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Electron correlations at the fractional quantum Hall edge
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Abstract

This paper reviews tunnel spectroscopy of fractional quantum Hall edges using cleaved-edge overgrown devices. Beginning with an intuitive
introduction to various experimental and theoretical aspects, the device structure is reviewed, and the experimental result of a continuum of power-
law tunneling exponents is revisited. The unanticipated behavior of the exponent with fractional filling factor is described, and all subsequent
theoretical explanations for these results are laid out for comparison. Finally, we propose new directions for experimentally resolving the remaining
questions.
c© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction to quantum Hall edges

The quantum Hall effect (QHE) [1,2] occurs in high-
mobility two-dimensional (2D) electron systems when a
perpendicular quantizing magnetic field induces a mobility gap
at the Fermi energy in the bulk of the sample. This mobility
gap can either be of a single particle (integer, IQHE [1]) or
a collective (fractional, FQHE [2]) nature. The small amount
of disorder inevitable in real samples creates localized states
within this mobility gap, allowing the Fermi energy to reside in
the gap for a finite range of magnetic field. Over this range, only
states at the edge of the sample can transport current [3], and
these states exhibit a quantized Hall conductance equal to that at
the gap-inducing filling factor ν, G = ν e2

h . At a sharp potential
boundary these edge states can be thought of as semiclassical
skipping orbits: circular orbits whose trajectory is intercepted at
a sharp wall and specularly reflected (Fig. 1, left). Analogously,
at smoothly varying potential boundaries the electrons obey a
v = E × B drift where Ex = −

dV
dx (Fig. 1, right). In both

cases, the propagation of electron current is chiral, meaning
charge propagates only in one direction along the edge and
cannot backscatter, so the propagation of edge current will be
dissipationless.
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Fig. 1. Semiclassical picture of electron motion at sharp (left) and smooth
(right) potential boundaries. In both cases, the electron state has net velocity
along the edge and cannot backscatter.

These chirally moving edge states can be regarded as one-
dimensional liquids, and the Fermi- [3] or Luttinger-liquid [4]
character of the 1D system follows from the nature of the bulk
mobility gap. For the focus of this paper, the distinguishing
characteristic between the two is the tunneling density of states
expressed as g(E) ∼ (E − EF )α−1, where α = 1 describes
Fermi liquids and α > 1 describes Luttinger liquids with
repulsive interactions (see Fig. 2). When the mobility gap in
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Fig. 2. Schematic electron density of states g(E) for 1D and 3D electron
systems with and without interactions. With repulsive interactions, the 1D
system exhibits a power-law suppression in the density of states at the Fermi
energy, characteristic of Luttinger liquids. Some 1D systems like IQHE edges
remain Fermi liquids because their constituent quasiparticles effectively do not
interact [3].

the quantum Hall bulk is induced by single electron physics
like the cyclotron or Zeeman gap (IQHE: ν = n = 1, 2, 3, . . .)
the edge should reflect a Fermi-liquid character [3] (Luttinger
parameter α = 1) with quantized conductance, G = n e2

h .
However, when the mobility gap arises from electron–electron
interactions as, for example, in fractional filling factors of the
Laughlin series (FQHE: ν =

1
2p+1 = 1, 1

3 , 1
5 , . . . for integer p)

the edge is predicted [4] to be a Luttinger liquid with Luttinger
parameter α = 2p+1 and conductance G =

1
2p+1

e2

h . Although
the IQHE and FQHE have the same form for the conductance
G = ν e2

h , the tunneling density of states for the two cases is
remarkably different: for IQHE the tunneling density of states
is constant and finite at the Fermi energy g(E) ∼ g0, and for
the FQHE Laughlin series g(E) ∼ (E − EF )α−1, it drops with
a power-law to zero at the Fermi energy (see Fig. 2). This chiral
Luttinger-liquid prediction of a power-law density of states is
tested in the following experiments by performing tunneling
spectroscopy at the quantum Hall edge.

2. Edge-tunneling experiment

The technique of cleaved-edge overgrowth [5] was used to
design samples with a tunnel probe in direct contact with the
edge of a two-dimensional electron system (2DES) [6] (see
Fig. 3). A 250 Å quantum well was cleaved in situ in the
crystal growth chamber and regrown on this cleavage plane
with an AlGaAs barrier of height 100 meV and width W
(see Table 1) followed by a bulk-doped n+ GaAs electrode
of nominal density n+

∼ 1 × 1018 cm−3. When the sample
is inserted into a cryostat with magnetic field perpendicular
to the two-dimensional system we can tunnel directly into the
quantum Hall edge. The samples reproduced here from Ref. [7]
had a range of 2D densities n = 0.89–1.16 × 1011 cm−2 and
mobilities µ = 0.5–2.9 × 106 cm2/V s (see Table 1).

As is evident from the tunneling magnetoconductance of
Fig. 4, the barrier is transparent at low fields so the conductance
first resembles a two-point Hall measurement. Above 8 T
Fig. 3. (Left) Schematic of edge-tunneling device. (Right) Band diagram of
edge-tunneling device in quantum Hall regime.

Fig. 4. Tunnel conductance Gtunn (solid) on the left axis and Hall resistance
(dashed) on the right axis versus magnetic field B. Above 8 T canonical
momentum conservation causes an exponential drop in the tunneling current.
Gtunn is magnified by 102, 103, and 104 to demonstrate the exponentially
decay.

the conductance shows an exponential suppression once the
cyclotron orbit radius rc = h̄kF/eB in the bulk electrode
becomes less than the tunneling distance d. Semiclassically, at
high B, the magnetic field turns the tunneling electron around
inside the barrier before it can emerge from the other side.
Estimating the tunnel distance d as half a Fermi wavelength
λF/2 = π/kF from the bulk side of the W = 90 Å barrier to
a state about one magnetic length lB = (h/eB)1/2 on the other
side, the cut-off condition at 8 T implies an n+ carrier density
of about n+

= 6 × 1017 cm−3, in fair agreement with the
nominal density. The exponentially vanishing behavior above
8 T arises from the Gaussian tail e−x2/ l2

B ∼ e−B/B0 of the
tunneling electron that is able to penetrate the barrier.

3. Edge-tunneling results and analysis

This device can now be measured in the configuration shown
schematically in Fig. 3, where the tunnel current at a given
voltage bias will be proportional to the integral of the density
of states in the QHE edge, I =

∫ eV
0 g(E)dE = V α . The

power-law behavior is most evident when the data [7] are
plotted on a log–log scale of current versus voltage (Fig. 5). On
this scale, regions of constant power-law behavior will appear
as straight lines with slopes proportional to the exponent.
In a typical trace, there are three different regimes: a unity
exponent low-voltage regime, a crossover to a larger exponent
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Fig. 5. Current versus voltage on a log–log plot. At voltages above the thermal
voltage VT = 2πkT/e (vertical blue line) and conductances G = I/V
sufficiently below the conductance quantum G = e2/3h (sloped red line), the
power-law slope α can be extracted. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this
article.)

for intermediate voltages, and then at high voltages a return
to a unity exponent. At low voltages smaller than the thermal
voltage VT = 2πkB T/e [4,8], the device effectively becomes
a linear resistor with a temperature-dependent resistance [9].
In Fig. 5, the crossover voltage of VT ≈ 16 µV serves as a
thermometer for measuring the base electron temperature, T =

eVT /2πkB = 30 mK. At high voltages, the tunnel resistance
becomes vanishingly small relative to the resistance quantum,
so one effectively saturates to a two-point measurement of the
quantum Hall system, which is again a linear resistor G =

νe2/h. In between these two regimes the power-law density
of states exponent α of the correlated system can be extracted.
For the best fit to the data over the whole voltage range, we
apply the theory by Chamon and Fradkin who model the tunnel
junction as an array of incoherent point contacts [8] and let the
exponent α vary as a fit parameter.

At each magnetic field the exponent is extracted with a
best fit to the Chamon–Fradkin function and plotted against
reciprocal filling factor for a variety of samples in Fig. 6. The
measurements at discrete filling factors ν = 1, 2/3, 1/2, and
1/3 were first performed by Chang et al. [9] and are plotted as
open circles. Subsequent work by Grayson et al. [7] measured
the exponents over a continuous range of filling factors and for
multiple samples (see Table 1).

3.1. Exponent at Laughlin fractions: 1/ν = 1, 3

To understand the data, we first examine the Wen relation,
α = 2p + 1 at the Laughlin fractions 1/ν = 2p + 1. One
Fig. 6. Plot of power-law exponent α versus the reciprocal filling factor 1/ν.
The sloped blue and horizontal green segments are the prediction of Refs. [10,
22] where quasiparticle charge and statistics are taken into account. The
continuous sloped red line α = 1/ν is associated with only a single charge
mode at the edge. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

Table 1
Edge-tunneling samples

Sample ne (1011 cm−2) µ (106 cm2/V s) Barrier, W (Å)

J 1.16 2.9 225
M 0.89 1.8 90
Q 1.09 0.5 90
R 1.08 2.9 90

sees at filling factor 1/ν = 1 that α ∼ 1.2, and at 1/ν = 3
that α ∼ 2.7–2.8. At face value, this is already a triumph
for the Luttinger-liquid prediction of 1 and 3. However one
question about the data immediately arises: the width of the
1/3 QHE plateau over 10 T < B < 12 T (see Rxy in Fig. 4)
means that for 2.70 < 1/ν < 3.25 the Hall resistance is
constant, and according to theory the exponent itself should
exhibit a plateau of the same width. This plateau here is
missing, as it is for all filling factors that show a plateau in
Rxy . The fact that the plateau is missing in the plot of the
exponent seems to suggest that the exponent is insensitive to the
compressible or incompressible nature of the QHE bulk, and
that the fundamental parameter for determining the exponent
is the filling factor. In the hopes of resolving this dilemma,
subsequent work by Chang et al. [11] in lower density samples
did report evidence of a wide plateau for the exponent α = 2.7,
implying that the presence or absence of this step may depend
on the sample.

The recurrent discrepancy of α from the exact value 3 in the
experimental measurements raises a second question of whether
the universal prediction of α = 3 at 1/ν = 3 should be
reexamined. One simple explanation for the reduced α assumes
that the density right at the edge is slightly higher than in
the bulk, a conjecture that finds support in Poisson solutions
for the charge distribution at the junction [7,11,23]. There are,
however, more fundamental theoretical grounds for questioning
the universality of α = 3. Goldman and Tsiper [12] extrapolate
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from a 12 electron calculation to suggest a correlation exponent
of α = 2.6–2.75 in the large-N limit of electron number.
Mandal and Jain [13] model the residual interaction between
composite fermions to predict a value of α as low as 2.4 at
ν = 1/3, depending on interactions. Wan et al. [14] dispute this
claim, and propose that external parameters like confinement
electrostatics can affect the exponent, but that the range of
interaction cannot. Instead Wan et al. [15] propose that at low
temperatures in realistically modeled sharp edge potentials,
edge reconstruction will occur at ν = 1/3 producing a separate
strip of charge density with additional reverse propagating
edge modes that may reduce the exponent. These results are
reformulated by Yang [16] in a field theoretical model, as well
as by Joglekar et al. [17] using the extended Hamiltonian theory
to microscopically model the fractional edge. Khlebnikov [18]
proposes that coupling to 3D phonons in the tunneling process
reduces the tunneling exponent from α = 3.

A final noteworthy experiment is the work of Hilke et al. [19]
who looked at higher density samples and focused on the
transition from Fermi-liquid-like (1/ν < 1) to Luttinger-liquid-
like (1/ν > 1) behavior, with this remarkable phase transition
tuned by the external magnetic field. In these samples the
crossover uniformly occurred near ν = 1 and an exact exponent
value α = 1 is clearly demonstrated in the IQHE regime 1/ν <

1 verifying the anticipated Fermi-liquid behavior. Regarding the
universality of the α versus 1/ν curve, it is worth noting that the
data points above 1/ν > 1 lie on a slope that is about a factor of
two steeper than the data of Fig. 6, with a linearly extrapolated
exponent much larger than 3 at 1/ν = 3 [19]. This result
comes tantalizingly close to the blue line of Fig. 6 predicted
for counterpropagating edge modes between 1 < 1/nu < 2,
but the data unfortunately do not extend to higher 1/ν to give
information on the co-propagating modes in this sample.

3.2. Exponent over continuum range 1 < 1/ν < 4

We now examine the α versus 1/ν plot away from the
principal Laughlin fractions. Two prominent theories were
in place in advance of the experimental results. At FQHE
states other than the Laughlin series, multiple chiral modes
are expected [4,20]. Coulomb interactions will define a linear
combination of these modes which will transport charge, and
all other modes of edge excitation will be charge neutral
(see Fig. 7). Kane et al. [10] examined the discrete set of
incompressible filling factors ν = n/(2pn ± 1) called the Jain
series [21] and predicted the relation α = 1 + 2p − 2/n for the
case of −1 in the denominator, and α = 1 + 2p for the case
+1. For the ranges of interest here, α =

2
ν

− 1 for 1 < 1/ν < 2
and α = 3 for 2 < 1/ν < 3, discrete points trace out the
blue and green lines in Fig. 6, respectively. The step structure
in α arises in this model because fractions with counter-
propagating neutral modes (1 < 1/ν < 2) renormalize the
exponent from the value associated with the outermost 1/3
edge mode, whereas co-propagating modes (2 < 1/ν < 3)
cannot perform the backscattering necessary to renormalize the
exponent from the value 3.

In an alternate formulation of the problem, Shytov, Levitov,
and Halperin [22,23] examined compressible filling factors
Fig. 7. Cartoon schematic of a three-mode edge. Displacement to the right
designates extra charge; to the left, depleted charge. The initial basis modes
(top) are redefined by the Coulomb interaction into a basis with one charged
mode and two neutral modes (bottom). The charge mode is faster than the
neutral modes due to repulsive interaction.

with a composite fermion model and arrived at the relation
α = 3 for 2 < e2

h Rxy < 1 and α = 2 e2

h Rxy − 1 for

1 < e2

h Rxy < 2 (provided Rxx << Rxy). Assuming narrow
plateau widths, this relation becomes α = 3 for 2 < 1/ν < 1
and α = 2ν − 1 for 1 < 1/ν < 2 which fits directly on top
of the previous prediction but now interpolates over the entire
gray curve (Fig. 6). Qualitatively, the step structure arises in this
model because one defines an effective magnetic field B∗ in
excess of the condition ν = 1/2, and this field is either parallel
with the real B field between 2 < 1/ν < 3 or antiparallel
between 1 < 1/ν < 2. That these two theories fall directly
on top of each other implies that they both describe the same
underlying physics.

One sees, however, that the data lie below this prediction
and instead of the step structure, the data approximate a straight
line for 1/ν > 1 of the form α = 1/ν. The great controversy
about the data is then the absence of any of the predicted step
structure. In the hierarchical edge model, the question translates
to: where are the neutral modes? The neutral modes are required
to preserve the fermionic statistics of the electron operator after
tunneling, but appear to be absent. Why is the quantum Hall
edge behaving as though charge is the only degree of freedom
that needs to be accounted for, and statistics is irrelevant?
Subsequent theories explored the possibilities as to why this
might be the case:

• Lee and Wen [24] proposed an effective theory for the Jain
series of fractional edges ν = (p/2pn ± 1) with one low-
velocity neutral mode and one charged mode whose velocity
is significantly enhanced by repulsive interactions. With the
neutral mode being effectively stationary at the intermediate
energies probed by the experiment, the 1/ν behavior arises
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solely from the charge degree of freedom as expected. This
theory is further refined by Imura [25].

• Using a flux attachment transformation, Lopez and
Fradkin [26] arrive at a similar result for the same
incompressible FQHE states, developing an effective theory
for Jain fractions which reduces to one propagating charge
mode and two non-propagating topological modes.

• Khveshchenko [27] develops a more general theory valid
for arbitrary filling factors including compressible edges in
both ballistic and diffusive regimes, and predicts only minor
deviations from α = 1/ν.

• Zülicke et al. [28] propose that the relevant entity for edge-
tunneling experiments is not the electron operator, but a
low-energy projection thereof, called a periphery charge
deformation. It is demonstrated that this projected object
does not obey Fermi statistics, explaining the apparent
statistical violation of the α ∼ 1/ν relation.

• Conti, DAmico and Vignale [29,30] proceed to describe
an edge magnetohydrodynamic model under the premise
that at sufficiently long wavelengths there is only one low-
frequency charged edge mode. Any additional structure
such as FQHE becomes irrelevant, and tunneling electrons
are added to the charge mode only. An equivalent
correlation function was derived independently by Han and
Thouless [31].

4. Open questions

There are two aspects of the existing experimental data
which suggest sample dependent behavior, which need to be
addressed in future experiments. First, it is not understood
why the original measurements by Chang [9] combined with
all the samples measured by Grayson [7] fall on the same
line in α versus ν, whereas subsequent samples measured by
Chang [11] and by Hilke [19] have different slopes on the α

versus ν plot. One trend is worth noting: samples which have
markedly higher densities (n = 2.2 × 1011 cm−2) [19] have
a steeper slope in α versus 1/ν than intermediate densities
(n = 0.89–1.16 × 1011cm−2) [7,9], with the lowest density
samples (n = 0.61–1.08 × 1011 cm−2) [11] showing the
shallowest slope. The key to this behavior may lie in the exact
junction electrostatics. Second, the presence or absence of a
step in α versus 1/ν associated with filling factor ν = 1/3
remains disputed between different sets of experimental data [7,
11].

Once these questions are addressed with more experiments
and if universality is in fact recovered in the α versus 1/ν plot,
one can proceed to address the question of universality in the
value of the exponent at ν = 1/3.

Regarding the presence of neutral modes at low energies
as proposed by Lee and Wen [24], we take as an example
one curve out of Fig. 5 at 1/ν = 2.6 and replot it in
Fig. 8. By independently fitting different exponents to the
low and high voltage ranges with the Chamon–Fradkin fit,
it becomes clear that at low energies the exponent may
be slightly higher (α = 2.6) than the mean value, and
at high energies slightly lower (α = 2.2). Although the
Fig. 8. Current versus voltage at ν = 0.38 (1/ν = 2.6) extracted from Fig. 5.
The exponent at low voltages is higher than at high voltages, suggestive of the
crossover energy scale predicted by Lee and Wen [24], and Imura [25].

low energy exponent is still not as large as the predicted
value of α = 3 according to Kane–Fisher–Polchinski [10]
and Shytov–Levitov–Halperin [22], the trend of an enhanced
exponent at low energies is present, as is evidence for a
crossover evidence for a crossover energy, 0.1 mV.

5. Outlook

Given the unresolved issues of the device structure detailed
here, it makes sense to look for power-law behavior in different
experiments or in different device designs. In one other
experiment on a cleaved-edge overgrowth sample, resonant
tunneling measurements confirmed the power-law exponent at
ν = 1/3 observed here and demonstrated Luttinger-liquid-
like resonances whose area changes with voltage bias [32]. At
present, new experiments are underway in a different type of
tunneling geometry where the bulk n+ electrode is replaced
by a high mobility 2D quantum well [33,34]. The reduced
dimensionality of the probe electrode gives sharper resonance
features in the tunneling I–V, and the enhanced mobility
of the 2D system enables momentum-resolved tunneling
spectroscopy. An alternate novel geometry is the bent quantum
well [35], which realizes a strong-coupling junction between
arbitrary QHE filling factors [36].

The following questions posed by the literature can be
addressed in these new experimental geometries:

• What are the exact electrostatics and densities in an edge-
tunneling sample at the barrier [23]?

• Is there edge reconstruction at the cleaved edge [15,16]?
• What is the edge mode velocity [24,25]?
• Is there a momentum cut-off scale for tunneling events or are

they point-like [8,24]?
• Is there any spectral evidence for neutral modes in the

momentum-resolved FQHE tunnel spectrum [37]?
• Can the high voltage (strong coupling) limit distinguish

between different theories [36]?
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The interested reader is encouraged to refer to the review
article by Chang which describes many theoretical and
experimental aspects in depth [38].

6. Conclusion

In conclusion, we have presented a summary of the
understanding to date of both experimental and theoretical
results on quantum Hall edge-tunneling systems. Future
experimental work in tandem with theoretical developments
promises to resolve many remaining questions.
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