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Abstract

This work attempts to considerably reduce the amount
of user effort in the natural image matting problem. The
key observation is that the nonlocal principle, introduced
to denoise images, can be successfully applied to the al-
pha matte to obtain sparsity in matte representation, and
therefore dramatically reduce the number of pixels a user
needs to manually label. We show how to avoid making the
user provide redundant and unnecessary input, develop a
method for clustering the image pixels for the user to la-
bel, and a method to perform high-quality matte extraction.
We show that this algorithm is therefore faster, easier, and
higher quality than state of the art methods.

1. Introduction

Natural image matting is the problem where an image
is to be decomposed into two layers, called foreground and
background, which are blended together linearly with an al-
pha mask as follows:

I = o Fy + (1 — 04)Bs, )]

where [ is the given image, F' is the unknown foreground
layer, B is the unknown background layer, « is the unknown
alpha matte, and ¢ is the pixel index. Since there are three
unknowns at each pixel ¢ with only one constraint, the prob-
lem is severely underconstrained.

In order to solve this problem, it is necessary that a hu-
man provide enough input to resolve the ambiguities and
constrain the solution. Typically, this input can be a trimap
or scribbles, which are effectively the same. Some meth-
ods [18, 3, 6] require densely populated trimaps. The rea-
son they need detailed input is because they all construct
the matte by spatial proximity to the nearest user constraint.
But due to this, they accumulate significant errors when the
constraint is distant. [10, ] are successful
on certain sparser input, due to an explicit or implicit spar-
sity assumption. For example, [10] models the pixel dis-
tribution as two lines in RGB space, and therefore gains
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Figure 1. (a) Input image. (b) Dense trimap (white regions indicate
foreground constraints, black indicates background constraints,

and gray indicates no constraint). (c) [10] on dense input. (d)
Sparse trimap. (e) [10] on sparse input. Current methods like [10]
fail on sparse input. We remedy this.

accuracy when the assumptions hold. [15] utilizes an edge-
preserving sparsity prior directly on the matte. In spite of
this, these methods have to employ a level of spatial regu-
larization, preventing them from taking the next step to even
sparser input.

Other fundamentally different approaches to matting ex-
ist that reduce the user input to almost zero. [12, 14] use
focus blur to extract depth information to classify the ob-
jects into foreground or background. [9] does the same by
creating a synthetic aperture from a camera array, and [20]
directly uses depth information from a depth camera. But
here, we focus on the case that we have a simple camera and
no such sophisticated equipment.

User input plays an important role in obtaining a quality
matte. In general, the more input, the better the solution.
Of course, this requires more human effort. Scribble-based
input is simple and is generally good for smooth image re-
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Figure 2. (a) Input image. (b) Labels after clustering Levin’s Laplacian. (c) Clustering nonlocal Laplacian.

gions, but we observe they are often ineffective for textured
regions unless the user makes painstakingly detailed scrib-
bles over the region. So, a very interesting question is: how
can we minimize human effort in solving the matting prob-
lem?

To the best of our knowledge, there is very little in the
literature to answer: what is good input, and how can we
provide the least amount of input for the most accuracy? We
answer these questions by showing that the nonlocal prin-
ciple [2] acts as a very effective sparsity prior on the matte,
and serves to dramatically reduce the human effort required
to generate an accurate matte. Using this technique, we can
effectively handle textured regions, edges, and structure in
a way that no one has demonstrated before.

2. What is Good Input?

So far, most papers on natural image matting have ig-
nored one major question: what is good user input? In other
words, what is the best input a user can provide so that the
algorithm gives the most accurate results? This question can
be difficult to answer, but viewing the matting Laplacian as
a graph Laplacian can give some insights.

Graph Laplacians have been popularized in matting lit-
erature and other applications for their role in segmentation
and embedding [5]. If there are n points to label, they define
an affinity A;; between points 7 and j, and store all affinity
pairs in matrix A. The Laplacian is given as L = D — A,
where D is diagonal and D;; = > j A;j. Then, labeling
all the data can be posed as a constrained minimization,
where the objective function is 27 Lz. This is a nice, con-
vex, quadratic program that can be easily solved. The key
factor in performance is the design of the affinities A;;.

In [10], the pixel affinity is defined as follows. They
assume that in a small spatial patch of each pixel i, the im-
age is composed of convex combinations of colors from a
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foreground color line and background color line. When this
assumption holds, as well as a few other technical condi-
tions, a linear regresser can exactly recover the alpha matte.
Denote by «; the collection of matte values in patch ¢, i.e.
a; = [a(71),...,a(rm)]T. All the pixels in the patch are
collected in a data matrix:

XB(r) X%m) XB(m) 1

Xi= : ;o (@)
XB(rn) X% 1) XB(r,) 1

where {71,...,7m} is a patch of pixels around pixel i. So,

the local affinity matrix in [10] is defined as

A = XX, 3)
where XZ is the pseudo-inverse of the data matrix. Basi-
cally, this affinity matrix tells how often two pixels are clas-
sified the same by the linear classifier in patch . The nor-
mal vector for the classifier’s decision boundary is given by
Xjaz-. The total affinity matrix is calculated by summing
the A; together.

Matting (or classification) Laplacians have a direct in-
terpretation as a graph Laplacian, where each pixel or data
point is a node in a graph G = (V, E), and A;; repre-
sents the weight of edge (i,7) € E. The quadratic form
q¢(a) = a’La has the particularly nice form ¢(c)
i er Aijla; — )%, which is a measure of smoothness
along the edges of G. It is directly obvious from L that the
vector of all ones 1 is an eigenvector of L having eigenvalue
0. However, the rest of the eigenvectors are far from trivial,
and play crucial roles in determining the nature of G.

Suppose there is a subset of pixels that exactly cluster in
the graph implied by Laplacian L, and that we constrain one
of the pixels in that cluster to have alpha value @. Then, the
value of the objective function ¢(c) is minimized if the rest



of the pixels in the cluster are also labeled @. The reason is
that, if we have K clusters, ¢(a) can be decomposed as

K
ga)=>" > Ayl —a))?,

k=1(i,j)€Ek

“4)

where {E}, | k = 1,2,..., K} is a partition of F. There-
fore, labelling the rest of the values in the cluster as @ mini-
mizes ¢(a). What this means is that if we can construct the
affinities so that the graph clusters accurately on foreground
and background objects, the user only needs to constrain a
single pixel in each cluster, and the algorithm can do the
rest of the work.

So, it is enough for the user to label a single pixel in each
of the clusters of L. Therefore, the task becomes how to
construct L in a way that maximizes the size of the clusters
while minimizing their total number so that the user’s job is
easy.

3. Reducing User Input

In many cases, obtaining a good clustering is difficult
by using Levin et al.’s Laplacian [10]. The main reason
is that there is an overly strong regularization of the prob-
lem with spatial patches. This causes many clusters to be
small and localized (Fig. 2.b). This may be fine for large
smooth regions, but is inappropriate for textured regions. In
an attempt to remedy this, Levin ef al. presented another al-
gorithm in [ 1] that combined the small clusters into larger
ones that they call matting components based on two priors:
the components are heavily biased to be binary-valued, and
they do not overlap. Their solution is a nonlinear optimiza-
tion procedure with a non-convex and non-differentiable
objective function.

In this paper, we present a new approach that achieves
better results directly. This new approach defines a new
Laplacian based on the nonlocal principle. The nonlocal
principle [2] essentially states that given an image X, the
denoised pixel ¢ is a weighted sum of the pixels that have
similar appearance, where the weights are given by a kernel
(i, 7). More formally,

EX()] ~ Y X()k(i,j) 5y where ®

kli.3) 2 exp (X500 - X500
—%ﬂmﬂ (6)

D; 23" k(i,j). (7)

J
Here, S(7) is a small spatial patch around pixel 4, and d(i, j)
is the pixel distance between pixels ¢ and j. ||-||, indicates
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(b) Nonlocal neighbors at pixel (5,29).
(c) Spatial neighbors at pixel (5,29). (d) Nonlocal neighbors at
(24,23). (e) Spatial neighbors at (24,23).

(e
Figure 3. (a) Original.

that the norm is weighted by point-spread function (PSF)
g, which we take to be a center-weighted Gaussian PSF
with standard deviation on the order of the radius of spa-
tial neighborhood S(7). See Fig. 3 for a visualization of
k(i,-) on a typical image, and note how it is fundamentally
different from the 3x3 spatial connectivity of Levin ef al.
[10, 11].

Essentially, the nonlocal principle defines a discrete data
distribution k(i, -)/D; for each pixel i, and implies that the
image can be sparsely represented by a few spatial patches.
We take advantage of these facts and extend them to the
alpha matte.

Suppose that, by analogy to (5), the alpha matte is such
that

1
Elai] =) ak(i,j) 5 ®)
j 2

or, we can write

Doy = k(i, )T e, 9)
where « is the vector of « values over the image. Really
equation (9) replaces the color-line sparsity assumption of
[10] as we explain later. It follows that

Da ~ Aa, where (10)
[ k(1,1)---k(1,N)
A= : , and (11)
|E(N,1)---k(N,N)
D, 0
D= (12)
0 Dy




(b)
Figure 4. (a) Input image, pixel (76,49) highlighted in red. (b)

(©)

Affinities to pixel (76,49) in [
(76,49).

] (c) Nonlocal affinities to pixel

Therefore, (D—A)a =~ 0,and ' (D—A)T (D—A)a = 0.
What this means is that we can effectively have a mat-
ting Laplacian based on the nonlocal principle L. = (D —
AT(D - A).
To compare with [10], by expanding and summing (3),
Levin et al.’s affinity has the form
> , (13)

I(7) — I(7) —
Ab= % (1+( (1) = ) (15) — )
{kli,jeS(k)}
are the mean and variance of patch k.

A+ o
where 4, and o7
From this, we can see that the affinity is nonzero only in
a spatial region (when ¢ and j are both in the same spatial
patch k), and there is no measure of texture similarity since
(13) simply compares single pixel values () and I(j). See
Fig. 4 for visual comparison of (13) and (11).

Due to (11), our affinity includes texture information, has
little spatial regularization, and is nonlinear. Further, since
we expect sparsity from the nonlocal principle, L. should
exhibit the property of having a small number of clusters
for some permutation matrix P. For this reason, we refer to
this L. as the nonlocal clustering Laplacian.

To extract clusters from L., we adapt the method de-
scribed in [13]. First, define

M=DZL.D*. (14)

Then, calculate the m smallest eigenvectors of M (we take
m = 10), {V1,...,Vin}. Now, we create a matrix U such
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that each column corresponds to an eigenvector, but normal-
ized such that each row has unit length under the 2-norm. In
this way, each pixel is associated with a type of feature vec-
tor with m components. Then, we can treat U as the data
matrix in the k-means clustering algorithm [7]. So, we use
k-means to do the final segmentation to locate the clusters.
Parameter k controls the final number of clusters and de-
pends on the image complexity.

The key observation is that the number of clusters & that
we need to describe the alpha matte is only on the order of
10 to 20, even when the number of pixels is tens of thou-
sands. According to the observation in (4), we only need
the user to label k pixels in the entire image. This is in con-
trast to Levin et al.’s method, where their Laplacian does
not cluster very well (Fig. 2), especially for small k, requir-
ing dense user input in the form of large scribble regions, or
even a nearly complete trimap.

There is one technical detail that prevents us from di-
rectly using our Laplacian in the computation of the alpha
matte, and that is the use of the spatial patches in the non-
local kernel k(i, 7). If we directly use this method, then we
lose accuracy near the alpha matte edges on the order of
the radius of the spatial patch, which is typically 2-3 pix-
els. Therefore, we need to construct another Laplacian that
can operate on the matte edges to recover fine details. The
following section develops such a Laplacian.

4. Nonlocal Matting

To maintain accuracy of the matte near the edges, we
present a modification to Levin et al.’s algorithm. First,
some notation. If C = {r,...,7,}, define a(C) to be a

column vector of length n: [aﬁ e ,aTn] ", Unless other-
wise specified, vectors are column vectors. S() represents
a spatial neighborhood of pixel ¢ (patch), and N (i) repre-
sents the nonlocal neighborhood of pixel <.

Suppose

QU (vl |

3
Bol’
where X is a N x d vector of image features with N be-
ing the number of pixels, and d being the number of fea-
tures or channels (we use RGB or grayscale values), and
Q = diag(k(¢,-)/D;), is a weighting matrix containing the
nonlocal data distribution. If we assume « is fixed, the op-
timal linear parameters are

%
Bo

~
~

Qa(N (i) (15)

20 |

| - (xF vz +A [ 3})
XT (N (i) Qa(N ()

2 X{(,Q, Na(N(i)). (16)



Here, ) is a small number (10~ or so) whose purpose is
to ensure that the eigenvalues of X7 (N (i))QX (N (7)) are
strictly positive so that the pseudoinverse defined in equa-
tion (16) exists and is unique.

Since we now have

a(N(i)) ~ Xo(N(i)X{ (i, Q, Na(N (i) (17)
£ Bia(N(i)), (18)
we can construct the quadratic form
TLma 2 g(a) (19)
(20)

Za T1-B)"I-B)a(N(i)).
=1

The difference from [10] is that their data matrices X are
local, and weighted by a uniform data matrix Q = cI, while
our data matrices are nonlocal, and appropriately weighted
by the nonlocal kernel, biasing the solution toward our as-
sumption (8), and inserting texture information into the al-
gorithm.

To find o, we solve the following optimization:

o =argmin  ¢(o)
@

st. a(C)=k
where C' is the set of user-constrained pixels and k is the
vector of constrained values. This can be solved exactly
and in closed form by a smaller quadratic program as de-
scribed by Lemma 1 (Sec. 9). Solving this way is faster
and more accurate than the brute force method advocated in
[21]. Since we use this Laplacian L,,, for matte extraction,
we refer to it as the nonlocal matting extraction Laplacian.
The result of this nonlocal modification is very impor-
tant. First, by exploiting the nonlocal kernel, we utilize
some texture information on the image, effectively group-
ing pixels with similar texture. Second, the neighborhoods
used in calculating the Laplacian are essentially adaptively
varying in size as shown in Fig. 3, removing the highly
spatial clustering effects of previous methods (see Fig. 2.b),
and therefore reducing the amount of input needed. Another
advantage is that the nonlocal neighborhoods can safely be
much larger. The effect of large neighborhoods is inter-
preted by [&] as a large point spread function on the matte,
causing convergence of iterative solvers to greatly speed up.
Conversely, if the pixel’s patch is not very similar to any
other in the image, the nonlocal neighborhood will be very
small and convergence there will be slow. Therefore, an it-
erative solver can provide feedback to the user based on the
local convergence rates about the quality of the final matte,
and where he or she should provide additional input.
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5. Importance of Nonlocality

To give mathematical rigor to the algorithm we have pro-
posed, we provide the following explaination. Suppose that
we treat the o matte and image as random variables.

X(i) =

U(i) + n(1), (21)

where U is the underlying true image, and n is white Gaus-
sian noise. Then, we wish to find the best linear approxima-
tor (for simplicity, we assume a grayscale image)

v 2 BX (i) + fo,

where &; is the linear estimator of the true «;. By the or-
thogonality principle, we need

(22)

E[X(i)(a; — a;)] = 0, (23)
E[X(i)(ds — a;)] =BE [X(i)*] + BoE [X ()]
— Efo; X (1)) (24)

Thanks to the nonlocal principle, we have the discrete ap-
proximation

1

P [X(Z) = X(j)] = k(%])f 2 W(i,j)- (25)
So, we have
E[X(i)(d; — ;)] =0
<~
B WapnX0G)P+50 >, WanX()
JEN(4) JEN(3)
=FEoy X (3)]. (26)

To take the expectation on the right hand side, we need to
know the joint distribution Plcv;, X (¢)]. By Bayes’ rule, we
have
Plai =k, X(i) = X(5)]
Plog = k| X(i) = X(7)] P[X (1) = X(5)] -

27)

Suppose we assume that Plo
that

i =k | X (1) = X(j)] is such

Elai | X(1) = X()] = oy

In other words, pixels sharing the same appearance should
be expected to share the same alpha value, which seems
reasonable. Then, we have

B Z Wi X

JEN (i)

> WijaX(

JEN(4)

(28)

(7)* + Bo Z Wi nX(j

JEN(3)

7)- (29)



Since these variables are not zero-mean, the orthogonality
principle also requires
E[&i - ai} =0. (30)

Due to the assumption in equation (28) and the law of iter-
ated expectation, this is equivalent to

B Z Wiy X () + Bo = Z W o

JEN (2) JEN (1)

€29

Equations (29) and (31) exactly give us the formulation we
arrived at in equation (16). To see why, for grayscale, equa-
tion (16) implies we need to satisfy
ﬁ =
Bo

{ZjeN(i) W(LJ')X(j_)2 > jeni) WanX ()
> jent) WX (9) 1
[ZjeN(i) W(i,j)an(j)]
jeny Wagpa; ]’
(32)

B
Bo

In summary, we dispose of the color line model require-
ment in [10] by using the following three new assumptions:

and the solution to [ is the same as in (16).

1. The nonlocal principle applies to the alpha matte as in
equation (8).

2. The conditional distribution on « given X is such that
Elo; | X(1) = X(J)] = ay.

3. We use the best possible linear predictor for ¢ accord-
ing to the orthogonality principle.

It is now easy to see that we obtain sparsity and denois-
ing for free. Notice the last column of X{' QX always con-
tains the denoised pixel and X Qo contains the denoised
o value.

In this derivation, it is also easy to see why we get better
results than Levin et al.’s method: they are not using any
prior term for the image, while we are using a quite valid
and effective image prior. However, notice that the discrete
approximation to the image distribution is a sampling. If we
have very few similar patches available in the image, then
the sampled approximation may be poor, and we may not
produce satisfactory results for those pixels. However, we
can use this knowledge to tell the user that he or she should
manually constrain such pixels (where D; is small).

6. Implementation Details

The proposed algorithm is a hybrid of the nonlocal clus-
tering and matting Laplacians we have defined above. To
reduce the user input requirements, we first use the nonlo-
cal clustering Laplacian to extract a small set of clusters as
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Figure 5. Trimap generation. (a) Input image. (b) Clusters. (c)
Sparse user input. (d) Resulting trimap.

described in Sec. 3. Specifically, the parameters we found
to be most satisfactory were h3 = 10~2 or sometimes 103
and h3 = 3, with S(i) having a radius of 3 pixels. Since it
is impractical to compute the kernel function & (4, j) (equa-
tion (6)) for all pixels j, we restrict the computation to be
over a spatial patch of pixel i with radius 3h32, because the
spatial term will force the kernel values close to zero for
anything outside the patch. Therefore, we set k(i,5) = 0
for j outside the patch. After this, we also only retain the
top 30 values for k(i,-) and set the rest to zero. The rea-
son is due to the effect of small, but nonzero, values of k&
on the sparsity pattern of the nonlocal clustering Laplacian.
We observe that keeping more than the top 30 or so ker-
nel values for each pixel does not significantly improve the
results, but greatly reduces the sparsity of L., increasing
memory and CPU requirements. Also, rather than comput-
ing the kernel patch by patch, we note that it is far more
efficient to use locality-sensitive hashing [4] to perform this
task. In the nonlocal matting Laplacian, we also perform
the same restriction process to the nonlocal neighborhood
N (i) for the same reasons.

For clustering, we typically find that 15 clusters is
enough to properly segment the image into the fore-
ground/background regions. However, sometimes as few
as 5 will do the job. In cases where the foreground or back-
ground is very complex, 30 may be needed. After cluster-
ing, we simply ask the user to manually label each cluster
that is definitely foreground or background with a single
click. The clusters that the user does not label are treated
as unknown in the trimap. Since the clustering Laplacian
is only accurate to the radius of S(i), we erode any fore-



ground/background edges with a structuring element of the
same radius. The result of this process is a trimap as shown
in Fig. 5.

Using this trimap, we can then feed it to any appropriate
matting method, such as the method based on our own non-
local matting Laplacian, or [10, ] etc. We choose
our proposed method here to demonstrate its performance.

) )

7. Experimental Results and Discussion

To formally evaluate the algorithm we have developed,
we test its accuracy on the dataset given by [16] by the mean
squared error (MSE) as well as by visual inspection of matte
quality. We use the algorithm in [10] for comparison, since
it is the state of the art with respect to sparse user input. We
provide it with the same user input as to our algorithm.

The results for the MSE are shown in Fig. 6, where we
can immediately see a drastic reduction in MSE. In fact, the
average ratio of the Levin ef al.’s MSE to the nonlocal MSE
is 4.04 with a sample standard deviation of 1.0. Therefore,
we can say that our method outperforms Levin et al.’s with
confidence > 99.99% when the input is sparse. Perhaps
even more important is the observation that our MSE curve
is much smoother, suggesting our method is more robust to
variations in user input.

However, the MSE does not have a linear correlation to
human perception. So, we need to visually verify that the
extracted mattes are high quality despite the sparse input.
For this, we provide several examples in Fig. 7 (more at
our website). First, it is obvious that the amount of input
required for our method is miniscule. The effects of spa-
tial regularization can be seen as oversmoothing in column
(c), while our results in (d) remain crisp. In column (e),
background replacement highlights the limitations of [10],
showing significant bleed-through, while ours in column (f)
appears much cleaner. It is clear that even with such sparse
input, the matte quality is much higher with our nonlocal
matting.

8. Conclusion

The algorithm we describe in this paper represents a sig-
nificant leap in matting literature. We have demonstrated
that the nonlocal principle can be extended to the alpha
matte in a way to dramatically reduce human effort, while
also preserving accuracy. Furthermore, we have answered
the question of what is good user input and how to best
guide the user. The obvious application is the creation of
an interactive matting system that is much quicker and eas-
ier than any existing method. More interestingly, since we
show that creating an accurate matte depends only on la-
belling on the order of 10 pixels, this work is more amenable
than the existing methods to automatic and semi-automatic
matting.
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Figure 6. MSE of Levin et al.’s method vs. our method with the
same amount of input on images from [16]. [10] = black, nonlocal

= gray.
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9. Appendix

Lemma 1. Suppose f(x) %ZL’THLE+CTJC, forsome x,c €
R"™, and H positive semi-definite. Further suppose P is a
permutation matrix such that y = Px = [ya, yB]T, where
ya = [zr,,...,21,]", and b = Pc, G = PHP™?
|:G1, Ga

, where G1 is m X m. Then, the optimal solution

G37 G4
to
min  f(x) st oz =k; Vje[l,m]
x
is x* = P~ly*, where y = [kl,kzg,...]T, and y5 =
~G; ' (Gsya +bp).
Proof. Observe f(z) = 1yTGy + bTy.
Lo |G, G| |ya T T |YA
f(x) - 9 [yAvyB] |:G3,G4 YB + [bAvbB] YB
(33)
1
= §ng4yB + (y4G2 +bp) ys
1
+ 5¥AG1Ya + bhya. (34)
Note this is a quadratic program in ¥, and since
0
Tf = Gayp + (G3ya + bp), (35)
YB
yp = —G; ' (Gsya +bp). O (36)


http://users.eecs.northwestern.edu/~pgl622/

@

(b)
Figure 7. Visual inspection of matte quality. (a) Input image. (b) Sparse user input. (c) Levin et al.’s algorithm [10]. (d) Nonlocal
algorithm. (e) Background replacement with (c). (f) Background replacement with (d). Input is placed near the image border to exaggerate
the problems caused by spatial regularization.
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