3j
1
—Z ) > —Zut(S)y’"(S) Vt,r e Tt £r. (11)
Ny
SCG SCG

To show that our mechanism is asymptotically strategy proof, we need to prove that
for every € > 0, there exists n, such that if n;, > ng for all ¢ € T, then no agent can
improve his utility by more than e.

Suppose agent i of type p pretends to be of type q. We will show that the impact on
the allocations of the other agents from this misreport can be computed by solving
with a perturbed right hand side.

If agent i of type p pretends to be of type ¢ then the number of agents reposting p

is decreased by one and the number of agents reposting ¢ is increased by 1. Thus, the
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aggregate formulation becomes:

n, — 1 ng + 1
max ——— % u’(S)y"(S) + == u(S)y'(S)+ Dy, D u'(S)'(S) (12)
P sca 7  sca teT—{p,q} SCG
Y y(S)<ivteT (13)
et
n, — 1 ng + 1 .
pn D yP(S) + qn DS+ D D (S <8 Vied (14)
P 535 EENCEY ] teT—{p,q} S2j
1 1
— > u(S)y'(S) = — > W (S)y(S) Vt,r € Tt # (15)
tsca T sca

Compare program — to program —. If both n, and n, are large enough
then the objective function and the constraints of both program are close to each other.
Because of the assumption that — has an unique solution, thus, there must ng
such that if both n, and n, are at least ngy then — also has an unique solution.
Furthermore, as ng in creases the solution of — is converging to the solution of
®-[.

In other words, if ng is large enough then the agent who misreports their type can only
change their allocation by O(e). Thus, by the envy-free constraint, their utility changes
by at most O(e). This shows that the mechanism is asymptotically strategy proof. ]

Under the implementability assumption, Theorem 3 yields a mechanism that is asymp-
totically strategy proof, ex-ante envy free and among all such mechanisms maximizes
total welfare. As we noted earlier, the implementability assumption is usually false. How-
ever, in the next section we show that under the k-demand preference assumption every

fractional solution to (DEMAND)), (SUPPLY)),(ENVY — FREE)) is ‘approximately’

implementable in a well defined sense.

4 Approximate Implemention

In this section we show that fractional solutions to (DEMAN D)) and (SUPPLYY|) are

approximately implementable. Exact implementation is known only in certain specials
cases (Birkhoff-von Neuman, Budish et al. [2013]). These exact results are obtained by
showing that the polytope of feasible allocations is integral. Hence, any fractional solution

can be decomposed into a convex combination of integral allocations. This property fails
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in our setting as the polytope defined by (DEM AN D)) and (SUPPLY)) is not integral.

Nevertheless, as we show below, we can decompose any fractional solution into a lottery
over approximately feasible integer allocations. The first step in the argument is the use
of the Tterative Rounding Method (IRM) of Kirdly et al.| [2008] which we now describe.
Let P be the polytope defined by and . The IRM takes as
input an extreme point, z* € argmax{u -z : x € P} where u > 0 and u;(S) = 0 for all
i € N and S C G such that |S| > k. It then rounds z* into a 0-1 vector = that satisfies

(DEMAND)) and is such that

YD #(S)<sj+k-1Vjeq. (SUPPLY-k)

iEN S3j

Beginning with z*, we remove from (DEMANDH{SUPPLY)) all variables x;(S) for which
xf(S) = 0. In other words, a variable that is zero in z* will be rounded down to zero
and fixed at that value in all subsequent iterations. Similarly, remove from (DEMAND|
SUPPLY)) all variables x;(S) for which zf(S) = 1 and adjust the right hand sides of
(SUPPLY)) accordingly. In other words, a variable set to 1 by x* is fixed at 1 in all
subsequent iterations. In the system that remains pick a non-negative extreme point that
optimizes the vector u and repeat. At some iteration, when the remaining supply of good
J is s}, we may obtain an extreme point with no variable set to 1. Call it y.

The main observation here is that, in this case there must exist a j € GG such that
Z[ny(Sﬂ <si+k—1
iEN 53j

For each such j, remove the corresponding constraint (SUPPLY]) and in the relaxed system
find an extreme point that optimizes u and repeat. Stop once all variables have been fixed
at either 0 or 1 and denote the resulting 0-1 vector by z.

There are three observations to be made about Z.

1. At each iteration, inequality (DEMAND)) holds. Thus, = satisfies (DEMAND)).

2. At each iteration, the original program is (possibly) relaxed. Thus, u-Z > u - z*.

3. Because z;(S) = 1 only if zf(S) > 0, it follows that for the inequalities in (DE-]

MAND)) thrown away, >,y D _g5; Zi(S) < s +k — 1.

The key lemma is the following:

13



Lemma 4.1 Let u;(S) > 0, u;(0) = 0 and u;(S) =0 for all |S| > k and i € N. Let x*
be an extreme point of P in argmax{u-x : x € P} such that x}(S) <1 for alli € N and
S C G. Then, there exists a j € G such that

[{ieN:) ai(S) >0} <sj+k—1

S35

Z[Zm:‘(Sﬂ <sj+k—1

iEN §3j

For completeness a proof is given in Appendix [6.1]
This rounding protocol gives the following result proved by Kiraly, Lau and Singh
(2008), which is restated as follow.

COROLLARY 4.2 Given any (not necessarily non-negative) utility vector u;(S) and any

fractional vector x satisfying (DEMAND) and (SUPPLY|), we can find in polynomial time
an integral vector x* satisfying (DEMAND) and (SUPPLY-K) such that uz* > ux.

With this, we are ready to state the main result.

THEOREM 4.3 Any x satisfying (DEMAND|) and (SUPPLY]|) can be expressed as a
convex combination of integral vectors satisfying (DEMAND|) and (SUPPLY-K). Further-

more, in polynomial time we can find a convex combination that is arbitrarily close to x.

Proof: To the easy of presentation, let () be the polytope consisting of all real vectors

satisfying (DEMAND)|) and (SUPPLY)); and let Ej be the set of integral solutions to
(DEMAND)) and (SUPPLY-k]).

Suppose theorem does not hold. Thus, there is a x € () that is not in the convex
hull of Ej. Hence, there must be a hyperplane that separates x from Fj. Let u be the
vector of coefficients of that hyperplane. Choose it so that ux > uz for all z € E}. But
this is a contradiction to Corollary [4.2]

The proof above is nonconstructive. In Appendix [6.3] we provide a polynomial time
algorithm using IRM repeatedly to compute a lottery over integral solutions of Fj whose

expectation is arbitrarily close to the given vector in Q).
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5 Other Applications

5.1 School Choice

In this section we consider an environment that satisfies the unit demand constraint but
must satisfy additional constraints. Such problems are motivated by school assignment
problems where students must be assigned to schools in a way to ensure diversity on
various dimensions (see Ehlers et al.| [2011] for example). Many school districts such as
Chicago, Boston and New York are concerned with issues of student diversity and have
included affirmative action systems into their school choice program.

In this setting we can consider each school as a type of goods. Let s; be the number of
capacity of school j. As before let G be a set of goods and N a set of agents (students).
However in this case each agent wishes to consume at most one good. Let z;; = 1 if
agent 1 € N is assigned good j € GG and zero otherwise. To model the diversity constants,
we assume each agent is also endowed with a 0-1 vector of dimension £ that records
which of k binary characteristics she possesses. Examples of characteristics are gender,
race or citizenship. Denote by C” the set of agents with characteristic r = 1,..., k. An

assignment of goods to agents is feasible if it satisfies the following

d wy=1VieN (16)
jeG
Zl’ij S Sj VJ eG (17)
iEN

<Y 2y <QiVr=1,...kVjeG (18)

1€C™

The envy-free constraint is the following.
Zui(j)xij > Zui(j)l’i'j Vil # i (19)
J J

We assume that is non-empty. As in the combinatorial assignment problem,

we consider the following linear program

max{; wi(i)zy st —} (20)

Our goal is to implement an allocation achieving a welfare as good as the solution of .
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However, we will need to scarify on feasibility. Our mechanism will output allocations

that satisfy a weaker feasibility constants than . Namely,

Y wy<sj+2k+1Vj€q (21)
iEN

@ —2k—1<> 2; <Qi+2k+1Vr=1,...k VjeG, (22)
ieCT

where k is the maximum number characteristics that a student possesses.

THEOREM 5.1 There exists a polynomial time computable mechanism that is envy-
free; asymptotically strategy proof and achieves the optimal welfare of (@ Furthermore,
the mechanism outputs approzimately feasible allocations that satisfy -@)

Proof: The approach and the mechanism for the school choice problem above is similar
to the combinatorial assignment problem discussed in the previous section. We first solve
, and then using the rounding protocol to decompose a solution that satisfies and
into a lottery over allocations that satisfy . The argument uses the iterative
rounding method in Kiraly et al.| [2008], which shows that for any fractional solution x
satisfying , and any cost function ¢, we can find an integral z* satisfying ,
, and ¢z > cx. Using this result, the proof of our theorem is analogous that of
Theorem [4.3] [

5.2 Walrasian Prices

While the main application of our technique was to the allocation of indivisible goods
when transfers were not permitted, it is not limited to these cases. We illustrate with an
application to settings where transfers are allowed.

Suppose agents have quasi-linear preferences and let u;(S) be the monetary value that
agent ¢ € N assigns to bundle S C G. In this setting it is well known that without further
restrictions on the preferences of the agents, Walrasian prices that clear the market need

not exist.

THEOREM 5.2 If all agents have k— demand preferences, that is agents’ utility satis-
fies , (@, or @, there exist Walrasian prices where the excess demand for any good is

at most k — 1.
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Proof: We give the proof for the case when preferences satisfy . A similar proof
applies in the case (2)) and (3). To find an efficient allocation we solve max{u-z : x € P}.
In this program set u;(S) = 0 for all S such that |S| > k. This does not change the value
of the efficient allocation but does shrink the set of efficient allocations.

Let p* be the optimal dual variables associated with in the program
max{u -z : x € P}. We can interpret p* as a Walrasian price vector. For each i € N let
Di(p*) = argmaxscg[ui(S) — Y ;e i), i-e., agent i’s demand correspondence. Lemma

implies that we can give to each agent an element of their demand correspondence at

price p* such that (SUPPLY-k]) is satisfied. [ |

Informally, as long as agents do not demand bundles that are very large, or the comple-
mentaries in their preferences are limited, there exist Walrasian prices that approximately

clear the market.

5.3 Truthful Combinatorial Auctions

In our second example, consider the problem of designing an individually rational, weakly
dominant strategy, efficient mechanism in this setting. It is well known that the Vickrey-
Clarke-Groves mechanism will do the trick. However, computing the efficient allocation
is NP-hard []

THEOREM 5.3 Suppose all agents have preferences that satisfy , (@), or (@ The
IRM yields a polynomial time mechanism that is individually rational, weakly dominant
strateqy, over allocates at most k — 1 copies of each good and generates an expected total

welfare at least as large as the efficient allocation.

Proof: To see this, let * € argmax{u -z : x € P}. As before we assume that u;(S) = 0
whenever |S| > k. Observe that z}(7") is monotone in u;(T"). By Theorem we can
represent x* as a lottery over Fj. Thus, in expectation, the welfare of the allocation rule
defined by this lottery is at least as large as the welfare of the efficient allocation. Hence,
this lottery can be implemented in a way that is incentive compatible in expectation (the
expectation is with respect to the randomization induced by the lottery). Furthermore,

in the worst case, our mechanism over allocates at most k — 1 copies of each good. =

Thus, if each good has a large number of copies, this mechanism will yield an almost

feasible allocation.

9In the last decade there has been an extensive literature on designing polynomial time mechanisms
for combinatorial auctions. See for example Blumrosen and Nisan| for a survey.
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6 Conclusion

In this paper developed a general method for designing a mechanism to allocate indivisible
goods to agents without the use of transfer. This framework allows for more general
settings than the traditional unit demand assumption. We show that when agents do not
demand too large bundles, one can obtain allocations with a number of attractive features
(social welfare maximizing; fairness; polynomial computable) by discarding a relatively
small number of the goods.

Our mechanism applies to a broad range of applications. We hope to see more of its
applications in other setting, as well as learn more about the empirical performance of

this approach.
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Appendix

6.1 Proof of Lemma

We will use the following property of an extreme point of a linear program:

The number of non-zero variables in an extreme point z* is equal to the num-
ber of linearly independent and binding constraints in (DEMAND)) and (SUP-|

PLY).
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To prove the lemma, assume that for all j € G
{ie N:27(S) >0, S>j} >s;+k, (23)

we will derive a contradiction to the property of the extreme point above.

Given the extreme point z*, where we credit each non-zero variable z}(S) with a single
token. We then redistribute these tokens to the binding, linearly independent constraints
in a particular way. We show that if holds then each binding constraint will get at
least one token, and there is one token left over. This shows that the number of non-zero
variable z}(S) is larger than the number of binding, linearly independent constraints,
which is a contradiction.

We redistribute the tokens given as follows. Credit z}(S) fraction of the tokens to

the constraint corresponding to agent ¢ (DEMAND)). Credit 1—:57(5) to each constraint

corresponding to each good j € S. Notice that this is feasible because there are at most

k such constraints.
If the constraint corresponding to agent ¢ binds then the number of tokens this con-

straint is credited with is ) ¢ x;(S) = 1. Now, consider a binding constraint corresponding

ZZI‘Z(S) == Sj.

i€N S3j

to good 7, we have.

Let K = |{i € N : zf(S) > 0, S 3 j}|, that is the number of non-zero variable that
contribute to the constraint for the good j. Because each of these variable contribute to

the constraint 1_96—;(3), therefore, overall the constraint obtains

k

K =3 ien 255 0i(S) K —s;

k k

tokens. Because K > s; + k by , this constraint is credited with at least 1 token.
Thus, we have shown that the amount of tokens given at the beginning (which is the
number of non-zero z* variables) has been redistributed to the binding constraints, so
that each is credited with at least 1 token. Thus the number of non-zero x* variables is at
least the number of binding constraints. Now, equality obtains only if for every nonzero
x

xi(S), |S| = k, and the constraint corresponding to agent 7 binds, furthermore, for all

j € S the constraint corresponding to j also binds.
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But in this case one can show that the set of binding constraints is not linearly inde-
pendent. To see this, consider the sum of all the binding constraints in SUPPLY}

Z Z x;(S) :Zsj.

Jj€G 1,5:53j

Because for each z7(S5) > 0, |S| = k, this sum can be rewritten as

kzgx:(S) :Zsj.

J

This last expression is the sum of all the constraints in (DEMAND)), contradicting lin-
ear independence of the binding constraints. By this we have shown that the number
of nonzero variables in an extreme point solution is larger than the number of linearly

independent binding constraints. |

6.2 LP formulation for the class of utilities satisfying

Recall that the third class of utilities that we consider allows for agents to have preferences
for large bundles. However, utility for a large bundle must be additive in ‘smaller’ sub-
bundles. Specifically, assume for an agent i, there is a partition P, ... ,Pt’l of G such that
|P{| < k for all r =1,...,¢;. Then,

w;(S) = Zul(s N PY. (24)

To formulate an LP for this class of utilities, here, instead of having the variable z;(S5)
for all S C G, we consider z;(S,) for r € [1,..,%;] and S, C P'. That is z;(S,) indicates

whether the sub-bundle S, among the goods in P is allocated to agent i. We introduce

the following Demand’ constraints.

x>0
Z 2:(S,) =1Vie N,r €[l,..,t] (DEMAND?)

SrCP}

This is the only difference in the LP formulation for this class of utilities. Under the
assumption , the new (DEMAND’) constraints do not influence the linear program
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that maximizes the total social welfare.

It is also clear that our results on asymptotically strategy-proofness holds, thus it
remains to see that the iterative rounding technique also works for this new class of con-
straints. In fact, is a special case of matroid constraints (partition matroid),
and as shown in [Kiraly et al. [2008] the IRM gives the same error bound guarantee for

any matroid constraint. [ |

6.3 Decomposition Algorithm

Recall that Theorem shows that any x € () can be expressed as a convex combination
of points in Ej. In this section we show how to (approximately) decompose any x € @
into a convex combination of points in Ej.

Assume Ej, is bounded with diameter D. Denote by |z — y| the Euclidean distance
between = and y. Recall that we have a subroutine that will for any fractional x € @) and
any cost vector ¢, return an integral * € E, such that cx > cz.

Given this subroutine, we exhibit a polynomial time algorithm that for a given point
x € @, finds at most d+ 1 integral points in F) whose convex hull is arbitrarily close to x.
The algorithm also returns a lottery over these d + 1 integral vectors whose expectation
is close to .

Given a fractional solution x € ). Let

B(z,0) = {z: satisfying (DEMAND|) and |z — x| < 6}

We assume there exists § > 0 such that B(x,d) € @. Notice that for our purpose,
this assumption is without loss of generality, because otherwise we can always choose x’
in the interior of @) close to x.

Given an allowable error € > 0, the algorithm is the following.

Algorithm In each step maintain a subset S of points in Ej. Fach iteration consists of

the following steps.

1. Compute y € conv(S) that is closest to z. If |y — z| < €, the algorithm terminates.

2. Otherwise, because y is the closest point to z in S, y lies in a hyperplane of conv(.S).
Thus, there exists a subset S’ C S of size at most d such that y € conv(S’). (Recall

d is the dimension).
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Consider z = x 4+ §7—%. Notice, z € @) because B(z,0) € (). Use IRM to find an

lz—yl
integral 2’ € Fj, such that

<zix—y><<Zr—y>.

3. Update S := S U {z'}; and repeat.

To show that the algorithm terminates in polynomial time, we show that after each
iteration, the distance |z — y| is reduced by at least a constant factor. To prove this, let

y' be the point in the interval [2/,y| that is closest to z. We will prove the following.

Figure 1:

CLAIM 6.1 There exists 0 < v < 1 that depends on D and ¢ such that |x —y'| < (1 —
Nz =yl
Proof: Let ¢t be the point in the interval (z/,y) such that <t — z,x —y >= 0. Because

<z,x—y><<2 x—y>, such at exists. See Figure[]

Now,

e =yl -yl 2Pt (e -2l tle—y)? - 2?4067
o=yt =2 |t — 2|7 B s

We have |t — z| < |2/ — z|. Furthermore, because the diameter of Ej is D, |2’ — z| < D.
Thus, |t — z| < D.

Hence, we obtain
|z — y|? - D? + §?
o=y =D
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Thus, there exists 0 < v < 1, depending on D and § such that
z =y < (1 =)z —yl,
which is what we need to prove. [ |

The claim above shows that after each iteration the distance between x and y is

reduced by at least a factor of (1 —~). Consider K = w, we have

D(]'_’Y)KSQ

Thus, after at most K iterations, the algorithm will terminate.
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