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Abstract—Small-cells in licensed spectrum and unlicensed
access via Wi-Fi are two commonly used options to reduce
the demand for conventional macro-cellular networks and to
provide expanded wireless services to low mobility users. The
mix of these technologies depends on both the decisions made by
wireless service providers (SPs) that seek to maximize revenue,
and the allocation of licensed and unlicensed spectrum by
regulators. In this paper, we study these interactions and consider
heterogeneous cellular networks together with unlicensed access.
Both a single monopoly SP and multiple competing SPs are
investigated. The SPs split any available licensed spectrum into
two separate bands for macro- and small-cells, which are then
used to serve two types of users: mobile and fixed. Mobile users
must be served by macro-cells only, whereas fixed users can
be served by either macro- or small-cells, or alternatively by
unlicensed access service. While the providers charge a (different)
price per unit rate for licensed access services (macro- or small-
cell), unlicensed access is free. We formulate a sequential game
in which the users choose a service that yields the highest
payoff, and the providers allocate bandwidth across macro-
/small-cells. In general, the competition from unlicensed access
results in inefficient (albeit unique) market equilibria, and in
many cases all or some SPs allocate no resources to small-cell
deployment. We conclude by showing how our framework can
also be used to optimize the fraction of unlicensed spectrum when
new bandwidth becomes available.

I. INTRODUCTION

5G cellular networks are evolving towards heterogeneous
networks (HetNets) to cope with the accelerating demand for
wireless data along with variations in mobility and service
requirements [2]. The primary feature of a HetNet is the
deployment of multiple types of access infrastructure with
different transmission powers, ranges, and spectral efficiencies,
such as macro-cells targeting wide-area coverage and small-
cells targeting local access. In addition to cellular infrastruc-
ture in licensed spectrum, unlicensed services (e.g., Wi-Fi)
are an increasingly common alternative for users with low
mobility. It is expected that HetNets will make more extensive
use of unlicensed spectrum and possibly utilize technologies
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such as LTE-U, LAA, and MulteFire [3].! The mix of different
technologies provide users more options to access wireless
services, which in turn affects strategic decisions of SPs on
pricing and network resource allocation.

While the introduction of small-cells will increase overall
data capacity in a HetNet, network management and resource
allocation become more complicated. In particular, an SP must
allocate available spectrum resources across different cell types
(small vs. macro) taking into account mobility patterns and
demand for different services. This allocation then interacts
with pricing strategies that can differentiate among service
categories and controls revenue. Resource allocation is further
complicated by the existence of unlicensed Wi-Fi networks,
which can be viewed both as a complementary resource for
offloading traffic, and as a competitive rival for small-cell
networks in licensed spectrum.?

In this paper we study the effect of unlicensed spectrum
on resource allocation in HetNets containing both macro- and
small-cells deployed in licensed (proprietary) spectrum, and
operated by a cellular SP, or multiple competing SPs. To
model the demand for different services, we consider two types
of users: mobile and fixed. Mobile users must be served by
macro-cells only, whereas fixed users can be served by either
macro- or small-cells, or via unlicensed access. We assume
that the SPs charge a different price per unit rate to access
their network via macro- or small-cells. In contrast, there is
no access fee for the unlicensed band. In all cases the available
rate is split evenly among all users sharing the band. Given
this setup, the SPs wish to set prices and allocate bandwidth
across macro- and small-cells to maximize their revenue.

Our model is similar to that presented in our previous work
[4] to study bandwidth allocation in HetNets with competing
SPs; however, here the main distinguishing feature is the
presence of the unlicensed band. Our results show how the
unlicensed spectrum affects the SPs’ willingness to allocate re-
sources to their small-cell networks. Moreover, the model and
results can be used to quantify the utility (total welfare) offered
by unlicensed spectrum, and to compare it with that generated
by licensed spectrum while taking the strategic decisions of
the SPs into account. The introduction of unlicensed spectrum
raises several analytical challenges vis-a-vis prior work (e.g.,

ITechnologies like LTE-U and LAA are used by SPs to essentially expand
their licensed services. In this paper we do not consider these types of
technologies in unlicensed specturm.

2For example, AT&T’s WiFi network helps to expand the capacity of
AT&T’s cellular network, whereas Comcast’s WiFi service effectively com-
petes with cellular services.



[4]), such as the existence and uniqueness of equilibrium, as
well as social welfare analysis. This is due to the expanded
set of choices (i.e., there are now three options for serving
fixed users compared to two) and also the additional conditions
that arise on equilibria due to competition from the unlicensed
service; unlicensed access serves as an outside option to fixed
users and an explicit comparison of net payoff needs to be
made to determine the equilibria.

A. Main Contributions

We now summarize our main contributions. We first focus
on a monopoly SP, and then generalize to the more complicat-
ed scenario with multiple competing SPs. In both scenarios we
model SP and user actions as a two-stage game in which the
SPs first partition the licensed band into separate subbands
for the macro- and small-cell networks, and subsequently
announce prices for services. The prices then enable the fixed
users to determine their network association (macro-/small-
/unlicensed). The following results are obtained by analyzing
sub-game perfect equilibria, assuming a class of a-fair utility
functions for tractability.

1. HetNet Market structure: In equilibrium the macro-cell
network serves only mobile users. Fixed users then associate
with either the small-cell or the unlicensed network. This mar-
ket structure holds irrespective of whether the SPs maximize
revenue or social welfare®.

2. Bandwidth allocation with monopoly SP: Comparing
bandwidth allocations with and without unlicensed spectrum,
when maximizing revenue, a monopoly SP may allocate
more bandwidth to small-cells when an unlicensed network
is present. This occurs when the unlicensed network offers a
sufficiently low rate (e.g., due to a small amount of unlicensed
bandwidth). This seems counterintuitive when the unlicensed
network is viewed as an additional resource; however, this
is because the presence of this new resource alters the de-
pendence of quantity (users served) with price. In contrast,
when the SP maximizes social welfare, it always allocates
less bandwidth to small cells when competing with unlicensed
spectrum.

3. Equilibrium with competitive SPs: With multiple com-
petitive SPs we prove that there always exists a unique
sub-game perfect equilibrium with an associated bandwidth
allocation. Furthermore, the equilibrium can fall into one
of three categories: (1) all SPs allocate bandwidth to both
macro- and small-cells (“Macro-Small Nash Equilibrium”, or
MSNE); (2) a subset of SPs allocate bandwidth to macro-
cells only, and the rest allocate to both macro and small
cells (“Macro-Favored Nash Equilibrium”, or MFNE); and (3)
all SPs allocate bandwidth only to macro-cells (“Macro-only
Nash Equilibrium”, or MNE). In the absence of unlicensed
spectrum, for our choice of utility functions only the MSNE
is possible [4]. Hence, the increased competition from the
unlicensed network allows for equilibria where some SPs shun
small-cells and allocate bandwidth only to the macro-cells.
Extending to the asymptotic scenario where the number of SPs

3This result was also shown to hold without unlicensed spectrum in [4].

goes to infinity, we observe that in general, the equilibrium is
not efficient for any non-zero amount of unlicensed spectrum.

4. Dependence of social welfare on the licensed/unlicensed
split: When new spectrum becomes available, spectrum regula-
tors, such as the FCC, determine how much spectrum should
be licensed or unlicensed. We use the preceding results to
show how the mix of licensed and unlicensed spectrum affects
social welfare. This depends crucially on the relative spectral
efficiencies associated with the small-cell and unlicensed net-
works. If the small-cell network has higher spectral efficiency,
then allocating the entire bandwidth as licensed maximizes
social welfare. Conversely, if the unlicensed network has
higher spectral efficiency, then there is an optimal (positive)
amount of unlicensed spectrum, which need not be efficient.
Furthermore, allocating insufficient unlicensed bandwidth in
this scenario can cause the social welfare to decrease below
the all-licensed allocation. (This is illustrated in Fig. 6 in Sec.
VIL)

B. Related Work

There is extensive literature on pricing and bandwidth allo-
cation in heterogeneous wireless networks. In [5]-[7] small-
cell service is an enhancement to macro-cell service, and
in [8]-[13] small- and macro-cells provide separate services
(as we assume here). Optimal pricing only is studied in [5],
[7], [12], whereas allocation of bandwidth only is studied in
[13], [14]. Joint pricing and bandwidth allocation is studied
in [6], [8]-[11]. However, in that work there is a single SP
(monopoly) and no unlicensed spectrum.

In [4], [15]-[18], competition among multiple SPs providing
HetNet services is investigated. References [15], [16] study
pricing and service competition with fixed bandwidth alloca-
tions, while [4], [17], [18] study both pricing and bandwidth
optimization. However, in [17], [18] the SPs compete to
acquire the spectrum from a spectrum broker, as opposed
to optimizing the bandwidth allocation across the different
cell types in [4]. The preceding work does not consider any
interactions with unlicensed access.

While the preceding work focuses on HetNet deployments
using licensed spectrum, the interaction of unlicensed with
licensed spectrum in other contexts is considered in [19]-[23].
In [19] an economic analysis of the trade-off between incre-
mental licensed and unlicensed spectrum allocations is pre-
sented, which shows that licensed spectrum is the favored op-
tion. In [20], an intermediate model of only price competition
between two SPs having a fixed licensed part of the spectrum
and sharing the remaining part as unlicensed is proposed. It is
shown that user (consumer) welfare increases with the propor-
tion of unlicensed spectrum, benefiting from the decreased SP
price in response to the competition from unlicensed spectrum;
however, the overall social welfare always decreases when
more spectrum is allocated to unlicensed access, indicating
resources are used less efficiently with unlicensed access. This
result is consistent with our results assuming the average
spectral efficiency of unlicensed access is smaller than that
of small-cells operating in licensed spectrum. Reference [21]
studies social welfare when unlicensed spectrum is added to



an existing allocation of licensed spectrum among incumbent
competing SPs. The conclusion is that the social welfare can
decrease over a significant range of unlicensed bandwidths. In
[22] the authors optimize the size of licensed and unlicensed
bands assuming centralized control, according to a average
packet delay minimization objective. It is shown that the global
minimum average delay can be achieved by a sparse allocation,
where the spectrum of each radio access technology is divided
into a limited segments. In contrast, [23] introduces a software
defined cellular network architecture and proposes a fully
distributed algorithm to optimize user association, channel
usage time, and transmission power in both licensed and
unlicensed bands. The authors conclude that the exploitation
of licensed and unlicensed bands by integrating femto-cell and
WiFi access can reduce the demand for licensed spectrum
effectively. The preceding work assumes that the licensed
spectrum supports a single type of service, as opposed to the
mix of mobile and fixed users here.

In contrast to the previous work, a key feature in our
model is that the SPs strategically choose the amount to invest
in small-cells, which depends on the amount of available
unlicensed spectrum and the distribution of fixed versus mobile
users. An equilibrium, associated with a market outcome, then
consists of an allocation across licensed small-cell and licensed
macro-cell.

The paper is organized as follows. We introduce our system
model in Section II. The price and user association equilibrium
for a monopoly SP is presented in Section III. Optimal
bandwidth allocation for revenue maximization is discussed
in Section IV, and for social welfare maximization in Section
V. We then consider multiple competing SPs in Section VI.
The dependence of social welfare on the amount of unlicensed
bandwidth is discussed in VII, and conclusions are presented
in Section VIII. All proofs of the main results and several
supplemental results can be be found in the appendices.

II. SYSTEM MODEL
A. HetNet Service Model

We consider a HetNet with one or more SPs offering
wireless service. Each SP potentially has a two-tier cellular
network operating in licensed spectrum consisting of macro-
cells and small-cells. Macro-cells have large transmission
power and therefore wide-area coverage, whereas small-cells
have lower transmission power and local coverage. We assume
each SP has the same infrastructure deployment density and
normalize the macro-cell density per SP to be one. Macro-
cells and small-cells are assumed to be uniformly deployed
over a given area* and operate in separate bands.> Apart from
the cellular networks, there is a WiFi network operating in
unlicensed spectrum in which WiFi Access Points (APs) are
deployed with no access charge.

Users in the network are categorized into two types based
on their mobility patterns: mobile users are highly mobile and

4Alternatively, we can view small-cells and WiFi APs as being uniformly
deployed over “hot spot” areas and restrict fixed users to these areas.

SEquivalently, macro- and small-cells could operate in different time-slots,
e.g., using the Almost Blank Subframes (ABS) feature in LTE [24].

therefore can only be served by macro-cells, whereas fixed
users are relatively stationary and can associate with macro-
cells, small-cells or the unlicensed WiFi network (but not
multiple at the same time). Both types of users are uniformly
distributed over the given area. We assume a large number of
users so that we can model them as non-atomic. The density of
mobile and fixed users are given by IV,;, and N, respectively.

We assume each SP 7 has total bandwidth B; which it can
further split into B; ps and B; g, the amount of bandwidth
allocated to its macro-cell and small-cell networks, respec-
tively. No bandwidth allocation in a cell effectively implies
no deployment in that cell. Consequently, the total data rate
SP ¢’s macro-cells can provide is given by C; yr = B; arRo,
where Ry is the (average) spectral efficiency.’ Similarly,
the total available rate in small-cells of SP ¢ and in the
unlicensed WiFi network are defined as C; g = AgB; s Ry and
Cy = Ay By Ry, respectively. Here Ag and Ay reflect the rate
difference due to the combination of spectral efficiency and
deployment density differences in small-cells and Wi-Fi APs
compared with macro-cells. Since small-cells generally have
a higher spectral efficiency and larger deployment density,
we assume Ag > 1 [25]. Wi-Fi APs typically have lower
spectral efficiency than cellular deployments, but may have
a higher deployment density. Therefore, we do not make any
assumptions on Ag.

Each SP i offers separate macro- and small-cell service and
charges all users the same price per unit rate, denoted by p; s
and p; g, respectively. In contrast, Wi-Fi service in unlicensed
spectrum is free with no service charge. We denote the density
of users connected to macro-cells of SP ¢, small-cells of SP 7
and the Wi-Fi network as K; pr, K; s and Ky, respectively.
Note that K; g and K only consist of fixed users, while K; s
may include both mobile users and fixed users. Additionally,
mobile users are assumed to have priority connecting to macro-
cells. As a result, macro-cells can only accommodate fixed
users if all mobile users have been served.

B. User and SP Optimization

We assume all users are endowed with the same utility
function wu(r) which only depends on the service rate it gets
from any type of service. We further restrict this to be an
a-fair utility function [26] with « € (0, 1):

Tlfoz

ulr) = 1—

a e (0,1). (1)

This restriction enables us to explicitly calculate many e-
quilibrium quantities, which appears to be difficult for more
general classes of utility, but is needed to find the multi-
stage equilibrium behavior as explicit comparisons need to be
made with the outside option of unlicensed access for fixed
users. Further this class is widely used in both networking and
economics, where it is a subset of the class of iso-elastic utility
functions. Requiring o > 0 ensures strict concavity but allows

0f course the actual rate a SP can provide at any time will depend on many
factors such as the channel gains to its users and the scheduling algorithm
employed. Here, we view C; as averaging over such effects over a long
enough time horizon, which is reasonable for the network planning problems
we consider.



us to approach the linear case as & — 0. The restriction o < 1
ensures that utility is non-negative so that a user can always
“opt out” and receive zero utility. As o — 1, we obtain the
log(-) (proportionally fair) utility function.

For a given licensed service with price p,” each user requests
a rate that maximizes their net payoff W, defined as the
difference between their utility and the cost of service, i.e.
they solve:

maximize

ximize W = u(r) = pr, @)

For unlicensed access, since there is no access charge, we
assume all users simply share the available total rate equal-
ly. Fixed users then choose the network service (small-cell,
macro-cell, or unlicensed access) with the largest payoff. This
division of the total rate among subscribing users and the
subsequent assessment of payoff naturally incorporates the
impact of congestion-based latency; e.g., with other options
available all fixed users may not exclusively use the access-
cost free unlicensed band.
For a-fair utility functions, (2) has the unique solution:

r* =D(p) = (u')"(p) = (1/p)"/*, 3)

where D(p) is the user’s rate demand function and u’ denotes
the first derivative of u. The maximum net payoff for a user
is thus:

a4

W(p) = u(D(p)) = pD(p) = P 5. (4)

It is easy to verify that W*(p) is decreasing in p. As a result,
if a fixed user’s rate demand can be satisfied by both, the user
would always prefer the network service with lower price.

Each SP i decides on the bandwidth partition (B; as, B;.s)
and prices (p; ar,pi,s) to maximize its revenue S;, i.e., the
aggregate amount paid by all users choosing its macro- and
small-cell services. This can be formulated as:

maximize S; = K; ppi, v D(piar) + Ki spi,sD(pi,s)
(52)
subject to  K; mr D(pi,v) < Cin, KisD(pis) < Cis

(5b)
(50)
(5d)

0 < pim,pis <00
B; v, Bis > 0,B; m + B s < B;.

Here the first constraint ensures that the SP can meet the rate
demanded by the users, where C; ps and C; s depend on the
bandwidth allocation. Note also that K; p; and K; g depend
on the user associations, which in the case of multiple SPs will
depend on the prices and bandwidths chosen by those SPs.
We therefore model the choice of bandwidth allocations and
prices as a game played by the SPs. Assuming bandwidth
allocations take place over a slower time-scale than price
adjustments, the game then consists of two stages: First,
SPs determine their bandwidth allocation between macro-cells
and small-cells. Then given their bandwidth allocations, SPs
announce prices for both macro- and small-cells. Users then

7We assume that the users are price-taking in that they do not anticipate
how their selection of service or rate will effect the resulting prices. This is
reasonable under our assumption of many small users.

choose services as described previously. We characterize the
sub-game perfect equilibrium by first characterizing a user
association equilibrium for a fixed set of prices and bandwidth
allocation, and then study the equilibrium bandwidth allocation
based on the results obtained in the first step.

C. Social Welfare

An objective of a social planner, such as the FCC, may be
the social welfare provided by the network. In our model, the
social welfare is the sum of the revenue over all SPs plus the
net payoff of all users, i.e., the sum net utility over all users.
This can be formulated as maximizing

N
SW =Y Ki yu(R; n) + K su(Ris) + Kpu(Ry)  (6)
i=1

subject to the same constraints (5b)(5¢)(5d) for each SP .
Here, R; v, i s and Ry denote the average service rates per
user in each respective service, which in turn depends on the
prices and bandwidth allocations.

III. USER ASSOCIATION AND PRICES: SINGLE SP

We first focus on the user association equilibrium given
a fixed bandwidth allocation between macro- and small-cells
with a monopoly SP. Here we assume the SP maximizes its
revenue, but consider social welfare maximization in Section
V. Since mobile users can only connect to macro-cells, we
need only consider the association of fixed users.

Given a fixed bandwidth allocation and announced prices,
users select their service to maximize their net payoff. As
indicated in Section II, given equitable macro- and small-cell
service, fixed users choose the one with the lower price. For
the Wi-Fi service, the user’s net payoff is given by u(%)
With non-atomic users, in a user association equilibrium the
net payoffs of any services that are used by fixed users must be
equal, and any service not used must have a lower net payoff.

The SP adjusts the prices pjs and pg to maximize its
revenue taking into account the user association equilibrium.®
Two scenarios are possible:

1. Mixed service: Macro-cells serve both mobile users and a
subset of fixed users;
2. Separate service: Macro-cells only serve mobile users.

Theorem 1 (User Association): Given a fixed bandwidth
allocation between macro- and small-cells and revenue-
maximizing prices, the market clears, i.e., all users are served,
and all rate is allocated. Further, there exists a threshold Bg g
such that if Bg < Bg, then the mixed service scenario holds.
Otherwise, the separate service scenario holds. For the mixed
service scenario, py; = psg, whereas for the separate service
scenario py; > ps.

Hence, fixed users choose to associate with macro-cells
only when the small-cell bandwidth is sufficiently small. In
equilibrium, the mixed service scenario implies that the net

8In the monopoly scenario we drop the SP subscript .



payoff to fixed users from connecting to macro-, small-cells
and Wi-Fi must be the same, and so we can write
Cu

() -mi () (@) i o
Nks)  Prs ~"\Ky) ="Ky ) PV Ey
Here, we are using the fact from Theorem 1 that all of the
rate is allocated. For separate service the same equality will
hold only for small-cells and unlicensed. With «-fair utilities,
the rate per user % must satisfy (3). Combining with (28c)
yields the following lemma that gives a useful comparison of
the equilibrium rates of each service.

Lemma 1: In equilibrium fixed users in licensed spectrum
(macro-/small-cells) achieve % times the average rate of users
in unlicensed spectrum where £ = o'/(1=),

Note that 1/k > 1, which accounts for the access price
charged in licensed spectrum. Interestingly, with a-fair utilities
this ratio is independent of the other system parameters. We
can express the bandwidth threshold in Theorem 1 as

BS,O = max (IiNfBMRO - NmOU, O) /(HNmAsRo). (8)

From Theorem 1, since all users are served we have Ky +
Kgs+ Ky = Np, + Ny. Using this and Lemma 1, we have the
following expressions for the equilibrium prices, service rates,
and densities of users for each type of service in the mixed
service scenario:

Cuy Cuy
Ky = (Ns+ Ny, ,Ry = —, (9
v=Ns+ )CU+/<;(C’M+CS) v=g, O
kChas Cwm
Ky = (N¢+ N, Ry = ——,
w=(Np )CU+“(CM+CS) M K
pv = 1/(Ra®), (9b)
RCS OS
Kg=(N;+ N, ,Rg = —,
s = Ny )CU+n«nJ+C@) 57 Ky
ps = 1/(Rs®). (9¢)
Similarly, for the separate service scenario, we have:
Cy Cu
Ky=Ny(——— = — 1
U ff@Cs—i—CU’RU Ky (10a)
Cuy o
Ky = Ny, Ryr = oM = 1/(Rm®), (10b)
M
kCg Cs
K¢g=N(—F— Rg=—> =1/(Rg%). 10
5 I aCs 1 Oy 1t KS,ps /(Rs®).  (10c)

IV. BANDWIDTH ALLOCATION WITH A SINGLE SP

We now characterize the revenue-maximizing bandwidth
allocation given the prices and user association equilibrium
in the preceding section. In the mixed service scenario, the
problem is:

By +)\SBS)R0>
Ky + Ks
subject to By, Bs > 0,By + Bs < B,Bg < BS,O-

maximize S = (B + )\SBS)ROU'((

where K, Kg are given in (9b)(9¢), and Bg g is defined in
8).

In the separate service scenario, the objective becomes

Bu Ry /
. ) + AgBsRou

5= BMROu’(

(2

where K, Kg are given in (10b)(10c), and the constraint
Bg > Bg,g applies.

Theorem 2 (Monopoly Bandwidth Allocation): The op-
timal bandwidth allocation is unique and always corresponds
to the separate service scenario.

The optimal bandwidth allocation (Bg", BYf)) satisfies the
necessary conditions:

[(HAngvROJrCU ) —Q _ a(ﬁ)\ngvRo+CU ) -«

WASBEFy ] _ (1=a) (Byhyy-e (P1)
RAsBERotCu |~ As \ N,

BSY + By = B, BSY, By > 0.
Although the solution to equation (P1) must be computed
numerically, some general properties are easily established.
First, B} > 0 (always), but BS* > 0 if and only if Cy < CfY
(otherwise BS" = 0), where

eV

. _anBRO()\is)é- (12)

N,
When o — 0% or v — 17, C¥¥ — +o0. That is, as the utility
function becomes either linear or logarithmic, the SP always
allocates some bandwidth to small-cells.

The optimal bandwidth allocation with no unlicensed spec-
trum can be determined by setting Cy = 0. We will denote all
associated quantities for this case with a tilde, i.e., (B%", BY)
is the optimized bandwidth with Cy; = 0. With no unlicensed
spectrum, it is straightforward to show that BFSCV = (3B where

8= %, so that Bfgev > (0 and Bgs,v > (. In contrast,
f mANg

with unlicensed spectrum, the additional competition can cause
a revenue-maximizing SP to abandon small-cells altogether.
We will see a more drastic example of this effect when we
consider competing SPs.
The next theorem compares the amount of bandwidth allo-
cated to small-cells with and without unlicensed spectrum.
Theorem 3 (Bandwidth Allocation Comparison):
There exists a threshold C{! such that when Cy < C¥,
BE > B%', and when Cy > CfF, BY' < B, where
Cth = ﬂ*/@)\sfig"’Ro with * being the unique strictly
positive solution of

(1—a)(1+p)+e

Furthermore, the SP’s revenue is always less with unlicensed
spectrum than without.

The last part of Theorem 3 is expected since unlicensed
access competes with the SP for fixed users. The first part
can be explained as follows. Compared to the case without
unlicensed spectrum, if the SP keeps its bandwidth allocation
the same when unlicensed spectrum is added, then it will
clearly lose revenue as fewer users will use its small-cell
service. To increase its revenue it could decrease Bg, shifting
more resources to mobile users to increase revenue from
them, or it could increase Bg to make its small-cell service
more attractive relative to the unlicensed network. However,
increasing Bg also results in a decrease in pg as the service
rate per user increases. (There is also a loss in revenue from the
mobile users.) When Cy; is small, this decrease in pg is small
as more users will switch to the small-cells making the second
option more attractive. When Cys is large enough, fewer users

1 -«

—B=1-a. (13)



will switch to the small-cells per unit of additional bandwidth,
making the first option more profitable.

When o — 0T (approaching a linear utility function),
k — 07 and B* — 07, and therefore, C}* — 0%. This
implies that the SP should always invest less bandwidth in
small-cells compared with the scenario without unlicensed
spectrum. However, in this case the SP should still allocate
almost all bandwidth to small-cells, i.e., B§" — B. This is
because o = 0 effectively corresponds to maximizing the sum
rate. (This can be seen directly from the revenue function.)

When a@ — 17, the utility function becomes logarithmic,
k — e~ 1, and 8* — oo, so that C’[t]h — 00. Hence, when
unlicensed spectrum is added the SP should allocate more
bandwidth to small-cells. Again, in the limit the SP allocates
all bandwidth to small-cells, i.e., B§' — B. We can see this
by rewriting the revenue function as follows:

S = BMROu’(B[AéfO) + )\SBSROu’(i)\S[B(ZRO)

= Ky Ryu'(Ryr) + KsRsu/(Rs). (14)

For a log-utility function the revenue per mobile user
Rpru/(Rpr) and revenue per fixed user Rgu'(Rg) become
constants and are equal. Therefore maximizing revenue is
equivalent to maximizing K»; and Kg. As a result, the SP
allocates an arbitrarily small amount of bandwidth to the
macro-cells to guarantee that all mobile users are served,
and the remaining bandwidth to small-cells to maximize

Kg. In contrast, without unlicensed access /3 converges to

Nf . o
~— <1land lim BY < B.
Nf+Nm a—1— s

V. SOCIAL WELFARE MAXIMIZATION

Now we change the objective function to social welfare and
analyze the corresponding prices, user association equilibrium
and bandwidth allocation.

Theorem 4 (Social Welfare Maximization): Given a sin-
gle social welfare maximizing SP, the equilibrium has the
following properties:

1. The prices and user association are the same as for revenue
maximization as stated in Theorem 1.

2. The optimal bandwidth allocation is unique and corresponds
to separate service.

3. Compared to the scenario without unlicensed spectrum, with
unlicensed spectrum the SP always allocates less bandwidth
to small-cells and more bandwidth to macro-cells.

The optimal bandwidth allocation (B%', B})) satisfies the
necessary conditions:

(N As (5 +R)Cu+r T AsBYRo) | B Ro\—a
(HASB;WRO"I‘CU)D‘Jrl - ( N, ) ’
By + By =1, ', By > 0.
It can be shown that B} > 0 (always), and Bg" > 0 if and
only if Cy < C}) (otherwise Bg = 0), where

(P3)

. KNyBRy[(a+ 1)As]®

oy = ol +DAs]” (15)
Nm

As oo = 0, C}Y — +o0, i.e., in the limiting case of a linear

utility function, the SP always allocates some bandwidth to

small-cells, even if Cy; is large. As for revenue maximization,
this is because this maximizes the total rate. When o« — 1,
oy — 26*1/\3%;}% (as opposed to infinity for revenue
maximization). With no unlicensed spectrum, Bfgw > 0 and
B3 > 0.

The third item in Theorem 4 is due to the additional
resources in the unlicensed network. Since fixed users are
better off with unlicensed spectrum, to maximize the sum
utility over all users, the SP allocates more bandwidth to the
macro-cells.

We emphasize that with unlicensed spectrum, Theorems 3
and 4 imply that the optimal bandwidth allocation is different
for revenue maximization versus social welfare maximization.
That is, the corresponding necessary conditions generally have
different solutions. In contrast, without unlicensed access, rev-
enue and social welfare maximization give the same bandwidth
allocation for «-fair utility functions [11].

Figure 1 shows an example of the optimal bandwidth
allocation for different o’s as the rate offered by the unli-
censed network increases. Curves are shown for both revenue
and social welfare maximization. The system parameters are
Ny = Np, = 50, Ry = 50, and Ag = 4. For revenue
maximization, the curve initially increases for small Cy;, and
then decreases. In contrast, for social welfare maximization,
the curve is monotonically decreasing.
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Fig. 1. Optimal bandwidth allocation to small-cells for a single SP versus
total unlicensed capacity.

VI. SERVICE COMPETITION AMONG MULTIPLE SPs

In this section we study service competition among N > 1
SPs and investigate the corresponding sub-game perfect equi-
librium with unlicensed spectrum. Users choose the service
(macro-/small-/unlicensed) which yields the largest net pay-
off, and they fill the corresponding capacity accordingly. In
licensed spectrum, if multiple services offer the same price,
then the users are allocated across them in proportion to the
capacities. Once a particular service’s capacity is exhausted,
the leftover demand continues to fill the remaining services in
the same fashion. In unlicensed spectrum, fixed users always
get an average rate equal to the total rate divided by the mass
of fixed users associated with that network.

We again consider a sub-game perfect Nash equilibrium
consisting of: (i) A price equilibrium given a fixed bandwidth
allocation; and (ii) A bandwidth allocation equilibrium given



that prices are set according to (i). As for the scenario with a
single SP, given a set of prices and bandwidth allocations, the
user association equilibrium falls in one of two categories: a
mixed service equilibrium in which all macro-cells serve both
mobile and a subset of fixed users, and a separate service
equilibrium in which the macro-cells serve only mobile users.
The next theorem generalizes Theorem 1 to multiple SPs.
Theorem 5 (Price Equilibrium with Multiple SPs):

Given fixed bandwidth allocations for all SPs, there is a
unique price equilibrium which clears the market. Further, if

N
kNy Y BimRy — N, Cy, 0)

N max <
> Bus<
i=1

(16)
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then the mixed service equilibrium holds. Otherwise, the
separate service equilibrium holds.

For the mixed service scenario, p; ps = p;,5 = p for each
SP i; in the separate service case, all SPs ¢ charge the same
pi,m and p; s, with p; ar > p; .

The next theorem characterizes the equilibrium for the
bandwidth allocation stage and thus the overall sub-game
perfect Nash equilibrium for the game. Before stating this we
define the following types of equilibria:

o Macro-Small Nash Equilibrium (MSNE): all SPs allocate
bandwidth to both macro- and small-cells.

e Macro-Favored Nash Equilibrium (MFNE): some SPs
allocate bandwidth to both macro- and small-cells and the
remaining SPs allocate bandwidth to macro-cells only.

e Macro-only Nash Equilibrium (MNE): all SPs allocate
bandwidth to macro-cells only.

Theorem 6 (Nash Equilibrium): There always exists a u-
nique sub-game perfect Nash equilibrium and it corresponds
to the separate service scenario. In equilibrium fixed users in
small-cells achieve a higher average rate than mobile users in
macro-cells. Moreover, the equilibrium can only be one of the
following types: MSNE, MFNE or MNE.

If there is no unlicensed spectrum, then for a-fair utilities
only an MSNE exists and it is always efficient, i.e., it max-
imizes social welfare [4]. Here, the presence of unlicensed
access can cause a subset of the SPs to provide macro-service
only. Further, for any number of SPs, it can be shown that, in
general, none of the equilibrium categories (including MSNE)
are efficient.

Figure 2 illustrates the Nash equilibrium regions for two SPs
as a function of the available bandwidths By and By. When
By and B, are sufficiently large, then the equilibrium is an
MSNE, whereas if By and/or By become sufficiently small,
the equilibrium transitions so that at least one SP serves only
mobile users.

Proposition 1 (MSNE Properties): Assuming an MSNE,
for any two SPs i and j with total bandwidth B; and B;, the
following properties hold:

1) Symmetry: If B; = Bj, then each SP’s bandwidth allocation
must be the same, i.e., B; g = Bj s, B; pr = Bj m.

2) Monotonicity: If B; > B;, then SP i allocates more
bandwidth to both macro- and small-cells than SP j, i.e.,
B; s > Bjs,Bim > Bjar

0.9 r

0.8
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0.3

Fig. 2. Nash equilibrium regions for 2 SPs. The system parameters are
a=0.5,Nm = Ny =50,Rg =50, \s =4, \w =3,By = 1.

Denote the total bandwidth allocated to small-cells by all
SPs with and without unlicensed spectrum as Bg and BS,
respectively.

Proposition 2 (MSNE Bandwidth Comparison): If an
MSNE exists with unlicensed access, then Bg < B~s.

Hence, for the MSNE case, competing SPs reduce the
bandwidth allocation to small-cells when unlicensed spectrum
is introduced.

Proposition 3 (MNE Conditions): An MNE holds if and
only if )
kN f )\g

N7", ’

RO Z'fil Bz

(1—aclp)*

i

Cy > (17)

i=1

where Biax = max{B; : i € N'}.

For N =1 (monopoly), this condition yields the threshold
in (12) so that the SP allocates no bandwidth to small-cells.

Proposition 3 has the following corollary in the symmetric
setting where all SPs have the same bandwidths, i.e., B; = B
for all 4 € \V.

Corollary 1: If all SPs have the same bandwidths B and

)\S é HNf
1_% Nm,

then we have an MNE. Otherwise we have an MSNE in which
all SPs have the same bandwidth allocation satisfying

Cuv > RyNB ( (18)

(%) (oim) ~ (wmnodire)
N NBy Ry kNBgAsRy + Cy
% )\S <1 — HAsBsRo >
kNBgsAsRo + Cy
(19a)
Bs+ By =B,  Bg, By > 0. (19b)

Next we consider the asymptotic case of an infinite number
of SPs. Specifically, we consider two different scenarios:
1) The number of SPs, N — oo, and each SP has the same
bandwidth B. We also linearly scale the mass of fixed users,
mobile users and the total bandwidth in unlicensed spectrum.



That is, N} = a1N,N,) = aaN,Bf] = azN for some
positive variables a1, as, and as.

2) The number of SPs, N — oo, where the total amount
of bandwidth in licensed spectrum B, the bandwidth in unli-
censed Wi-Fi network By and the mass of fixed users Ny and
mobile users N, are all fixed. Each SP gets bandwidth %.

The following theorem characterizes the asymptotic social
welfare performance under both these scenarios.

Theorem 7 (Asymptotic Social Welfare Performance):
For both asymptotic scenarios, in general, any limiting
MSNE, MFNE or MNE is not efficient.

Theorem 7 can be explained by observing that adding SPs
only increases competition in licensed spectrum, but does not
result in an efficient allocation of users across the licensed and
unlicensed bands.

For the second asymptotic scenario, using Corollary 1 we
also present the following characterization of the equilibrium
as N — oo.

Proposition 4: If

kN f A S
Byly > B N s

m

(20)

then there exists an N*(ByAy) such that for all N >
N*(ByAy) we have an MNE. Otherwise, we always have
an MSNE (B; ps >0 and B; s >0V i€ N, and V N).

VII. UNLICENSED BANDWIDTH AND SOCIAL WELFARE

In this section we study the impact of increasing unlicensed
bandwidth on social welfare. Using the preceding framework,
we can determine the specific mix of unlicensed/licensed
spectrum such that the market equilibrium yields the same
social welfare as that achieved by a social planner. This is
motivated by the scenario in which a spectrum regulator, such
as the FCC, must determine how much of newly available
spectrum will be licensed or unlicensed. We assume a total
available bandwidth B and consider the following scenarios:

1) Efficient allocation: A social planner determines the
bandwidth allocation to macro-cells By, small-cells Bg, and
unlicensed network By that maximizes total utility. We will
denote the optimal allocation as By, B&', BY', and use the
corresponding social welfare as a benchmark.

2) Market equilibrium: Here a social planner determines the
bandwidth assigned to licensed spectrum By and unlicensed
spectrum By, Each of the V SPs operating in licensed spec-
trum obtains the same portion of total bandwidth B; = B—NL,
and then further determines the split of B; between B;,, and
B;, to maximize its revenue. This scenario corresponds to the
more practical setting in which the regulator sets aside part of
the available bandwidth as unlicensed, and grants licenses for
the remainder. We will denote the bandwidths that maximize
social welfare in this scenario as B, Bj;.

In the first scenario the social planner determines the
bandwidth assignment without explicit pricing. The optimal
bandwidth allocation equalizes the marginal utility for mobile
and fixed users. It is easy to verify that the efficient allocation
corresponds to separate service. In the market equilibrium
scenario, we will use the results from Sections IV and VI to

determine the optimal bandwidth assignments. We will also
present results for the asymptotic regime of many SPs, i.e., as
N — o0.

Then, given newly available bandwidth B, the optimal split

into licensed and unlicensed subbands depends on the relative
values of A\g and A\y. We have the following cases:
a) As > Ay: In this case an efficient allocation by a social
planner would assign all spectrum to macro- and small-cells,
i.e., there is no unlicensed network. The optimal bandwidth
assignment is then:

Bopt _ N, B opt _ /J'SNfB Bopt =0, (21)
M Ny +pusNg” 5 7 Ny +pusNy' Y ’

where pg = )\éfl. This is also true for the market equilib-
rium since it is shown in [4], [11] that without unlicensed
spectrum, maximizing revenue is the same as maximizing
social welfare for a-fair utility functions, independent of V.
Hence in this case the market equilibrium achieves the efficient
allocation.

b) As = Ay: In this case the social planner only needs to
consider the bandwidth assigned to macro-cells; the bandwidth
split between small-cells and unlicensed access can be arbi-
trary. Here the optimal assignment satisfies

Bopt _ NmB ngt + BOUp[ o ,ustB

- mB = _MSP
M Ny, + usNy Ny + pusNy @2)

where g = A=~ This includes the two extremes (B >
0,BY = 0) and (BY' = 0,B" > 0). Hence for the
market equilibrium case, an optimal bandwidth assignment
strategy is to allocate all bandwidth as licensed. As in case
a), this achieves the efficient allocation. However, here there
may exist another efficient allocation in which the fixed users
are served by the unlicensed network. For the competing
SPs, that corresponds to an MNE, i.e., the SPs only allocate
their licensed bandwidth to the macro-cells (B; s = 0 for all
1€ N).

The bandwidth allocation corresponding to this second opti-
mal assignment assignment with the condition for its existence
is
. NmB . ,usN fB

Nm"',uSNf’ v N7rn+ﬂSNf7

if N>2orN=1and 0 < a <0.5.

By

For N = 1, if @ € (0.5,1), then this second optimal point
does not exist and the unique optimal bandwidth allocation
corresponds to no unlicensed spectrum. All other bandwidth
assignments yield lower social welfare.

¢) As < Ay: In this case a social planner assigns spectrum
to the macro-cell and unlicensed networks only; there is no
small-cell network. The optimal allocation is:

N,,B nuyNyB
Bopt _ m 7Bopt =0, Bopt _ ., (23
M Nm + /4LUNf S U Nm + NUNJ‘ ( )
1
where py = A ', For the market equilibrium, allocating
all bandwidth to licensed spectrum no longer achieves the
efficient allocation. The only possibility for achieving an
efficient allocation is to allocate Bgf' to unlicensed access.



This achieves the efficient allocation if and only if the cor-
responding equilibrium is an MNE. The corresponding band-
width assignment, along with the condition that guarantees its
existence are:

B N,,B _ puNyB
_Nm+MUNf’ _Ner,uUNf’

if N>2or N=1and 0 < a < ag,

*

*
BL U

where 0 < ap < 1 is the unique solution to ﬁa:\\—i +a=1.
All other bandwidth assignments yield lower social welfare.
Also, for N = 1, if a € (ap, 1), then the optimal bandwidth
allocation is not efficient.’

To summarize, in contrast to the results of [4], [11], with
the addition of unlicensed spectrum it is possible to achieve
efficiency only with a specific split of licensed and unlicened
spectrum, even as N — oo (perfect competition). Moreover,
when A\g < Ay, the optimal bandwidth assignment (when it
exists) is an MNE.

Figures 3-6 illustrate the preceding observations. They show
social welfare versus the amount of unlicensed bandwidth for
total bandwidth B = 2, Ny = N,,, = 50, Ry = 50, and A\g =
4. Each figure shows four plots corresponding to the efficient
allocation (straight line), monopoly SP, two competitive SPs,
and perfect competition (N — 00).

Figure 3 illustrates case a), where all scenarios achieve the
maximum social welfare when all bandwidth is allocated to
licensed spectrum if Ag > Ay. This is because when By = 0,
from [4], [11] maximizing revenue is the same as maximizing
social welfare for any N.

Figure 4 illustrates case b), where o = 0.5 is chosen so
that two different bandwidth assignments give the efficient

allocation for all scenarios. We also compute B;}’t = 1.6,
CSW . - CYCV o

social welfare maximizing monopolist would start ignoring
small-cells when By ~ 1.39, while a revenue maximizing
monopolist takes the same action exactly at the value of By
where social welfare is maximized.

Figure 5 illustrates case c) where a monopolist can be
efficient (% = 0.4,a = 0.8). Here B ~ 1.16, B} ~ 1.28
and B{} =~ 0.56, so that both a social welfare or revenue
maximizing monopolist abandon small-cells for small enough
values of By . Figure 6 illustrates case c) where a monopolist
is not efficient (2—5 =% a =08). Here BY' ~ 151, By} ~
1.19 and BpY =~ 0.92. Note that the revenue maximization
objective makes the monopolist abandon small-cells only for
large By, well after ByF.

We make several observations from the figures. First, the
three curves corresponding to the market scenarios (N =1, 2,
and N — oo) all have a “kink”, or turning point after
which the curves are concave in By. This corresponds to the
transition from an MSNE to MNE (macro-cells only). That is,
to the right of the turning point, bandwidth is allocated only
to macro-cells and unlicensed access, and the social welfare is
always concave in By . For the MNE, the social welfare is the
same for the three market scenarios, so that the three curves

9The market equilibrium does achieve the efficient allocation when By = 0
[4], [11]. Here we have that for the efficient allocation By > 0.

overlap in this region, i.e., when By becomes sufficiently
large. This common strictly concave function gives the sum
utility as function of By if there are no small-cells. It can
be extended to all By € (0, B) with a unique maximizer in
(0, B).

When As = Ay, our results show that for o« = 0.5 there
are two optimal points. Therefore in Fig. 4 the curves first
decrease and then increase to the second optimal point as
part of the concave function we previously described. When
As < Ay, with a small amount of bandwidth allocated to
unlicensed spectrum, we obtain slightly more rate, but this
does not maximize social welfare, and so the social welfare
decreases. However, when we increase By, the fixed users’
utility increases with rate, and this effect dominates even
though we are not allocating the rate efficiently. As a result, the
social welfare goes up again. As By approaches B, mobile
users in macro-cells suffer and therefore the social welfare
decreases again.
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Fig. 3. Social welfare versus unlicensed bandwidth with Ag > Ay.
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the monopolist is always inefficient.

VIII. CONCLUSIONS

We have presented a model for allocating bandwidth in a
HetNet with both licensed and unlicensed spectrum, taking
into account the pricing strategies of the SPs. Our results
characterize the equilibrium allocations assuming that the
SPs maximize revenue or social welfare. For a monopoly
SP that maximizes revenue, we show that the presence of a
small amount of unlicensed spectrum may cause the SP to
allocate more bandwidth to its competing small-cell network.
However, when maximizing social welfare the SP always
allocates less small-cell bandwidth with unlicensed spectrum.
With multiple competing SPs the (unique) equilibrium is one
of three different types, depending on the system parameters,
including one in which the SPs do not allocate any bandwidth
to a small-cell network (e.g., when the available bandwidth
is small). We observe that in general, these equilibria do not
achieve the maximum social welfare even when the number
of competing SPs is large. In contrast, without unlicensed
spectrum, the equilibrium is always efficient for the class of
a-fair utility functions considered here.

We have used this framework to analyze the effect of
unlicensed bandwidth on social welfare. If the small-cell
network offers higher spectral efficiency than the unlicensed
network, then according to our model, allocating all of the
bandwidth as licensed is efficient. Otherwise, if the unlicensed
network offers higher spectral efficiency, then we observe that
there is a unique mix of unlicensed and licensed spectrum
that maximizes social welfare, but that mix may or may not
correspond to an equilibrium when the licensed spectrum is
allocated to revenue-maximizing SPs.

In practice, given the same density of access points, a
managed licensed network would likely have the highest
spectral efficiency, in which case, according to our model,
allocating bands as licensed will maximize the social welfare.
Of course, this assumes that the utility of a band depends
only on the offered rate, whereas various other factors have
to be taken into account in real-world deployment. Some of
these, such as the investment costs and spectrum constraints
associated with small-cell deployment, are investigated in [27],
which concludes that adding these practical considerations sig-
nificantly changes the small-cell resource allocation strategies.

Although unlicensed access might yield less spectral effi-
ciency compared to managed licensed access, advocates of
unlicensed spectrum have pointed to other properties, which
are not taken into account here, such as open access for
spectrum sharing, lower entry barriers and the potential for
developing new technologies and business models.'”

Spectrum regulators consider all these aspects when deter-
mining the spectrum policy. For example, recent allocations
in the 3.5 and 6 GHz bands are intended to support a
mix of licensed small-cell (via low power constraints) and
unlicensed services [30] [31]. The model presented here can
be extended to account for heterogeneous types of services and
traffic, in order to provide additional insights into the tradeoffs
associated with these allocations.

APPENDIX A
PROOF OF THEOREM 1

We only discuss the case of Bg, By; > 0. The sub-cases of
either or both the variables being 0 follow a similar logic with
the obvious restriction of no users being served in the bands
with no bandwidth.

1. We first show that the market always clears, i.e., all users
would be served and the total rate supply is equal to the total
rate demand.

Since the WiFi network on unlicensed spectrum is free
to use, it’s obvious that all fixed users would be served. If
there are some mobile users that are not served yet, the SP
can increase the price in macro-cells so that users in macro-
cells would request less rate, leading to the SP having some
redundant rate to serve more mobile users. The SP can thus use
up its rate in macro-cells at a higher price since the unserved
mobile users would fill in, which then leads to larger revenue.

On the other hand, if all users are served but there is still
some redundant rate available in macro-cells or small-cells,

10See, for example, [28]. The relative benefits of unlicensed versus licensed
spectrum continue to be debated, e.g., see [29].



the SP can decrease the price in corresponding cells so that
users now request a higher rate. Since ru/(r), which is the
revenue gained per user, increases with r, it’s easy to see the
SP can gain more revenue by doing so.

As a result of the market clearing property we have the
following important conclusion. In both the macro-cells and
the small-cells, the per-user rate equals the allocated total rate
(bandwidth times the spectral efficiency) divided by the mass
of customers associated with macro-cells and the same-cells.
The price for access is given precisely by the inverse of the
demand function D(-) at this per-user rate.

2. We then prove the price choice and user association
equilibrium in the two different scenarios, given the fixed
bandwidth allocation.

Assume macro-cells only serve mobile users. This then
implies that Rg > Rjs; so that the boundary point would
correspond to the point at which Rg = Rj; holds. It can be
determined using the following steps.

Ky =N, (24a)
u(/\sBsRo) _ AsBsRyg ul()\sBsRo> _ u( Cu )
Kg Kg Kg Ny —Kg
(24b)
AsBsRy By Ro
Rs Ks Ry Kor (24¢)
The above equation simplify to
N:B — N,
By — s Bullo = NuCu . po. (25)

Ii)\stRo

Therefore if Bg is larger than BY, it’s easy to see that
the user equilibrium must be such that macro-cells only serve
mobile users. In contrast, if Bg is smaller than B%, then Rg <
R holds assuming macro-cells only serve mobile users. As a
result, some fixed users would have the incentive to associate
with macro-cells, and next we will prove that in this case at
user equilibrium it’s indeed the case that some fixed users
would associate with macro-cells.

Suppose Bg < B2 and if macro-cells only serve mobile
users such that the market clears, then we have py; < ps. The
SP can then increases the price to p/M, where py < le < ps,
so that the mobile obtain a smaller rate creating some spare
capacity. As a result, some fixed users in small-cells and WiFi
network would switch to macro-cells, denote the total mass
as ¢ and the mass of fixed users from small-cells switching
being ¢’ < . Note that before the price change Ky = N,,.
The resulting revenue of the SP would then be :

Np, Kg
S = BuRou' (R )+ AsBsRou' (Rs )
Mot | M s _|_§ + AsBslu SKe— 0
(26)
By Lemma 1 we can rewrite the revenue as:
Ny, Ny
$ = By Rou! (R N 5) + AsBsRou' (Rs ~ 5)
27

Then we have:

oS . r2 AsBsRo o+,
a5 = ~Far ' (Bag) + g R ()
KS )\SBSRO N
= _RM u' (RM) Nf KS N ! 5Rs (Rs)
! 2 ! ’ 2 !’
> =Ry, u”(Ry) + Rg u”(Rg),
where Ry = Rshsy = Rsy-Lis Nioand Ry = Ry s

are the new per user rates in the small-cells and macro-cells,
respectively, after the shift of § mass of fixed users to macro-
cells.

Based on our assumptions, ru”(r) = —ar!~* decreases
with r, therefore as long as Rs < R;W, ie., p/M < p/s, S
always increases with J. As a result, it’s always better for
macro-cells to serve some fixed users in this case and the
optimal price choice is py; = pgs.

In mixed service scenario, we therefore have the following
equations:

u(ﬁ) G (CU) U(C;M) oy SN
Ks) ks T "\Ky Ky ) P KM(’28 |
a
Ky + Ks+ Ky = Np, + Ny, (28b)
Cs+C
D(pn) = Ry = D(ps) = Rs = # (28¢)
Using Lemma 1 we can get:
Cu
Ky = (N + Np, , 29
U ( f )CU+K(C]V[+05) ( a)
HCM
Ky = (Ny+ Ny, , 29b
M= N ) Gk (Cor + Cs) (290)
Ks = (Nj + Ny,) ~Cs (29¢)

Cuy + k(Cp + Cs)’

which gives the number of active users in terms of the network
capacities.

Similarly, for the separate service scenario, writing the
analogous conditions to (28c) we can get:

kCs
Ky=N,,, Kg¢=Nf——— 30
M I'%Cs + Cy (30a)
Cu
Ky=Ny{——. 30b
U el + Oy (30b)
APPENDIX B

PROOF OF THEOREM 2

1. We first prove that the optimal bandwidth allocation
cannot occur at mixed service scenario. The revenue of the
SP under the mixed service scenario is:

_ , (BM + )\sBs)Ro

S =(Bys + AsBs)Rou ( o ) (31a)
Cvu + k(By + AsBs) Ry
=(By + AsBg)Rou 31b
(Bm + AsBs) 0“( (Non ¥ ;) )( )
C

=(Nyn + Np)Ru'(R) — TUU/(R) Glo)
where R := U +7{((?VM i?‘vs’)gs )Bo is the average rate in both

macro- cells and small- cells



Based on our assumptions, Ru’(R) increases with R and
u'(R) decreases with R, therefore it’s always beneficial to
allocate more bandwidth to small-cells: since A\g¢ > 1, R
increases with Bg. This means the optimal point cannot exist
at a mixed service scenario.

2. We then prove the optimal bandwidth allocation scheme
in separate service scenario. The revenue of the SP at a
separate service equilibrium is:

BMRO

AsBsR
S:BMROU’( T 257570
M

Ks
C
=N, R/ (Ryr) + NyRgu!(Rs) — %u'(Rs)

) + ASBSROU'( ) (32a)

(32b)

where Ry = Bjfle, Ry — Aspsllo — wAsDs
average rate in macro-cells and small-cells, respectively.

It's easy to verify for «-fair utility functions,
Ry (Ry), Rsu/(Rg) are concave increasing functions
with respect to Bj; and Bg, respectively. Furthermore,
—u/(Rg) is also a concave increasing function with respect
to Bg. As a result, S is a increasing with either Bg or
Bj. Therefore at optimal point the SP uses up all its total
bandwidth and we have Bg + Bj); = 1. This further means
S is strictly concave with Bg. As a result, the optimal point
occurs at the point which uses up the total bandwidth and
equalizes the marginal revenue increase with respect to per
unit bandwidth increase in both macro-cells and small-cells,
which can be achieved by the straightforward calculation
given below:

sAsBsRotCu gre the
N

/i)\stS?VRQ + Cy
K,Nf

11—« (Bgfva()
AS Nm

= | )

_ a(,‘{)\ngvRo + Cy
I*iNf

BY' 4 BY = B,

)7(1 kAsBS Ry
/i)\ngngo + Cy
© B > 0.

)

(P1)

APPENDIX C
PROOF OF THEOREM 3

We first make the following definitions:

Oé/ﬁ)\sBS HAsBS + /\UBU -
A :{— Ry
kAsBs + Ay By KNy
AsBs + \uB o
N (”SS+UU RO) } As (332)
HNf
\sB o
Ay =(1—a))g (SSR°> (33b)
Ny

We only need to compare A; and Ao at BYS"/V. By explicit
calculation, this is given by:

M
A=Az = —— —— (34)
(kAs B§'Ro + Cy)* 1 (As Bg* Ro)®
where M = (1 = a)[(kAsB§ Ro)*™! — (sAsB§ Ry +

Cu)*] — Cy(kAs B Ro)“.
It’s easy to verify that M first increases with Cp and
then decreases with Cyr. Moreover, M = 0 when Cy = 0.

Therefore we only need to determine the other zero-crossing
point C'[t]h by letting M = 0. The conclusions in Theorem 3
then follow in a straightforward manner.

APPENDIX D
PROOF OF THEOREM 4

1. We first show that the market always clears, i.e., all users
would be served and the total rate supply is equal to the total
rate demand.

Since the WiFi network is free to use, again it’s obvious
that all fixed users would be served. If there are some mobile
users that are not served yet, the SP can increase the price in
macro-cells so that users in macro-cells would request less rate
and therefore it has some redundant rate to serve the mobile
users. Since the function K Mu(%) increases with K, the
social welfare is thus increased.

On the other hand, if all users are served but there is still
some redundant rate available in macro-cells or small-cells.
The SP can decrease the price in corresponding cells so that
users now request higher rate, which naturally leads to higher
social welfare.

2. We then prove the price choice and users association
equilibrium in two different scenarios, depending on the fixed
bandwidth allocation.

Similar to the analysis for revenue maximization, we first
prove that at certain fixed bandwidth allocation, if macro-cells
only serve mobile users and mobile users achieve larger rate
than fixed users in small-cells, then the final user association
should be such that some fixed users associate with macro-
cells and the price in macro-cells and small-cells should be
the same.

Suppose macro-cells only serve mobile users and we have
pym < ps, and Ry > Rg. The SP can increase the macro-
cell price to p}w, where pp;r < p/M < pg. As a result, some
fixed users in small-cells and WiFi network would switch to
macro-cells, denote the mass of these fixed users as § and
Ny = Ny + Ny = Ky + Ks + Ky. By Lemma 1 we can
show that the social welfare would then be :

SW =(Kp + 6)u(RM%)
+K5Nt1\f:f(}wq; 6“(RSN5\E;(§M7 5) (33)
+ KUNtN:f(]IVéA; 5“<RUNjVi;(§Ai 5)'
Then we have:
o = ullay) — B (i) = 5 [ulRy)-
R ()| - ﬁ[u(%) — Ry ()| (36)

For the a-fair utility functions we use, it’s easy to verify that
u(r)—ru(r) increases with r. We also have R, > R¢ > Ry,
thus

asw ’ ’ ’ ! / 1l
a5 > u(Ryy) — Ry’ (Ryy) — [U(Rs) - Rsu/(Rs)]
> 0.



Therefore the social welfare increases with § in mixed
service scenario as long as py; < ps. As a result, in this
case some fixed users would associate with macro-cells, and
the optimal price choice will be py; = pg.

3. Next, we show that the optimal bandwidth allocation is
unique and only occurs at separate service scenario. The social
welfare at mixed service scenario is:

SW = (KM + Ks)’u(R> + KUU(RU) 37
where R = [’\UBUJF,{?(X,BTT:A? fS)BS)]RO), Ry =
[XUBUJM]E,?AT]’V;SBS)]RO) are the average user rate in

licensed and unlicensed spectrum, respectively. Therefore we
have:

SW =(Kp + Kg)u(R) + Kyu(kR) (38a)
=(Ny + Np)u(R) — Ky (u(R) — u(kR)) (38b)
Ny + N)u(R) — Cy ) = =R (38¢)

kR

It’s easy to see that the first term is increasing with . For
a-fair utility functions we use, it’s easy to verify the second
minus term is decreasing with R. Therefore the social welfare
increases with R, which leads to the conclusion that it’s always
better to invest more bandwidth to small-cells. As a result, the
optimal point cannot occur at mixed service scenario.

We then prove that the optimal bandwidth allocation is
unique at separate service scenario.

SW = Nmu(RM) + Kgu(Rs) + KUU(RU) (39a)
AsBgRy + C
Rg = M7RU — kRg (39b)
I{Nf
AsBs Ry Cu
K = —— K = —
s Rs BUT R, (39¢)
We then have:
C Rs) —u(R,
SW = N u(Rum) + Nyu(Rs) + %[W]
HEN)
Since N,,u(Rys) is concave increasing with Ry, and both

Nyu(Rg), %;“(RS) = —Rg” are concave increasing
with Rg. It’s easy to verify that social welfare is increasing
with either Bg or B); and therefore at optimal point we have
Bgs + By = B. By this we can further show that it is also
a strictly concave function with Bg and therefore the optimal
point is unique. At this optimal point, SP uses up the total
bandwidth and equalizes the marginal social welfare increase
of mobile users and fixed users with respect to per unit of
bandwidth increase in macro-cells and small-cells. The optimal
bandwidth allocation can be calculated as follows:

(KksBEWRU-i-Cu)“Jrl Ny,
BY +BY =1,

{ (V)" Xs (60 Cu 4wV AsBE o) BiyRo - (P3)

By, B > 0.

4. Last, we prove BY < BY. We first define some

notations.

(Nf)a/\s [(HO‘ + K)CU + Iia"'_l/\ségRo}

Ay = i (41a)
(K)\&BEJ%O + CU)O‘+1
AsB%* Ro\ —a
Ay = \g(F222 22 (41b)
5

We only need to compare A3 and A, at Bfgw. It turns out
that:

Az — Ay M
= — . (42a)

AsRo(Nyp)® (Mg BY Ro)*(kAs BY Ry + Cry)et!

M = (k" 4 £)Cu(As B Ro)™ + k1 (As B§ Ro)*

— (Ii)\ségwRo + CU)CY—H (42b)

We then have:
oM
aCy

<0,

(a+1) [(KASBEWRO)“ — (kAsBY Ry + cU)ﬂ
VCy > 0.

Since when Cy = 0, A3 = A,4. Therefore A3 < A4 when
Cy > 0. As a result, compared with the scenario without unli-
censed spectrum, the SP should always invest less bandwidth
to small-cells in terms of social welfare maximization.

APPENDIX E
PROOF OF THEOREM 5

The proof is essentially the same as the proof for the price
choice and user association equilibrium for monopoly service
provider scenario. The only difference is that we need to prove
the prices must be equal across all small-cells or macro-cells
with multiple SPs.

Suppose one SP 4 has lower small-cell price p; s than the
other SP j. SP 7 can then increase the price to p; g satisfying
Di,s < p;) ¢ < Dpj.5. As aresult, SP ¢ would attract some users
who previously associated with SP j’s small-cell or some users
from unlicensed access and still use up all the rate with a
higher price. Therefore SP ¢ can increase its revenue by doing
so. Thus, at the price equilibrium all small-cell price must be
equal. The proof for all macro-cell prices being equal holds
in a similar manner.

APPENDIX F
PROOF OF THEOREM 6

We prove the theorem in the following steps.

1. First, we prove that no Nash equilibrium exists at mixed
service scenario. It’s easy to see the revenue of SP i in this



case is:

N
> (Bjar + AsBjs)Ro

S = (Bi,m + )\sBi,s)Rou/[Fl Kor T Ko
(43a)
N
= (Ku + Ks)Ru/(R) = > (Bjar + AsBj.s)Rou'(R)
J#i
(43b)
(Nm + Nf)CU

KM+KS:Nm+Nf— ~
Cuy+k Z (Bj,M Jr)\gBjﬁ)Ro

j=1
(43c¢)
N
Cu+k Z (Bj7M + AsBj“s)Ro
R= = 43d
K (N + Ny) @D

It’s easy to see that R and Kj; + Kg both increase
with B; g. Meanwhile, Ru’(R) increases with R and u'(R)
decreases with R. As aresult, S; increases with B; g and every
SP would have incentive to invest more bandwidth to small-
cells, which would finally push the equilibrium to separate
service scenario. Therefore no Nash equilibrium exists in a
mixed service scenario.

2. We next prove that there always exists a Nash equilibrium
in the separate service scenario. The revenue of SP ¢ in this
case is:

S =Si.m + Sis (44a)
ZBZ-’]WRO’LLI(RM) + ASBi,SROU/(RS) (44b)
N N
> BjuRo S AsBjsRo
_n. (=1 . ,(i=1
— By Rou (7% ) + AsBis Rou (7% )
(44c¢)
It’s easy to verify:
8SiaM _ / Bi,MRO 17
DBint =Ro[u'(Ru) + N, (Rar)]
Z. B mRo
=Ro [t (Rar) + Ry (Rap) — 2 " (Rar)]
>0
aSi,S AsBiﬂRo ,
8Bi,s :)\SRO [U/(Rs) + Tful (Rs)]
N
> AsBj sRo
_ ’ J=1 "
=AsRo[u/(Rs) + N; u”(Rs)
%;, AsBj s Ro
_ 17 "
N, u”"(Rs)]
=AsRo[u/(Rs) + Rsu” (Rsg)
> AsBjsRo
AU () — 12 u'(Rs)] >0

K)Nf Nf

Since v/ (r) 4+ ru”(r) decreases with r and w”(r) increases
with 7, it’s easy to verify S; 5s and S; s are both concave
increasing with B; ps and B; g respectively. This also indicates
all SPs would always use up their total bandwidth, i.e.,
B; s + Biyy = Br. By this we can further show S; is
a concave function with B, 5. Moreover, the constraint on
separate service scenario are linear with B; 5. We can then
apply Rosen’s theorem on concave games [32] to prove the
existence of Nash equilibrium.

3. For the third step, we prove that fixed users in small-cells
achieve higher average rate than mobile users in macro-cells.
This is equivalent to say Rg > R at equilibrium.

We only need to rule out the possibility that Rg = Ry since
we already showed that the Nash equilibrium falls into the
separate service scenario. Denote the group of SPs that only
allocate bandwidth to small-cells (macro-cells) as Gg(Gar)
and the group of SPs that allocate bandwidth to both cells as
G s, then we have:

Vi€ Gg,B; s =Bi,Bimy =0

Vj € Gy UGus, 05;
B; s

<0 (45a)

If Rs = Ry = R holds, then Vj € Gy U Gprs, we have:

25;

)‘SBJ#S'RO o
0B, s

R
()

By R,
~ Ry [u’(RM) + %u”(RM)]
AsBjsRo  BjuRo

=AsRo {U'(Rs) +

—(As = D/ (R) + | Ju(m)

Ny Ny,
<0 (46)
Therefore Vj € G U Gprs, we have:
B; B,
AsBj s Ro > 5 v Ro @7
Ny Ny,
As a result, the following holds:
AsB; s R, AsB; R
Re — Z S ]\JT,S 0 SN 0 (482)
JEGMUG M s f i€Gs f
B; v Ro
P Lok 4
> > TNy =HBu (48b)
JEGMUG M s

Therefore we have a contradiction.

4. We then show that at Nash equilibrium it is impossible
that one SP only allocates bandwidth to macro-cells while the
other SP only allocates bandwidth to small-cells.

Suppose SP ¢ only allocates bandwidth to macro-cells while
SP j only allocates bandwidth to small-cells. Then we have:

0S;

B; uR
=AsRou/(Rs) — Ro {UI(RM) + MUN(RM)}

aBi,S Nm
<0 (49a)
8Sj - , AsBjsRy ,
9B, 5 =AsRy [U (Rs) + Tf“ (RS)} — Rou'(Ry)
>0 (49b)



which would yield:
_BiubRo AsBjslo
No, Ny

Clearly we have a contradiction then.
5. After step 4, it’s clear that there are only five possible
Nash equilibrium types:

1) Small-only Nash equilibrium(SNE): All SPs only allocate
bandwidth to small-cells.

2) Macro-only Nash equilibrium(MNE): All SPs only allo-
cate bandwidth to macro-cells.

3) Macro-Small Nash Equilibrium (MSNE): All SPs allocate
bandwidth to both macro- and small-cells.

4) Macro-Favored Nash Equilibrium (MFNE): Some SPs
allocate bandwidth to both small- and macro-cells while
the other SPs only allocate bandwidth to macro-cells.

5) Small-Favored Nash Equilibrium (SFNE): Some SPs al-
locate bandwidth to both small- and macro-cells while
the other SPs only allocate bandwidth to small-cells.

(Rar) < As (Rs)  (50)

We next prove that SNE cannot exist.
The marginal revenue increase with respect to per unit
bandwidth increase in macro-cells for SP ¢ is given by:

aSz Bi MRO "
’ R
9B a1 N, i)

It can be easily shown that for a-fair utility functions, the
marginal revenue increase with respect to per unit bandwidth
increase in macro-cells goes to infinity when Bj; is near 0.
As a result, SNE cannot exist.

However, the above argument doesn’t apply to MNE. At first
glance, it seems that when all SPs only allocate bandwidth to
macro-cells, the marginal revenue increase with respect to per
unit bandwidth in small-cells also goes to infinity when Bg
is near 0. Actually, the marginal revenue increase does go to
infinity when Rg is near 0. However, Rg doesn’t go to 0 when
Bg goes to 0. In fact, Rg is discontinuous at the point 0. We
have the following:

kAsBgRy + Cy
IiNf ’

~ R, [u’(RM) n (51)

Rg = Bg > 0; (52a)

Rs =0, Bg = 0. (52b)

Therefore as Bg — 01, Rg — NC—A% > 0.

6. The fact that SENE cannot exist requires more work and
in this part we would focus on it. At SPNE, we know that
there exist SPs 4, j such that:

a‘gfs >0,B;5 = By, By = 0 (53)
8%?5 =0,Bjs>0,Bjn >0 (53b)
We therefore have:
Ar [ (Rs) + )\SB;G”CS}B()u//(RS)} > u/(Ry)  (54a)
xs[u () + ASBZ'fJ“j“Ouuu%s)] — (B )+
Bustllo gy (54b)

N

From the first inequality above, we can easily conclude that:

/\sul(Rs) > u’(RM) (55)

Next, we consider the group of service providers that
allocate bandwidth to both cells, denoted as G j;5 and assume
|Grps| = L.

oS
Vj e GMs,iJ = O,Bj,S > OaBj,M >0

56
0Bj s (56)

We then have:

As >

icG
As [Lu’(Rs) + 1< 1}[\2‘.
> BjmRo

i€eG
LUI(RM)—‘,—]E Mst

Bj sRo

u//(Rs) =

u’(Ryy) (57)

It’s easy to get:

As ‘Z B; sRy
As[Lul(Rs) + —=5 - un(Rs)| <

LUI(RM) +RMUN(R1\/[) (58)

Together with inequality (55), we can get the second in-
equality:
As 2. BjsRo
JEN

"
R
Nf u(s) <

Ag [ul(Rs) +

u' (Rpr) + Raru” (Ray) (59
For «-fair utility functions, we have:
u/(RM) + R]y]’u,//(RM) = (1 — Oé)ul(R]u) (60)

However, we also have:

As ‘Z;\/Bj,SRO
As {u/(Rs) + € Nf u//(Rs)} — (1 — Oé))\su/(Rs)
As ‘Z;\/Bj,sRo
= \s|a/(Rg) + —25 u”(Rs)
[ % ]

> g [au'(Rs) + RSUH(RS)}

= /\SaRga — /\SaRga =0 61)

Therefore the two inequalities lead to a contradiction. As a
result, SPNE cannot exist.

7. We next prove that MSNE, MNE and MFNE cannot
coexist. First it’s easy to verify that at MSNE, MNE and
MENE, we have the following:

As > BisRo
MSNE: \g [Nu'(RS) + i“fv u”(RS)}
f
= N'LL/(RA[) + R]V[U”(RM) (62a)
As > BisRo
MNE or MFNE : g [Nu’(RS) + iej\]fvf u”(RS)]
< Nu'(Rp) + Ryu” (Rar) (62b)



We can show that the LHS is a decreasing function with
Rg, since we have:
Cy + ks Z Bi7sR0
ieN
IiNf

Rs = (63)

Therefore we have:
LHS =\g [u/(Rs) + Rsu” (Rs)] + (N — 1)Asu/(Rs)
AsCu
KNf
which is decreasing with Rg.
Similarly, RHS is also a decreasing function with Ry;.
Now suppose for the same set of parameters, we have one
MNE or MENE and another MSNE, denote the corresponding
bandwidth allocation profile as B and B, respectively. Then
we must have:

(64)

u// (RS)

Rs < Rs,Ry > Ry (65)

Now it is clearly shown that MNE and MSNE cannot coexist
since for MNE we have Ry; > Ry.

If B corresponds to MFNE, we can conclude that at MSNE,
some SPs must have less bandwidth allocation to small-cells
than that of MENE. Denote this group of SPs as Gg_ and
assume |Gprs—| = L, we have:

a5,

o8 _,
9B,

VjeGs_, — 0,22 < 66
J s 95,5 (66)

Summing up, we get:

As 5
Ag [Lu’(Rs) TR }f

> BjuRo
jeGS_N u” (Rar)

As S BysRo
/\S[Lu’(Rs)—&— ]EGj\;f u”(Rs)}

> BjuRo
jeEGs—

Bj sRy

u(Rs)| =

Lu'(Ry) + (67a)

<

Rearranging some of the terms, we have:
As 2. BjsRo
JEN

s [Lu’(RS) + N;

’U,H(RS) _

L’U,/(RM) + RMUH(RIW) + )\S

2. BjmRo
_ JG'ZGS’NW u"(Rur)

As > BjsRo
JEN

Ny

(68a)

\s [ (Rs) + u'(Rs)| <

As > BjsRo

Lu'(Ryr) + Rypu” (Ryg) + /\SMGSN;U R
f

> BjmRo

o ngS— U”(R]\/[)

However, we also have:

Vi€ Gs—,Bjs > Bjs,Bju < Bjm (69)

We already showed that LHS decreases with Rg and the
first two terms on RHS decreases with Rj;. For a-fair utility
functions, u”(r) < 0 increases with . Combining with the

fact that Rg < Rg, Rys > Ry and noticing that at least one
of the inequalities must be strict, we can also conclude:

As > BjsRo
As|[Lu/ (Rs) + —2X u(Rs)] >
Ny
As Y. BjsRo
Lu'(Rpr) + Ry (Ryy) + )\SMG};JCU"(RS)
> BjumRo
_ J’¢G75-Nm u(Ray) (70)

Clearly we have a contradiction then. As a result, MSNE
and MFNE cannot coexist.

We then only need to show MNE and MFNE cannot coexist.
It can be proved in a similar way as we proved MSNE and
MENE cannot coexist introduced above. We now focus on the
group of SPs which decrease bandwidth allocation to small-
cells and apply the same procedures to get a contradiction.

8. Finally, we need to show that within MSNE, MNE or
MENE, the Nash equilibrium is unique.

The uniqueness of MNE is trivial.

The uniqueness of MFNE can be proved in a similar way
in which we proved MSNE and MFNE cannot coexist. Here
we don’t repeat the steps.

The uniqueness of MSNE can also be proved similarly.
However, here we use another method. It’s easy to see that
at MSNE, we have the following system of equations.

As Z B;,sRo

As[Nu/'(Rs) + ENT

= Nu'(Rar) + Ryu” (Rar)
2

APy (Rs) = SR (Ra)

u"(Rs)]
(P4)

where AB;; s = B; s — Bj g is the difference of bandwidth
allocation to small-cells between SP ¢ and SP j, the same for
ABZ' 5, M -

By the monotonicity of both LHS and RHS with respect

to Rg and Rjy, the first equation we can uniquely determine
N

> Bi,s. While the second equation characterizes the rela-

%i?);ship of B; s between any pair of service providers, as a
result the above equation system is essentially a linear equation
system with N unknowns and N independent linear equations.
Thus if there is a solution to the equation system, it must be
unique.



APPENDIX G
PROOF OF PROPOSITION 1

The bandwidth allocation at an MSNE can be computed via
the following system of equations:

As Z Bi,sRo

As[Nu' (Rg) + 715/}/\[10

= N’LLI(RM) + RMUN(RM)

XSANB;U.SU//(RS) _ A%;;M u”(RM)

u"(Rs)]
(P4)

where AB;; s = B; 5 — Bj 5 is the difference of bandwidth
allocation to small-cells between SP ¢ and SP j, the same for
ABl 3, M -

Then it’s easy to prove the symmetry and monotonicity
properties of MSNE.

APPENDIX H
PROOF OF PROPOSITION 2

The equilibrium equations for MSNE in scenarios with and
without unlicensed spectrum are given below:

B
With : Ag [Nu’(RS) + WU”(RS)} =

NU/(RM) + RM’LLH(RJW) (71a)
Without : Ag {NU/(Rs) + Rsuﬁ(Rs)} =
N’U,/(RM) + RMUN(R]\/[) (71b)
We only need to compare the LHS for two scenarios:
kN a  AsBsRo
A :N B ——— — —_—
! (CU +I€/\335R0) @ Ny
kN at+1
- 72
(CU + Ii)\sBsRO) ( a)
Ny P Ny P
Ay =N(——7—) —a(—— 72b
» =N Bem) ~“GaBmy) (725)

Doing the calculation of A; — A, the resulting ratio’s
numerator Z can be simplified to:

A4 :(HASBsRo)a(CU + H)\SBsRo) - Oz(li)\sBSRo)aJrl
— (N = )(Cy + kAsBsRo)**! (73)
Taking the derivative with respect to Cy;, we have:

0z
= (HAsBsRo)a — (N — a)(l + Oz)(CU + /i)\sBsRo)a

0Cy
(714)
Evaluate the expression at Cy = 0:
0Z
S lov=0 =(FAsBsRo)*(1 — (N — a)(1 + a))
0Cy
< (kAsBsRo)*(1— (2 - a)(1+ )
1 5
= (kAsBsRo)*[(a = 5)* = 7] <0 (75)

2 4

Therefore we can conclude that aaTZU < 0,Cy > 0. On
the other hand, we have Z = 0 when Cyy = 0. As a result,
Ay < Ay always holds.

Thus, we can conclude at MSNE, the optimal bandwidth
allocation to small-cells with unlicensed spectrum is always
less than that of without unlicensed spectrum.

APPENDIX I
PROOF OF PROPOSITION 3

At MNE, we need to have:

0S;
35 <0as Rg — 0", VieN. (76)
i,
In previous sections we know:
dS; AsBj s Ro
=AsRo|v/ (Rs) + —=—22—u"(Rgs)
o5,5 ="l v, )
B, uR
— Ry {UI(RAI) + %’U/%R}V[)] (77a)
N
Oy > BiRg
+ = =t 77b
as Rg — 0 ,RS%KNf,RM% N, ( )

Substituting the values of Rg and Ry as Rg — 0T, we
can therefore get the inequality condition characterized in
Proposition 3.

APPENDIX J
PROOF OF THEOREM 7

At MSNE, we have:

As Y. BisRo

/\3[N’LL (RS) + Nf

= N’U,/(R]u) =+ RMUH(RM>

u’(Rs)]
(78)

At MFNE, we have:
As Y. BisRo
iEN
Ny
< Nu/'(Ryr) + Ryu” (Rar)

As[Nu/(Rg) + u"(Rs)]
(79)

Asymptotically, for both scenarios described we would have
the following:

(80a)
(80b)

MSNE: \su'(Rs) = u'(Raz)
MENE: \su'(Rs) < u'(Raz)

However, generally these are not the optimality conditions
for maximizing social welfare as we discussed in equation P3
in Section V.

We need to consider an MNE separately. Equation (15) gives
the threshold of allocating all bandwidth to macro—cells at
social welfare maximization.

Q=

kNyBRo[(a+ 1)As]
Nm

o = (81)

Meanwhile, equation (17) gives the condition for MNE.

N
Z B; Ry

i=1
(“w

N
> BiRg

Cy i=1
— (
N,

o i R
sGy,) = :

No,

)7047 B



Therefore the threshold of allocating all bandwidth to
macro—cells C;7 at competitive scenario is:

N N
B; B;
(G o (E e B 570
S K/Nf o Nm Nm N’m
(83a)
>
BiRy
Ci[p —a « i=1 ! —
)\(H—Nf) =(1 N)( N ) (83b)
1
s KNpBRy (2% )" i
CF = N 73:;& (83¢)
;~;N}c1‘31~2<3,\5é

When N — 400, C7F — N < CY. Therefore the
limiting MNE is not necessanly optlmlzmg the social welfare.

APPENDIX K
PROOF OF RESULTS IN SECTION VII

The ideal case is a simple allocation optimization and we
only need to equalize the marginal utility increase with respect
to bandwidth increase for both mobile users and fixed users.
Since both WiFi network in unlicensed spectrum and small-
cells in licensed spectrum are able to serve fixed users, the
social planner should always choose the one which can lead
to more rate to invest bandwidth. As a result, when Ag > Ay,
B =0, when \g < Ay, B&" = 0, when A\g = Ay, what
matters is only the total bandw1dth allocated to small-cells and
unlicensed spectrum, while the split between them is arbitrary.

When A\g > Ay, the optimal bandwidth allocation strategy
is given by:

opt opt
Asu/ (R ) = /()

Bopt +Bopt B (P5)

When A\g < Ay, the optimal bandwidth allocation strategy
is given by:

opt opt
Ao (PURERR) =l (B

Bopt + Bopt B
When A\g = Ay = ), the optimal bandwidth allocation
strategy is given by:

{aTyht

(P6)

N
Bopt + Bopl + B(I)LI? - B

For the practical scenario, when Ag > Ay, it’s always
optimal for the social planner to allocate all bandwidth to li-
censed spectrum because in the case of a-fair utility functions,
maximizing revenue is exactly the same as maximizing social
welfare with a monopoly SP. In competitive scenario, it’s also
easy to verify for a-fair utility functions, equation (71b) would
also yield the same bandwidth allocation that maximizes social
welfare.

When Ag = Ay = A, another optimal allocation occurs at
the point that the social planner allocate By = By + By to
unlicensed spectrum and By, = Bﬁt to licensed spectrum. We
can prove that in this case the SP(s) would only allocate the

(P7)

bandwidth By, to macro-cells under certain conditions, which
therefore achieves the same social welfare as the benchmark
optimal case. To prove this, we notice that the condition for
the SP(s) to only allocate bandwidth to macro-cells is given
by equation (17):

N N
B;R
OU —a 7‘,2=:1 0 —a BimdeO zzj —o—
)\5(7) < —a )
/{Nf N77L Nm N77L
(84)
When By = BOpt + BOpt B = B?\Zt, we have:
Cy  BY Ry
ZZ —)aM~ 85
o N (85)
Therefore we have:
Cy \—a B Ry \ —a
sG,) =7y (86a)
(BLRO)* B, Ro (BLRO) ~1
N, N N,
B Ry
(86b)
( N)( Nm )

which means (84) holds the following holds:

o o
EY + N <1 (87)

It’s easy to verify when N > 2, the above condition is
always satisfied for € (0,1). When N = 1, it is satisfied
when « € (0,0.5] .

We can also prove that when As < Ay, one possible
way to achieve the optimal benchmark social welfare is to
allocate Byy = By} to unlicensed spectrum and By, = B} to
licensed spectrum. As a result, under certain conditions, the
SP(s) would also allocate all bandwidth B, only to macro-
cells, which therefore leads to the same social welfare as in
scenario 1). By similar argument, the conditions for this to
hold is the following:

aAs
K o + <1

It’s easy to verify when N > 2, the above condition is
always satisfied for a € (0,1). When N = 1, it is satisfied
when a € (0,p], where «p is the unique solution to the
following equation:

(88)

)\——&-a 1.
oo 0T
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