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ABSTRACT

Virtual Full Duplex Wireless Networks

Lei Zhang

A novel paradigm is proposed in this thesis for designing the physical and medium
access control (MAC) layers of wireless ad hoc or peer-to-peer networks formed by halfduplex radios. A node equipped with such a radio cannot simultaneously transmit and
receive useful signals at the same frequency. Unlike in conventional designs, where a
node’s transmission frames are scheduled away from its reception, each node transmits its
signal through an assigned on-off duplex mask (or signature) over every frame interval,
and receive a signal through each of its own off-slots. This is called rapid on-off-division
duplex (RODD). Over the period of a single frame, every node can transmit a message
to some or all of its peers, and may simultaneously receive a message from each peer.
Thus RODD achieves virtual full-duplex communication using half-duplex radios without
complicated scheduling at the frame level.
This treatise consists of four parts, which are presented in Chapters 2 - 5, respectively.
As a first step toward quantifying the advantage of on-off signaling, Chapter 2 studies the
capacity of scalar discrete-time Gaussian channels subject to duty cycle constraint as well
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as average transmit power constraint. A unique discrete input distribution is shown to
achieve the channel capacity. In many situations, numerically optimized on-off signaling
can achieve much higher rate than Gaussian signaling over a deterministic schedule of
frame transmissions.
To further explore the advantages of RODD in wireless networks with half-duplex constraint, Chapter 3 evaluates the throughput of RODD, which is found to be significantly
larger than that of ALOHA under some general settings. RODD is especially efficient in
the case that the dominant traffic is mutual broadcast, i.e., all nodes wish to broadcast
information to and receive information from their respective one-hop peers.
Chapter 4 proposes a novel solution to the mutual broadcast problem in wireless
networks by applying RODD signaling. Decoding can be viewed as a compressed sensing
or sparse recovery problem. In the case that each message consists of a small number
of bits, an iterative message-passing algorithm based on belief propagation is developed.
The proposed scheme achieves several times the rate of slotted ALOHA and CSMA with
the same packet error rate (1%).
In Chapter 5, RODD signaling derived from Reed-Muller codes is used to carry out
peer discovery in wireless networks. To identify its peers out of a large network address
space, each node solves a compressed sensing problem using a chirp decoding algorithm.
The algorithm is scalable to networks of virtually any size of practical interest due to its
sub-linear complexity. The new scheme allows all nodes to simultaneously discover their
respective one-hop peers within a single frame transmission, which entails significantly
less overhead than conventional random-access discovery schemes.
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In summary, this thesis proposes RODD signaling, which achieves virtual full-duplex
communication in wireless networks, and contributes to the understanding of its theory
and applications.
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CHAPTER 1

Introduction
Despite decades of advances in wireless and networking technologies, to design a functional and reliable mobile ad hoc or peer-to-peer network remains enormously challenging [3]. The main roadblocks include the difficult nature of the wireless medium and
the mobility of wireless terminals, among others. A crucial constraint on wireless systems is the half-duplex nature of affordable radios, which prevents a radio from receiving
any useful signal at the same time and over the same frequency band within which it
is transmitting [65]. The physical reason is that during transmission, a radio’s own signal picked up by its receive antenna is typically orders of magnitude stronger than the
signals from its peers, such that the desired signals are obliterated due to noise and the
limited dynamic range of the radio frequency (RF) circuits. The half-duplex constraint
has far-reaching consequences in the design of wireless networks: The uplink and downlink transmissions in any cellular-type network are separated using time-division duplex
(TDD) or frequency-division duplex (FDD); standard designs of wireless ad hoc networks
schedule transmission frames of a node away from the time and frequency slot over which
the node receives data [89].
In this thesis, the half-duplex constraint is addressed at a fundamental level, which
is that the received signal of a half-duplex node is viewed as erasures during periods of
its own active transmission. We recognize that, it is neither necessary nor efficient to
separate the transmission slots and listening slots of a node in the timescale of a frame of
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hundreds or thousands of symbols as in TDD. We propose a novel technique referred to as
rapid on-off-division duplex (RODD). The key idea is to let each node transmit according
to a unique on-off duplex mask (or signature) over a frame of symbols or slots, so that the
node can receive useful signals from its peers during the off-slots interleaved between its
on-slot transmissions. Importantly, all nodes may send (error-control-coded) information
simultaneously over a frame interval, as long as the masks of peers are sufficiently different,
so that a node receives enough signals during its off-slots to decode information from its
peers. Over the period of a single frame, every node simultaneously broadcasts a message
to some or all other peers, and may receive a message from each peer at the same time.
Thus, the virtual full-duplex communication is enabled by using half-duplex radios.
Switching the carrier on and off at the timescale of one or several symbols is feasible, thanks to the sub-nanosecond response time of RF circuits. In fact, on-off signaling
over submillisecond slots is used by time-division multiple-access (TDMA) cellular systems such as GSM. Time-hopping impulse radio transmits on and off at nanosecond
intervals [86], which is orders of magnitude faster than needed by RODD (in microseconds). Moreover, receiving signals during one’s own off-slots avoids self-interference and
circumvents the dynamic range issue which plagues other full-duplex schemes, such as
code-division duplex (CDD) [7, 49].
The signaling of RODD is quite different from that of TDD and FDD. It is important
to note that FDD and TDD suffice in cellular networks is because uplink and downlink
transmissions are clearly separable. In peer-to-peer networks, however, one node’s transmission (downlink) is its peer’s reception (uplink), so that there is no absolute separation
of the notions of uplink and downlink. The prevalence of FDD and TDD in current ad
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hoc networks is in part inherited from the more mature technologies of wired and cellular networks, and due to the difficulty of separating superposed signals. Advances in
multiuser detection and decoding (e.g., [34]) and recent progress in sparse recovery have
enabled new technologies that break away from the model of packet collisions, and hence
set the stage for RODD.
Wireless networks using RODD have unique advantages: (1) RODD enables virtual
full-duplex transmission and greatly simplifies the design of higher-layer protocols. In
particular, “scheduling” is carried out in a microscopic timescale over the slots, so that
there is no need to separate transmitting and listening frames; (2) RODD signaling takes
full advantage of the superposition and broadcast nature of the wireless medium. As we
shall see, the throughput of a RODD-based network is greater than that of ALOHA-type
random access, and is more than twice as large as that of slotted ALOHA in many cases;
(3) RODD signaling is particularly efficient when the traffic is predominantly peer-topeer broadcast, such as in mobile systems used in local advertising, spontaneous social
networks, emergency situations or on battlefield; (4) Communication overhead usually
comes as an afterthought in network design, whereas RODD enables extremely efficient
exchange of a small amount of state information amongst neighbors; (5) Because nodes
simultaneously transmit, the channel-access delay is typically smaller and more stable
than in conventional reservation or scheduling schemes.

1.1. Related Work
There have been numerous works on the design of physical and MAC layers for wireless
networks (see the surveys [47, 66, 73] and references therein). Two major challenges
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need to be addressed: One is the half-duplex constraint; the other is the broadcast and
superposition nature of the wireless medium, so that simultaneous transmissions interfere
with each other at a receiver.

1.1.1. State of the Art
State-of-the-art designs either schedule nodes orthogonally ahead of transmissions, or
apply an ALOHA-type random access scheme, or use a mixture of random access and
scheduling reservation [58]. Typically, the collision model is assumed, where if multiple
nodes simultaneously transmit, their transmissions fail due to collision at the receiver.
Under such a model, random access leads to poor efficiency (e.g., ALOHA’s efficiency is
less than 1/e). On the other hand, scheduling node transmissions is often difficult and
subject to the hidden terminal and exposed terminal problems.
Despite the half-duplex constraint, it is neither necessary nor efficient to separate
a node’s transmission slots and listening slots in the timescale of a frame. In fact,
time-sharing can fall considerably short of the theoretical optimum. In particular, nontransmission can be regarded as an additional symbol for signaling (besides 0 and 1),
whose positions can be used to communicate information (see also [46, 54, 55]).
Several recent works on the implementation of physical and MAC layers break away
from the collision model and single-user transmission. For example, superposition coding
for degraded broadcast channels has been implemented using software-defined radios [24].
Analog network coding has also been implemented based on 802.11 technology [41], where,
when two senders transmit simultaneously, their packets collide, or more precisely, superpose at the receiver, so that if the receiver already knows the content of one of the packets,
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it can cancel the interference and decode the other packet. Similar ideas have been proven
feasible in some other contexts to achieve interference cancellation in unmanaged ZigBee
networks [33], ZigZag decoding for 802.11 in [25], and interference alignment and cancellation in [26].

1.1.2. Relationship to CDD, TDD, and Time-Hopping Impulse Radio
Rapid on-off-division duplex is related to code-division duplex, which was proposed in
the context of code-division multiple access (CDMA) [7]. In CDD, orthogonal (typically
antipodal) spreading sequences are allocated to uplink and downlink communications, so
that a receiver ideally cancels self-interference by matched filtering with its own receive
spreading sequence. Despite the claimed higher spectral efficiency than that of TDD and
FDD in [49], CDD is not used in practice because it is difficult to maintain orthogonality
due to channel impairments and suppress self-interference which is orders of magnitude
stronger than the desired signal. In RODD, the desired signal is sifted through the off-slots
of the transmission frame, so that the leakage of the transmit energy into the received
signal is kept to the minimum. RODD can be viewed as CDD using on-off sequences
without spreading.
RODD can also be viewed as (very fast) TDD with irregular symbol-level transition
between transmit and receive slots as well as coding over many slots. Although on-off
signaling can in principle be applied to the frequency domain, it would be much harder
to implement sharp band-pass filters to remove self-interference.
The RODD signaling also has some similarities to that of time-hopping impulse radio [72, 85]. Both schemes transmit a sequence of randomly spaced pulses. There are
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crucial differences: Each on-slot (or pulse) in RODD spans one or a few data symbols
(in microseconds), whereas each pulse in impulse radio is a baseband monocycle of a
nanosecond or so duration. Moreover, impulse radio is carrier-free and spreads the spectrum by many orders of magnitude, whereas RODD uses a carrier and is not necessarily
spread-spectrum.

1.1.3. Relationship to Other Full-Duplex Schemes
Recently, it has been proposed in the literature that full-duplex communication with halfduplex radios can be achieved based on interference cancellation. The key technique is to
let the receive chain of a node remove the self-interference caused by the known signal from
its transmit chain, so that reception can be concurrent with transmission. The idea is not
new (see, e.g. [15,43,63,64]), but has only been successfully implemented in a laboratory
environment in the past years [16, 21, 38, 68]. Two groups’s work has received much
attention. One group uses a balanced/unbalanced transformer to negate the transmitted
signal for analog cancellation at the receiver, followed by subsequent digital cancellation.
It is reported that up to 73 dB self-interference is successfully removed in a controlled
laboratory environment [38]. (This outperforms the earlier beamforming idea in [16]
from the same group.) The other group uses a combination of transmit/receive antenna
separation and analog and optional digital self-interference cancellation. They report that
up to 80 dB self-interference can be removed [68].
Comparing with RODD which has to introduce off-slots in a frame to achieve virtual
full-duplex communication, interference-based full duplex scheme would be more efficient

18

if the self-interference can be completely removed. However, there may exist space limitations for adequate antenna separation. And analog cancellation is hard with multiple
transmit antennas, because it is not easy to separate several self-interference signals from
their superposition for cancellation. Also, self-interference cancellation is unlikely to be
feasible when the power of its own transmission is around the noise level. In such cases,
RODD is a more viable solution. In fact, RODD and interference-based full duplex scheme
can be combined together: Off-slots are introduced to avoid self-interference, whereas during on-slots the self-interference can be removed or at least suppressed to yield more useful
received signals.

1.2. System Model
We start with a physical-layer model for RODD in wireless networks with perfect
synchronization. Consider a network with N nodes, indexed by 1, . . . , N . Suppose all
transmissions are over the same frequency band. Let time be divided into slots of equal
length, and one or a few symbols can be transmitted over each slot, where in the latter
case we regard the transmit signal as a vector symbol. Let each frame consist of M slots
and the on-off signature of node n be denoted as S n = [s1n , . . . , sM n ]>. During slot m,
node j may transmit a symbol if smj = 1, whereas if smj = 0, node j listens to the channel
and emits no energy. The physical link between any pair of nodes can be modeled as a
fading channel. Let the path loss satisfy a power law with exponent α. Let ∆ denote
the duration of a slot and pj (t) denote the waveform for a single slot of node j (which
may include multipath components). Let dnj denote the distance between nodes n and
j, hnj denote the fading coefficient and Xmj denote the transmitted symbol of node j at

19

time slot m. Let us also assume that the signaling of each node is subject to unit average
power constraint, i.e.,
M
X

smn |xmn |2 ≤ M

(1.1)

m=1

for each codeword (x1n , . . . , xM n ). The received signal of node n over a single frame is
described by
M
X √ −α/2
X
(1−smn )smj Xmj 1{t∈[(m−1)∆,m∆]} pj (t−(m−1)∆−τnj )+Wn (t)
Yn (t) =
γj dnj hnj
j6=n

m=1

(1.2)
where τnj denotes the relative delay from node j to node n, Wn (t) denotes additive white
Gaussian noise (AWGN) of unit spectral density and γj essentially denotes the signal-tonoise ratio (SNR) of node j over each active slot in absence of fading and path loss. Here
1{t∈[a,b]} denotes a rectangular waveform on the interval [a, b]. The received signal of node
n over its own off-slots is the noisy superposition of the signals from other nodes over
those slots.
2
The SNR of the link from node j to node n can be regarded as γnj = γj d−α
nj |hnj | . We

say node j is a (one-hop) neighbor or peer of node n if γnj exceeds a given threshold.1 Let
the set of neighbors (or peers) of n be denoted as ∂n, which is also called its neighborhood.
We are only interested in communication over links between neighbors. Suppose the
propagation delay from nodes in the neighborhood can be ignored compared with the
duration of each on/off slot, i.e., τnj ≈ 0, the discrete-time counterpart of model (1.2)

1The neighbor relationship is not necessarily reciprocal because γ |h |2 and γ |h |2 need not be idenj nj
n jn
tical.
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Z1
Figure 1.1. RODD signaling of four nodes.

with perfect intersymbol interference (ISI) cancellation is
Ymn = (1 − smn )

X√

−α/2

γj dnj

hnj smj Xmj + Vmn

(1.3)

j∈∂n

where Ymn denotes the received signal of node n during each slot m ∈ {1, . . . , M } and
Vmn consists of the additive noise Wmn as well as the aggregate interference caused by
non-neighbors.
Note that (1.2) and (1.3) model the half-duplex constraint at a fundamental level: If
node n transmits during a slot, then its received signal during that slot is erased. Fig. 1.1
illustrates a snapshot of RODD signals of four nodes taken over 50 slots. Here Z 1 , . . . , Z 4
represent the transmitted signals of node 1 through node 4, respectively, where the solid
lines represent on-slots and the dotted lines represent off-slots. The received signal of
node 1 through its off-slots is Y 1 , which is the superposition of Z 2 , Z 3 , and Z 4 with
erasures at its own on-slots (represented by blanks). That is, RODD forms fundamentally
a multiaccess channel with erasure.
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1.3. Design Issues
1.3.1. Synchronization

Synchronicity has been studied extensively in the context of ad hoc and sensor networks.
One possible shortcut, if applicable, is to have all nodes globally synchronized using the
global positioning system (GPS) or via listening to base stations in an existing cellular
network. Alternatively, various distributed algorithms for reaching consensus [69, 70, 76]
can be used to achieve local synchronicity, i.e., the timing fluctuates over the network,
but is a smooth function geographically. Local synchronicity can also be achieved using a
common reference, such as a strong beacon signal. In a RODD system, it suffices to have
all communicating peers be approximately symbol-synchronized, as long as the timing
difference (including the propagation delay) is much smaller than the symbol interval.
For instance, if neighbors are within 300 meters, the propagation delay is at most 1
microsecond, which is much smaller than the bit or pulse interval of a typical MANET.
More pronounced propagation delays can also be explicitly addressed in the physical
model, but this is out of the scope of this thesis.
In order to decode the information from neighbors, it is necessary to acquire their
timing (or relative delay) regardless of whether RODD or any other physical- and MAClayer technology is used. Timing acquisition and decoding are generally easier if the
frames arriving at a receiver are synchronous locally within each neighborhood, although
synchronization is not a necessity. Whether synchronizing the nodes is worthwhile is a
challenging question, which is not discussed further in this thesis.
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1.3.2. Signature Distribution and Neighbor Discovery
In this thesis, it is assumed that each node has complete knowledge of the signatures of
all nodes. It is, however, not necessary to directly distribute the set of duplex masks
to each node in the network. It suffices to let nodes generate their signatures using the
same pseudo-random number generator or some other deterministic function with their
respective unique network interface address (NIA) as the seed. In principle, every node
can reconstruct all signatures by enumerating all NIAs.
Before establishing data links, a node needs to acquire the identities or NIAs of its
neighbors. This is called neighbor discovery (or peer discovery). By applying RODD
signaling, all nodes simultaneously send their on-off signatures and make measurements
through their respective off-slots. Therefore, all nodes can simultaneously discover their
respective neighbors, i.e., virtual full-duplex discovery is achievable,
References [52, 53] have pointed out that to identify a small number of neighbors out
of a large collection of nodes based on the signal received over a linear channel is fundamentally a compressed sensing (or sparse recovery) problem, for which a small number of
measurements (channel uses) suffice [13, 19].2 Using pseudo-random on-off signatures for
neighbor discovery was proposed in [52, 53] along with a group testing algorithm. The
key observation is that, from one node’s viewpoint, for each slot with (essentially) no
energy received, any node who would have transmitted a pulse during that slot cannot be
a neighbor. A node basically goes through every off-slot and eliminates nodes incompatible with the measurement; the surviving nodes are then regarded as neighbors. Using
2Several

authors have studied user activity problem in cellular networks using multiuser detection techniques [4,5,50]. These works assume channel coefficients are known to the receiver, which is not the case
in most networks.
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random signatures requires only noncoherent energy detection and has been shown to be
effective and efficient at moderate SNRs. The disadvantage, however, is that the system
is not scalable to accommodate a very large address space (beyond 20-bit NIAs), because
the discovery complexity is linear in the node population. In Chapter 5, we propose a
new scheme with deterministic signatures which overcomes the scalability problem and
has better performance.

1.4. Outline and Contributions
In this thesis, we study both theoretic limitations and applications of RODD in wireless
ad hoc and peer-to-peer networks.
As a first step toward quantifying the advantage of on-off signaling, Chapter 2 answers
a basic question of what is the optimal signaling for a discrete-time scalar AWGN channel
with duty cycle constraint as well as average transmission power constraint. The duty
cycle constraint can be regarded as a requirement on the minimum fraction of nontransmissions or zero symbols in each codeword. A unique discrete input distribution is shown
to achieve the channel capacity. In many situations, numerically optimized on-off signaling
can achieve much higher rate than Gaussian signaling over a deterministic transmission
schedule. This is in part because the positions of nontransmissions in a codeword can
convey information. The results suggest that, under the duty cycle constraint, departing
from the usual paradigm of intermittent frame transmissions may yield substantial gain.
To further explore the advantages of RODD in wireless networks with half-duplex constraint, Chapter 3 presents a study of network capacity in the scenario that the traffic is
mutual broadcast, i.e., all nodes wish to broadcast information to and receive information
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from their respective peers simultaneously. The throughput of a fully-connected, synchronized, RODD-based network is studied under the assumption that each node has complete
knowledge of the duplex masks of all nodes in the network. Numerical results demonstrate
that the throughput of RODD evaluated under some general settings is significantly larger
than that of ALOHA.
In Chapter 4, we study the mutual broadcast problem as an important application of
RODD in wireless networks. The defining feature of our scheme is to let all nodes send
their messages at the same time, where each node broadcasts an on-off codeword (selected
from its unique codebook according to its message). Decoding can be viewed as a problem
of compressed sensing (or sparse support recovery) based on linear measurements. In the
case that each message consists of a small number of bits, an iterative message-passing
algorithm based on belief propagation is developed, and its performance is characterized
using a state evolution formula in the limit where each node has a large number of peers. In
a network consisting of Poisson distributed nodes with the same transmit power, numerical
results demonstrate that the proposed scheme achieves several times the rate of slotted
ALOHA and CSMA with the same packet error rate (1%).
Chapter 5 proposes a novel scheme using RODD signaling for the problem of neighbor
discovery in wireless networks, namely, each node wishes to discover and identify the
NIAs of those nodes within its single hop. The key technique is to assign each node a
unique on-off signature derived from a second-order Reed-Muller code and let all nodes
simultaneously transmit their signatures. To identify its neighbors out of a large network
address space, each node solves a compressed sensing problem using a chirp decoding
algorithm. The decoding complexity is sublinear in the NIA space, which is in principle
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scalable to billions of nodes with 48-bit IEEE 802.11 MAC addresses. A network of over
one million Poisson distributed nodes (with 20-bit NIAs) is studied numerically, where
each node has 30 neighbors on average, and the channel between each pair of nodes
is subject to path loss and Rayleigh fading. Within a single frame of 4,096 symbols,
nodes can discover their respective neighbors with on average 99.8% accuracy at 11 dB
SNR. The new scheme is much more efficient than conventional random-access discovery,
where nodes have to retransmit over many frames with random delays to be successfully
discovered.
Chapter 6 concludes this thesis, and also discusses some future research directions.
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CHAPTER 2

Capacity of Gaussian Channels with Duty Cycle Constraint
In many wireless communication systems, a radio is designed to transmit actively
only for a fraction of the time, which is known as its duty cycle. For example, the ultrawideband system in [39] transmits short bursts of signals to trade bandwidth for power
savings. The physical half-duplex constraint also requires a radio to stop transmission
over a frequency band from time to time if it wishes to receive useful signals over the same
band. Thus wireless relays are subject to duty cycle constraint, so do cognitive radios
which have to listen to the channel frequently to avoid causing interference to primary
users. The de facto standard solution under duty cycle constraint is to transmit packets
intermittently.
This chapter studies the fundamental question of what is the optimal signaling for
a Gaussian channel with duty cycle constraint as well as average transmission power
constraint. An important observation is that the signaling in nontransmission periods
can be regarded as transmission of a special zero signal. We make a simplistic and
idealized assumption that the analog waveform corresponding to each transmitted symbol
is exactly of the span of one symbol interval. Practical pulse shaping filters, however,
would introduce higher duty cycle in continuous time than its discrete-time counterpart.
In order to alleviate such impact in practice, designs for pulse shaping filters need to be
taken into consideration. In this work, however, we restrict our focus on the discrete-time
model, where the duty cycle constraint is equivalent to a requirement on the minimum

27

fraction of zero symbols in each transmitted codeword. The mathematical model of the
AWGN channel and input constraints is described in Section 2.1.
Determining the capacity of a channel subject to various input constraints is a classical problem. It is well-known that Gaussian signaling achieves the capacity of a Gaussian channel with average input power constraint only. In addition, Zamir [90] shows
that the mutual information rate achievable using a white Gaussian input never incurs
a loss of more than half a bit per sample with respect to the power constrained capacity. Furthermore, Smith [77] investigated the capacity of a scalar AWGN channel
under both peak power constraint and average power constraint. The input distribution
that achieves the capacity is shown to be discrete with a finite number of probability
mass points. The discreteness of capacity-achieving distributions for various channels,
including quadrature Gaussian channels, and Rayleigh-fading channels is also established
in [2, 32, 36, 42, 74, 75]. Chan [14] studied the capacity-achieving input distribution for
conditional Gaussian channels which form a general channel model for many practical
communication systems.
The main results of this chapter are summarized in Section 2.2. Because all costs
associated with the constraints can be decomposed into per-letter costs, the optimal input
distribution is independent and identically distributed (i.i.d.). In Section 2.3, We use a
similar approach as in [77] and [14] to show that the capacity-achieving input distribution
for an AWGN channel with duty cycle constraint and average power constraints is discrete.
Unlike in [77] and [14], the optimal distribution has an infinite number of probability mass
points, whereas only a finite number of the points are found in every bounded interval.
This allows efficient numerical optimization of the input distribution.
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Numerical results in Section 2.4 demonstrate that using a numerically optimized discrete signaling achieves higher rates than using Gaussian signaling over a deterministic
transmission schedule. For example, if the radio is allowed to transmit no more than
half the time, i.e., the duty cycle is no greater than 50%, a near-optimal discrete input
achieves 50% higher rate at 10 dB SNR. This suggests that, compared to intermittently
transmitting frames using Gaussian or Gaussian-like signaling, it is more efficient to disperse nontransmission symbols within each frame to form codewords, which results in a
form of on-off signaling.
One of the reasons for the superiority of on-off signaling is that the positions of nontransmission symbols can be used to convey information, the impact of which is particularly significant in case of low SNR or low duty cycle. This has been observed in the
past. For example, as shown in [54] (see also [46, 55]), time sharing or time-division
duplex (TDD) can fall considerably short of the theoretical limits in a relay network: The
capacity of a cascade of two noiseless binary bit pipes through a half-duplex relay is 1.14
bits per channel use, which far exceeds the 0.5 bit achieved by TDD and even the 1 bit
upper bound on the rate of binary signaling.

2.1. System Model
Consider digital communication systems where coded data are mapped to waveforms
for transmission. Usually there is a collection of pulse waveforms, where each pulse
represents a symbol (or letter) from a discrete alphabet. We view nontransmission over a
symbol interval as transmitting the all zero waveform. In other words, a symbol interval
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of nontransmission is simply regarded as transmitting a special symbol “0,” which carries
no energy.
As far as the capacity-achieving input is concerned it suffices to consider the baseband
discrete-time model for the AWGN channel. The received signal over a block of n symbols
can be described by
Yi = Xi + Ni

(2.1)

where i = 1, . . . , n, Xi denotes the transmitted symbol at time i and N1 , . . . , Nn are independent standard Gaussian random variables. For simplicity, we assume no inter-symbol
interference is at receiver. Each symbol modulates a continuous-time pulse waveform for
transmission. Under the assumption that the width of all pulses is exactly of one symbol
interval, the duty cycle is equal to the fraction of nonzero symbols in a codeword.
Let 1 − q denote the maximum duty cycle allowed. In this chapter, we require every
codeword (x1 , x2 , · · · , xn ) to satisfy
n

1X
1 (xi 6= 0) ≤ 1 − q
n i=1

(2.2)

where 1 (·) is the indicator function. In addition, we consider the usual average input
power constraint,
n

1X 2
x ≤ γ.
n i=1 i

(2.3)

In many wireless systems, the transmitter’s activity is constrained in the frequency
domain as well as in the time domain. In principle, the results in this chapter also apply
to the more general model where the duty cycle constraint is on the time-frequency plane.
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2.2. Main Results
Let µ denote the distribution of the channel input X. The set of distributions with
duty cycle no greater than 1 − q and power constraint γ is denoted by


Λ(γ, q) = µ : µ({0}) ≥ q, Eµ X 2 ≤ γ}.

(2.4)

It should be understood that µ is a probability measure defined on the Borel algebra on
the real number set, denoted by B(R).
Theorem 2.1. The capacity of the additive white Gaussian noise channel (2.1) with duty
cycle no greater than 1 − q and the average power no greater than γ is

C(γ, q) = max I(µ) .

(2.5)

µ∈Λ(γ,q)

In particular, the following properties hold:
a) the maximum of (2.5) is achieved by a unique (capacity-achieving) distribution
µ0 ∈ Λ(γ, q);
b) µ0 is symmetric about 0 and its second moment is exactly equal to γ; and
c) µ0 is discrete with an infinite number of probability mass points, whereas the
number of probability mass points in any bounded interval is finite.
The proof of Theorem 2.1 is relegated to Section 2.3. Property (b) suggests that
the capacity-achieving input always exhausts the power budget. Property (c) indicates
that the capacity-achieving input can be well approximated by some discrete inputs with
finite alphabet, which can be computed using numerical methods. The achievable rate of
numerically optimized input distribution is studied in Section 2.4.
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2.3. Proof of Theorem 2.1
This section is devoted to a proof of Theorem 2.1. The conditional probability density
function (pdf) of the output given the input of the AWGN channel (2.1) is
pY |X (y|x) = φ(y − x)

(2.6)

t2
1
φ(t) = √ e− 2
2π

(2.7)

where

is the standard Gaussian pdf.
The capacity of the AWGN channel is achieved by an i.i.d. process and the duty cycle
constraint reduces to a per symbol cost constraint. For given input distribution µ, the
pdf of the output exists and is expressed as
Z
pY |X (y|x) µ(dx) = Eµ {φ(y − X)} .

pY (y; µ) =

(2.8)


Denote the relative entropy D pY |X (·|x)kpY (·; µ) by d(x; µ), which is expressed as
Z

∞

d(x; µ) =

pY |X (y|x) log
−∞

pY |X (y|x)
dy .
pY (y; µ)

(2.9)

The mutual information I(µ) = I(X; Y ) is then
Z
I(µ) =

d(x; µ) µ(dx) = Eµ {d(X; µ)} .

(2.10)

The capacity of the AWGN channel under per-letter duty cycle constraint and power
constraint is evidently given by the supremum of the mutual information I(µ) where
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µ ∈ Λ(γ, q). The achievability and converse of this result can be established using standard
techniques in information theory.
The proof of property (a) is presented in Section 2.3.1. Now suppose µ0 is the unique
capacity-achieving distribution, property (b) is established as follows. Since the mirror
reflection of µ0 about 0 is evidently also a maximizer of (2.5), the uniqueness requires that
µ0 be symmetric. Note that linear scaling of the input to increase its power maintains
its duty cycle and cannot reduce the mutual information, as the receiver can add noise
to maintain the same SNR. By the uniqueness of the maximizer µ0 , the power constraint
must be binding, i.e., the second moment of µ0 must be equal to γ. In order to prove
property (c), we first establish a sufficient and necessary condition for µ0 in Section 2.3.2
and then apply it to show the discreteness of µ0 in Section 2.3.3.

2.3.1. Existence and Uniqueness of µ0
Let P denote the collection of all Borel probability measures defined on (R, B(R)), which
is a topological space with the topology of weak convergence [78]. We first establish the
following lemma.

Lemma 2.1. Λ(γ, q) is compact in the topological space P.

Proof. According to [78], the topology of weak convergence on P is metrizable.
Therefore, by Prokhorov’s theorem [62], in order to prove that Λ(γ, q) is compact in
P, it suffices to show that it is both tight and closed.
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For any  > 0, there exits an a > 0, such that for all µ ∈ Λγ ,
µ(|X| > a ) ≤

Eµ {X 2 }
γ
≤ 2 <
2
a
a

(2.11)

by Chebyshev’s inequality. Choose K = [−a , a ], then K is compact in R and µ(K ) ≥
1 −  for all µ ∈ Λ(γ, q), thus Λ(γ, q) is tight.


Let Bm = − m1 , m1 for m = 1, 2, . . . . Let {µn }∞
n=1 be a convergent sequence in Λ(γ, q)
with limit µ0 . Since µn (Bm ) ≥ q for every m, n, we have [78, Section 3.1]
q ≤ lim sup µn (Bm ) ≤ µ0 (Bm ),

(2.12)

n→∞

and hence
∞
\

µ0 ({0}) = µ0

m=1

!
Bm

= lim µ0 (Bm ) ≥ q.
m→∞

(2.13)

Moreover, let f (x) = x2 which is continuous and bounded below. By weak convergence [78, Section 3.1], we have


Eµ0 X

2

Z
=

Z
f dµ0 ≤ lim inf
n→∞

f dµn ≤ γ.

(2.14)

Therefore, µ0 ∈ Λ(γ, q), i.e., Λ(γ, q) is closed, and the compactness of Λ(γ, q) then follows.


Since the mutual information I(µ) is continuous on P [87, Theorem 9], it must achieve
its maximum on the compact set Λ(γ, q). Hence the capacity-achieving distribution µ0
exists.
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According to [87, Corollary 2], the mutual information I(µ) is strictly concave. It is
easy to see that Λ(γ, q) is convex. Hence the capacity-achieving distribution µ0 must be
unique.

2.3.2. Sufficient and Necessary Conditions
We denote the finite-power set as
Λ(q) = ∪0≤γ<∞ Λ(γ, q).

(2.15)

Let φ(·) defined in (2.7) be extended to the complex plane. The relative entropy d(x; µ)
defined in (2.9) can be extended to the complex plane C and has the following property:

Lemma 2.2. For any µ ∈ Λ(q) and z ∈ C,
∞

Z

φ(y − z) log

d(z; µ) =
−∞

φ(y − z)
dy
pY (y; µ)

(2.16)

is a holomorphic function of z on C. Consequently, d(x; µ) is a continuous function of x
on R.

Proof. It can be shown that

R∞
−∞

φ(y − z) log φ(y − z)dy is a constant, thus a holo-

morphic function of z on C. Therefore, it remains to prove that
Z

∞

φ(y − z) log pY (y; µ)dy

ξ(z) =
−∞

is a holomorphic function of z on C.

(2.17)

35

First, by Jensen’s inequality, we have

pY (y; µ) = Eµ

(y−X)2
1
√ e− 2
2π


(2.18)

1
1
2
≥ √ e− 2 Eµ {(y−X) }
2π

(2.19)

1 2
−ay−b

= e− 2 y

(2.20)

where a = −Eµ {X} and b = 21 (Eµ {X 2 } + log(2π)) are real numbers due to the fact that
1 2
−ay−b

µ ∈ Λ(q). Thus, pY (y; µ) ∈ [e− 2 y

, 1], i.e.,

1
| log PY (y; µ)| ≤ y 2 + ay + b.
2

(2.21)

As a result, we have

1 2
y + ay + b
2


1 − (y−Re(z))2 −Im2 (z) 1 2
2
y + ay + b ,
=√ e
2
2π


(y−z)2
1
e− 2
|φ(y − z) log pY (y; µ)| ≤ √
2π

(2.22)
(2.23)

which is integrable. (Here Re(z) and Im(z) represent the real and imaginary parts of z,
respectively.) It follows that ξ(z) given by (2.17) exists for any µ ∈ Λ(q) and z ∈ C.
Suppose U is an open and bounded subset of C. There exists an r > 0 such that
|Re(z)| ≤ r and |Im(z)| ≤ r for all z ∈ U . It is easy to check that
e−

(y−Re(z))2
2

y2

≤ e− 2 +|yr|
y2

(2.24)
y2

≤ e− 2 +yr + e− 2 −yr
=e

r2
2

h

− 12 (y−r)2

e

+e

− 12 (y+r)2

(2.25)
i

.

(2.26)
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Combining (2.22) and (2.26) yields that

2
i 1
1
er h − 1 (y−r)2
2
−
(y+r)
2
e 2
|φ(y − z) log pY (y; µ)| ≤ √
+e 2
y + ay + b ,
2
2π
which is integrable. Therefore, the integral

R∞
−∞

(2.27)

φ(y − z) log pY (y; µ)dy is uniformly con-

vergent for all z ∈ U . Moreover, φ(y − z) log pY (y; µ) is a holomorphic function of z on
U for each y ∈ R. According to the differentiation lemma [48], ξ(z) is a holomorphic
function of z on U . It then follows that it is holomorphic on the whole complex plane C.
Lemma 2.2 is thus established.



Let F (µ) be a real-valued function defined on the convex set Λ(q) and µ0 ∈ Λ(q).
Define the weak derivative of F (µ) at µ0 as
Fµ0 0 (µ) = lim+
θ→0

F ((1 − θ)µ0 + θµ) − F (µ0 )
θ

(2.28)

whenever the limit exists. The following result, which finds its parallel in [2, 14, 36] gives
the weak derivative of the mutual information function I(µ).

Lemma 2.3. Let µ0 , µ ∈ Λ(q), the weak derivative of the mutual information function
I(µ) at µ0 is
Iµ0 0 (µ)

Z
=

d(x; µ0 ) µ(dx) − I(µ0 ).

(2.29)
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Proof. Define µθ = (1 − θ)µ0 + θµ for all θ ∈ (0, 1]. It can be shown that
1
(I(µθ ) − I(µ0 ))
θ
Z

Z
1
1
=
(d(x; µθ ) − d(x; µ0 )) µθ (dx) +
d(x; µ0 ) µθ (dx) − I(µ0 )
θ
θ
Z
Z
1 ∞
pY (y; µθ )
=−
pY (y; µθ ) log
dy + d(x; µ0 ) µ(dx) − I(µ0 ).
θ −∞
pY (y; µ0 )

(2.30)
(2.31)

Therefore, it suffices to show that
Z
lim+

θ→0

∞

−∞

pY (y; µθ )
1
pY (y; µθ ) log
dy = 0.
θ
pY (y; µ0 )

(2.32)

In the remainder of this proof, we find a function independent of θ that dominates
the integrand so that dominated convergence theorem can be used to establish (2.32) by
exchanging the order of the limit and the integral therein.

Lemma 2.4. Let θ, a, b ∈ (0, 1]. Define

f (θ) =

(1 − θ)a + θb
(1 − θ)a + θb
log
,
θ
a

(2.33)

then
|f (θ)| ≤ b + a − b log b − b log a .

(2.34)

Proof. It is easy to check that f (1) = b log ab , f (0+ ) = b − a and


b−a
a
b
f (θ) =
− 2 log 1 − θ + θ .
θ
θ
a
0

(2.35)
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Define g(θ) = θ(b − a) − a log 1 − θ + ab θ for θ ∈ (0, 1], then we have
g 0 (θ) =

θ(b − a)2
≥ 0.
(1 − θ)a + θb

(2.36)

Since g(0+ ) = 0, g(θ) ≥ 0 for all θ ∈ (0, 1]. According to (2.35), we have f 0 (θ) =

g(θ)
θ2

≥ 0.

It follows that for all θ ∈ (0, 1],
b
b − a = f (0+ ) ≤ f (θ) ≤ f (1) = b log ,
a

(2.37)



b
|f (θ)| ≤ max |b − a|, b log
a

(2.38)

≤ b + a − b log b − b log a.

(2.39)

and hence

Lemma 2.4 is thus established.



Applying Lemma 2.4 with a = pY (y; µ0 ) and b = pY (y; µ), we have
1
pY (y; µθ )
pY (y; µθ ) log
≤ pY (y; µ) + pY (y; µ0 )
θ
pY (y; µ0 )
− pY (y; µ) log pY (y; µ) − pY (y; µ) log pY (y; µ0 )
where the right hand side is an integrable function of y by the result that −

(2.40)
R∞
−∞

pY (y; µ2 )

log pY (y; µ1 )dy < ∞ for any µ1 , µ2 ∈ Λ(q). In fact, as in the proof of Lemma 2.2
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(see (2.21)), there exist a, b ∈ R such that | log pY (y; µ1 )| ≤ 21 y 2 + ay + b. Therefore,
Z

∞

∞

Z



|pY (y; µ2 ) log pY (y; µ1 )|dy ≤

pY (y; µ2 )
−∞

−∞


1 2
y + ay + b dy
2

(2.41)


1
1
= Eµ2 X 2 + aEµ2 {X} + b +
2
2

(2.42)

<∞

(2.43)

due to the assumption that µ2 ∈ Λ(q).
Therefore, the dominated convergence theorem provides that
1
lim+
θ→0 θ

Z

∞

pY (y; µθ )
pY (y; µθ ) log
dy =
pY (y; µ0 )
−∞

Z

∞

pY (y; µθ )
1
lim+ pY (y; µθ ) log
dy
pY (y; µ0 )
−∞ θ→0 θ
Z ∞
=
(pY (y; µ) − pY (y; µ0 )) dy

(2.44)
(2.45)

−∞

= 0.

Lemma 2.3 is thus proved.

(2.46)



We establish the following sufficient and necessary condition for the optimal input
distribution.

Lemma 2.5. Let
fλ (x; µ) = d(x; µ) − I(µ) − λ(x2 − γ).

(2.47)

Then µ0 ∈ Λ(γ, q) achieves the capacity if and only if there exists λ ≥ 0 such that
λEµ0 {X 2 − γ} = 0 and Eµ {fλ (X; µ0 )} ≤ 0 for all µ ∈ Λ(q).
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Proof. Define the Lagrangian

J(µ) = I(µ) − λEµ X 2 − γ

(2.48)

where λ is the Lagrange multiplier. Since Λ(q) is a convex set and I(µ) < ∞ on Λ(q), µ0
is capacity-achieving if and only if there exists λ ≥ 0 such that the following conditions
hold [51]:
(i) λEµ0 {X 2 − γ} = 0;
(ii) for all µ ∈ Λ(q), J(µ0 ) ≥ J(µ).
Due to concavity of I(µ), J(µ) is also concave. Condition (ii) is then equivalent to that
the weak derivative Jµ0 0 (µ) ≤ 0 for all µ ∈ Λ(q).
By Lemma 2.3, the linearity of Eµ {X 2 − γ} with respect to (w.r.t.) µ and Condition (i), Jµ0 0 (µ) can be easily calculated as
Jµ0 0 (µ) = Eµ {fλ (X; µ0 )} .

(2.49)

Therefore, Condition (ii) is equivalent to Eµ {fλ (X; µ0 )} ≤ 0 for all µ ∈ Λ(q). Thus
Lemma 2.5 follows.



We call x ∈ R a point of increase of a measure µ if µ(O) > 0 for every open subset
O of R containing x. Let Sµ be the set of points of increase of µ. Based on Lemma 2.5,
we derive another sufficient and necessary condition for the optimal input distribution,
which will be used to prove Property (c) of Theorem 2.1 in Section 2.3.3.
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Lemma 2.6. Let
gλ (x; µ) = qfλ (0; µ) + (1 − q)fλ (x; µ).

(2.50)

Then µ0 ∈ Λ(γ, q) achieves the capacity if and only if there exists λ ≥ 0 such that for
every x ∈ R,
gλ (x; µ0 ) ≤ 0 .

(2.51)

Furthermore, gλ (x; µ0 ) = 0 for every x ∈ Sµ0 \{0}.

Proof. The necessity part is shown as follows. Suppose µ0 achieves the capacity, then
by Lemma 2.5, there exists λ ≥ 0 such that λEµ0 {X 2 − γ} = 0 and Eµ {fλ (X; µ0 )} ≤ 0
for all µ ∈ Λ(q). For any x ∈ R\{0}, choose µ such that µ({0}) = q and µ({x}) = 1 − q,
so by the fact that µ ∈ Λ(q), we have
0 ≥ Eµ {fλ (X; µ0 )} = qfλ (0; µ0 ) + (1 − q)fλ (X; µ0 ).

(2.52)

Due to the continuity of d(x; µ0 ) by Lemma 2.2, fλ (x; µ0 ) is also continuous so that (2.52)
holds for all x ∈ R, i.e., gλ (x; µ0 ) ≤ 0 for every x ∈ R.
To finish proving the necessity, it suffices to show that gλ (x; µ0 ) = 0 for all x ∈ Sµ0 \{0}.
Evidently, gλ (0; µ0 ) = fλ (0; µ0 ) and by (2.10) and λEµ0 {X 2 − γ} = 0,
Z
fλ (x; µ0 ) µ0 (dx) = 0 .

(2.53)
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Hence,
Z

Z
gλ (x; µ0 ) µ0 (dx) =

gλ (x; µ0 ) µ0 (dx) − gλ (0; µ0 )µ0 ({0})

(2.54)

R\{0}

Z
≥ qfλ (0; µ0 ) + (1 − q)

fλ (x; µ0 ) µ0 (dx) − qfλ (0; µ0 )

= 0.

(2.55)
(2.56)

Since gλ (x; µ0 ) ≤ 0 for every x ∈ R, (2.56) implies that on R\{0}, gλ (x; µ0 ) = 0 µ0 -almost
surely, so that gλ (x; µ0 ) = 0 for all x ∈ Sµ0 \{0} follows immediately.
The sufficiency part of Lemma 2.6 is established as follows. Suppose gλ (x; µ0 ) ≤ 0 for
every x ∈ R. By integrating gλ (x; µ0 ) w.r.t. µ0 , we have
Z
qgλ (0; µ0 ) ≥

gλ (x; µ0 ) µ0 (dx)

(2.57)


= qgλ (0; µ0 ) − (1 − q)λEµ0 X 2 − γ

(2.58)

≥ qgλ (0; µ0 )

(2.59)

where (2.58) is due to (2.10) and gλ (0; µ0 ) = fλ (0; µ0 ), and (2.59) follows from Eµ0 {X 2 } ≤
γ since µ0 ∈ Λ(γ, q). Hence, λEµ0 {X 2 − γ} = 0 due to the fact that q < 1. Furthermore,
for any µ ∈ Λ(q), by integrating gλ (x; µ0 ) w.r.t. µ, we have
Z
qgλ (0; µ0 ) ≥

gλ (x; µ0 ) µ(dx)

= qfλ (0; µ0 ) + (1 − q)Eµ {fλ (X; µ0 )} .

(2.60)
(2.61)

Because gλ (0; µ0 ) = fλ (0; µ0 ), we have Eµ {fλ (X; µ0 )} ≤ 0. Together with λEµ0 {X 2 − γ} =
0 and Lemma 2.5, this implies that µ0 must be capacity-achieving.
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2.3.3. Discreteness of µ0

With Lemma 2.6 established, we now prove Property (c) in Theorem 2.1.
Let λ ≥ 0 satisfy condition (2.51) and d(z; µ) be defined in (2.16). We extend functions
fλ (x; µ) in Lemma 2.5 and gλ (x; µ) in Lemma 2.6 to be defined on the whole complex
plane C as (2.47) and (2.50), respectively, with x replaced by z ∈ C. By Lemma 2.2,
d(z; µ) is a holomorphic function of z on C, hence so is gλ (z; µ). According to Lemma 2.6,
each element in the set Sµ0 \{0} is a zero of the function gλ (z; µ0 ).
T
Next we show that for any bounded interval L of R, Sµ0 L is a finite set. Suppose, to
T
the contrary, Sµ0 L is infinite, then it has a limit point in R by the Bolzano-Weierstrass
Theorem [48] and hence, gλ (z; µ0 ) = 0 on the whole complex plane C by the Identity
Theorem [67]. Then, by (2.9), (2.47) and (2.50), for every x ∈ R,
Z

∞

φ(y − x)r(y)dy = 0

(2.62)

−∞

where
r(y) = log pY (y; µ0 ) + λy 2 + c
and c = 21 log(2πe) + I(µ0 ) −

q
d(0)
1−q

(2.63)

− λ(γ + 1) is a constant.

As in the proof of Lemma 2.2, there exist a, b ∈ R such that | log pY (y; µ0 )| ≤ 12 y 2 +ay+
b. As a result, there exist some α, β > 0 such that |r(y)| ≤ αy 2 + β. Since the convolution
of r(y) and the Gaussian density is equal to the zero function by (2.62), r(y) must be
the zero function according to [14, Corollary 9]. This requires the capacity-achieving
output distribution pY (y; µ0 ) be Gaussian, which cannot be true unless X is Gaussian,
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which contradicts the assumption that X has a probability mass at 0. Therefore, Sµ0

T

L

must be a finite set for any bounded interval L, which further implies that Sµ0 is at most
countable.
Finally, we show that Sµ0 is countably infinite. Suppose, to the contrary, Sµ0 = {xi }N
i=1
is a finite set with µ0 ({xi }) = pi and |xi | ≤ B1 for all i = 1, 2, . . . , N . For any y > B1 ,
pY (y; µ0 ) =

N
X

pi φ(y − xi ) ≤ e−

(y−B1 )2
2

.

(2.64)

i=1

For any  > 0, choose B2 > 0 such that

R B2
−B2

φ(x)dx > 1 − . By (2.9), (2.47), (2.50)

and (2.51), for any x > B1 + B2 , we have
Z

∞

0≥−

φ(y − x) log pY (y; µ0 )dy − λx2 − (c + λ)

(2.65)

1
φ(y − x) (y − B1 )2 dy − λx2 − (c + λ)
2

(2.66)

−∞

Z

x+B2

≥
x−B2

Z

B2

=
B2

1
φ(t) (x − B1 + t)2 dt − λx2 − (c + λ)
2

1
≥ (x − B1 )2 (1 − ) − λx2 − (c + λ).
2

(2.67)
(2.68)

For (2.65) to hold for large x, λ must satisfy λ ≥ 12 .
To finish the proof, it suffices to show that λ <

1
2

for any γ > 0, so that contradiction

arises, which implies that Sµ0 must be countably infinite. For fixed q ∈ (0, 1), denote
the Lagrange multiplier in (2.51) as λ(γ). Denote CG (γ) =

1
2

log(1 + γ), which is the

channel capacity of a Gaussian channel with the average power constraint only. By the
envelope theorem [51], λ(γ) is the derivative of C(γ, q) w.r.t. γ. Since C(0, q) = CG (0) = 0
and the derivative of CG (γ) at γ = 0 is 12 , we have λ(0) ≤ 12 , otherwise we could find
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a small enough γ such that C(γ, q) would exceed CG (γ) which is obviously impossible.
Next we show that C(γ, q) is strictly concave for γ ≥ 0. Suppose µ1 and µ2 are the
capacity-achieving input distributions of (2.5) for different power constraints γ1 and γ2 ,
respectively. Due to Property (b) in Theorem 2.1, µ1 and µ2 must be different. Define
µθ = θµ1 + (1 − θ)µ2 for θ ∈ (0, 1). It is easy to see that µθ satisfies that the duty cycle
is no greater than 1 − q and the average input power is no greater than θγ1 + (1 − θ)γ2 .
Now we have
C(θγ1 + (1 − θ)γ2 , q) ≥ I(µθ )

(2.69)

> θI(µ1 ) + (1 − θ)I(µ2 )

(2.70)

= θC(γ1 , q) + (1 − θ)C(γ2 , q),

(2.71)

where (2.70) is due to the strict concavity of I(µ). Therefore, the strict concavity of
C(γ, q) for γ ≥ 0 follows, which implies that λ(γ) < λ(0) =

1
2

for all γ > 0.

2.4. Numerical results
One implication of Theorem 2.1 is that directly computing the capacity-achieving input distribution requires solving an optimization problem with infinite variables which
is prohibitive. Assuming any upper bound on the number of probability mass points,
however, a numerical optimization over the mutual information can yield a suboptimal
input distribution and a lower bound on the channel capacity. As we increase the number of mass points, the lower bound can be further refined. We take this approach to
numerically compute a good approximation of the channel capacity by optimizing over a
sufficient number of probability mass points.
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Figure 2.1. Suboptimal input distribution for P (X = 0) ≥ q = 0.3.

Given the duty cycle and power constraints, we first numerically optimize the mutual
information by a 3-point input distribution (including a mass at 0), then increase the
number of probability mass points by 2 at a time to improve the mutual information,
until the improvement is less than 10−3 .
First consider the case that the duty cycle is no greater than 70%, i.e., P (X = 0) ≥
q = 0.3. For different SNRs, the mass points of the near-optimal input distribution with
finite support along with the corresponding probability masses are shown in Fig. 2.1.
Due to symmetry, only the positive half of the input distribution is plotted. We can see
that as the SNR increases, more masses are put on higher-amplitude points, whereas the
probability mass at zero achieves its lower bound 0.3 eventually.
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Figure 2.2. Achievable rates under duty cycle constraint for 0 dB and 10 dB SNRs.
In Fig. 2.2, we compare the rate achieved by the near-optimal input distribution and
the rate achieved by a conventional scheme using Gaussian signaling over a deterministic
schedule, which is (1 − q) times the Gaussian channel capacity without duty cycle constraint. It is shown in the figure that there is substantial gain for both 0 dB and 10 dB
SNRs by using discrete input over Gaussian signaling with a deterministic schedule. For
example, when the SNR is 10 dB, given the duty cycle is no more than 50%, the discrete
input distribution achieves 50% higher rate. Hence departing from the usual paradigm of
intermittent frame transmissions may yield significant gain.
We also plot in Fig. 2.2 the achievable rate by a superposition coding, where the input
distribution is a mixture of Gaussian and a point mass at 0. We first decode the support
of the input to find out the positions of nonzero symbols, and then the Gaussian codeword
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conditioned on the support. It is shown in the figure that the near-optimal discrete input
achieves higher rate compared with the mixture input.
2.5. Summary
In this chapter we have studied the impact of duty cycle constraint on the capacity of
AWGN channels. The optimal distribution is discrete and has a finite number of probability mass points in any bounded interval. This allows efficient numerical optimization of
the input distribution. The numerical results show that under the duty cycle constraint,
using on-off signaling inside each frame instead of the usual paradigm of intermittent
frame transmissions may yield substantial gain. The results in this chapter have been
published in part in [91].
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CHAPTER 3

Network Capacity with Half-Duplex Constraint
To further quantify the advantages and potentials of the RODD technology, in this
chapter, we present theoretic results on the capacity of simple RODD network models
and a comparison with ALOHA-type random access scheme.
The traffic we consider here is mutual broadcast, i.e., all nodes wish to broadcast information to and receive information from its neighbors. An important example of mutual
broadcast is the network state information exchange. Many advanced wireless transmission techniques require knowledge of the state of communicating parties, such as the
power, modulation format, beamforming vector, code rate, acknowledgment (ACK), queue
length, etc. Conventional schemes often treat such network state information similarly
as data, so that exchange of such information require a substantial amount of overhead
and, in ad hoc networks, often many retransmissions. In a highly mobile network, the
overhead easily dominates the data traffic [3]. By creating a virtual full-duplex channel,
RODD is particularly suitable for nodes to efficiently broadcast local state information to
their respective neighbors. One potential application of this idea is to assist distributed
scheduling by letting each node choose whether to transmit based on its own state and the
states of its neighbors [37]. Another application is distributed interference management
by exchanging interference prices as studied in [71].
The remainder of this chapter is organized as follows. Mathematical models of a
network of nodes with RODD signaling is presented in Section 3.1. Assuming mutual
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broadcast traffic, the throughput of a fully-connected, synchronized, RODD-based network is studied in Section 3.2. Section 3.3 summarizes this chapter.

3.1. Network Models
Consider a wireless network consisting of N nodes, indexed by 1, . . . , N . Suppose
all transmissions are over the same frequency band. Suppose for simplicity each slot is
of one symbol interval and all nodes are perfectly synchronized over each frame of M
slots. Let the binary on-off duplex mask of node n over slots 1 through M be denoted by
S n = [s1n , . . . , sM n ]>. During slot m, node n may transmit a symbol if smn = 1, whereas
if smn = 0, the node listens to the channel and emits no energy.

3.1.1. The Fading Channel Model
As described by model (1.3), RODD forms fundamentally a multiaccess channel with
2
erasure. Denote the SNR of the link from node j to node n by γnj = γj d−α
nj |hnj | .

Model (1.3) can be rewritten as
Ymn = (1 − smn )

X√

γnj smj Xmj + Vmn

(3.1)

j∈∂n

We simply assume that Vmn are i.i.d. Gaussian random variables with zero mean and unit
variance.

3.1.2. A Deterministic Model
It is instructive to consider a simplification of model (1.3) by assuming noiseless reception and non-coherent energy detection. That is, as long as some neighbor transmits
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energy during an off-slot of node n, a “1” is observed in the slot, whereas if no neighbor
emits energy during the slot, a “0” is observed. This can be described as an inclusive-or
multiaccess channel (referred to as OR-channel) with erasure:
Ymn = (1 − smn ) (∨j∈∂n (smj Xmj ))

(3.2)

for m = 1, . . . , M , where the binary inputs Xmj and outputs Ymn take values from {0, 1}.
Since the output is a deterministic function of the inputs, (3.2) belongs to the family of
deterministic models, which have been found to be a very effective tool in understanding
multiuser channels (see, e.g, [8, 22]). Despite its simplicity, it captures the superposition
nature of the physical channel, while ignoring the effect of noise and interference, although
those impairments can also be easily included in the model.

3.2. Throughput Results
Suppose each node has a message to broadcast to all its neighbors by transmitting a
frame over M slots. An M -slot frame is regarded as being successful for a given node if
the messages from all its neighbors are decoded correctly; otherwise the frame is in error.
A rate tuple for the N nodes is achievable if there exists a code using which the nodes
can transmit at their respective rates with vanishing error probability in the limit where
the frame length M → ∞.
The achievable rates obviously depends on the network topology and the duplex masks.
Although carefully designed duplex masks can carry information (as discussed in Chapter 2), it is simply assumed that the elements smn of the duplex masks are i.i.d. Bernoulli
random variables with P(smn = 1) = q. Suppose every node has complete knowledge of
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the duplex masks of all peers. For simplicity, we consider a symmetric network of N nodes
who are neighbors of each other, where the gain between every pair of nodes is identical.
We assume that each node encodes its information independently. In the simplest
scenario, all nodes use randomly generated i.i.d. codebooks dependent on the parameters (N, M, q) but independent of the duplex masks otherwise. Such a code is called
a signature-independent code. Alternatively, nodes may use signature-dependent codes,
where the codebooks may depend on the on-off activity pattern Am = [sm1 , sm2 , . . . , smN ]
in every slot m.
In case all messages are of the same number of bits, the rate tuple collapses to a
single number. The maximum achievable such rate by using signature-independent (resp.
signature-dependent) codes is called the symmetric rate (resp. symmetric capacity).
In Section 3.2.1 we first describe the region of rate tuples when signature-independent
codes or signature-dependent codes are used. The results are then applied to derive the
symmetric rate and the symmetric capacity for the deterministic channel and the Gaussian
multiacess channel in Sections 3.2.2 and 3.2.3, respectively, and the asymmetric rate for
Gaussian multiaccess channel in Section 3.2.4.

3.2.1. Capacity Region
For each node n in the network, denote the alphabets of its transmit symbols and receive
symbols as Xn and Yn , respectively. Suppose node n chooses an index wn uniformly from
the set Wn = {1, 2, . . . , 2M Rn } and sends the corresponding M -length codeword over the
channel according to its encoding function fn : Wn → XnM . Assume the distribution of
Q
messages w = (w1 , . . . , wN ) over the product set N
n=1 Wn is uniform, i.e., the messages
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are independent and equally likely. Denote the receive signal and the decoding function
Q
at node n as Y n and gn : YnM → i6=n Wi , respectively. We define the average probability
of error in an M -length frame as follows:
)
P(M
e

where w\wn ∈

Q

=

i6=n

(M )

is achievable if Pe

1
2M

PN

n=1

X
Rn

N
X

P gn (Y n ) 6= w\wn w sent ,

(3.3)

Q
n=1
w∈ N
n=1 Wn

Wj represents the subset of w excluding wn . A rate tuple (R1 , . . . , RN )
→ 0 as M → ∞. And the capacity region is the closure of the set of

achievable rate tuples.
The on-off pattern Am = [sm1 , sm2 , . . . , smN ] can be viewed as the user activity. In the
case that the signature-independent codes are used, the user activity information is not
utilized by encoders to generate transmit symbols; while when the signature-dependent
codes are used, we can view that the user activity information is revealed at both encoders
and decoders.
Let n ∈ N = {1, . . . , N } and Sn ⊆ Nn = N \{n}. Let Snc denote the complement
P
of Sn in Nn . Let R(Sn ) = i∈Sn Ri and X(Sn ) = {Xi : i ∈ Sn } with Xi ∈ Xi . Denote
random variables Yn ∈ Yn and A as the receive symbol at node n and the user activity,
respectively. For any given pattern a with n zero entries, the probability that A = a is
q N −n (1 − q)n .
We establish the following result describing the capacity region in both cases where
signature-independent or signature-dependent codes are used.

54

Proposition 3.1. The capacity region is the closure of the convex hull of all rate tuples
(R1 , R2 , . . . , RN ) satisfying

R(Sn ) ≤ I X(Sn ); Yn X(Snc ), A for all n ∈ N and Sn ⊆ Nn
for some product distribution

QN

n=1 pXn (xn ) on

QN

n=1

(3.4)

Xn when the signature-independent

codes are used. In the case that the signature-dependent codes are used, the capacity
region is the closure of the convex hull of all rate tuples satisfying (3.4) for some product
QN
Q
distribution N
n=1 Xn for any given user activity A = a.
n=1 pXn |A (xn |a) on
We can view node n as the receiver and all other nodes as transmitters. The rest of the
proof of Proposition 3.1 then follows similar steps as in the multiple access channel [17].
Proof. We first prove the case that the signature-independent codes are used. Since
the user activity A is not available at encoders, it can be viewed as another output of the
channel besides Y n . Thus, according to the results of the multiple access channel [17],
the capacity region here is the closure of the convex hull of all rate tuples (R1 , R2 , . . . , RN )
satisfying

R(Sn ) ≤ I X(Sn ); Yn , A X(Snc )
= I X(Sn ); Yn X(Snc ), A



(3.5)
(3.6)

for all n ∈ N and Sn ⊆ Nn , where (3.6) is due to the independence between X(Sn ) and
A.
In the case that the signature-dependent codes are used, i.e., user activity A is available
at both encoders and decoders, for any activity pattern A = a, it follows directly from
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the results of the multiple access channel [17] that the rate tuple (R1 , . . . , RN ) satisfying

R(Sn ) ≤ I X(Sn ); Yn X(Snc ), A = a

(3.7)

for all n ∈ N and Sn ⊆ Nn is achievable. Thus, (3.4) can be achieved by time sharing.
To show the converse, we first prove the conditional version of Fano’s inequality and
data processing inequality [17]. Define w(Sn ) = {wi : i ∈ Sn } and

En =



 1, gn (Y n ) 6= w\wn ;

(3.8)


 0, otherwise.
It is easy to see that
H (En , w(Nn )|Y n , A) = H (w(Nn )|Y n , A) + H (En |Y n , A, w(Nn ))

(M )

where M → 0 as Pe

(3.9)

= H (En |Y n , A) + H (w(Nn )|Y n , A, En )

(3.10)

)
≤ 1 + P(M
M R(Nn )
e

(3.11)

, M M

(3.12)


→ 0. Since H En Y n , A, w(Nn ) = 0, from (3.9) and (3.12) we

have


H w(Sn ) Y n , A ≤ H w(Nn ) Y n , A ≤ M M .

(3.13)
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Define X(Sn ) = {X i : i ∈ Sn }. For any Sn ⊆ Nn , we have
I w(Sn ), X(Sn ); Y n w(Snc ), A





= I X(Sn ); Y n w(Snc ), A + I w(Sn ); Y n w(Snc ), X(Sn ), A

(3.14)



= I w(Sn ); Y n w(Snc ), A + I X(Sn ); Y n w(Nn ), A

(3.15)


≥ I w(Sn ); Y n w(Snc ), A .

(3.16)


Since I w(Sn ); Y n w(Snc ), X(Sn ), A = 0 due to the conditional independence of w(Sn )
and Y n given w(Snc ), X(Sn ) and A, from (3.14) and (3.16), we have


I w(Sn ); Y n w(Snc ), A ≤ I X(Sn ); Y n w(Snc ), A .

(3.17)

Let Xm (Sn ) denote the set of transmit symbols in slot m from nodes in the set Sn .
We can now bound the sum rate R(Sn ) as
M R(Sn ) = H(w(Sn ))

(3.18)

≤ I (w(Sn ); Y n , A) + M M

(3.19)



= H w(Sn ) A − H w(Sn ) Y n , A + M M

(3.20)



≤ H w(Sn ) w(Snc ), A − H w(Sn ) w(Snc ), Y n , A + M M

(3.21)


= I w(Sn ); Y n w(Snc ), A + M M

(3.22)


≤ I X(Sn ); Y n w(Snc ), A + M M

(3.23)

≤

M
X
m=1


I Xm (Sn ); Ymn Xm (Snc ), A + M M

(3.24)
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where
(3.19) follows from (3.13),
(3.21) follows from the fact that since w(Sn ) and w(Snc ) are independent, so are X(Sn )


and X(Sn ) given A, and hence H w(Sn ) A = H w(Sn ) w(Snc ), A , and by


conditioning, H w(Sn ) Y n , A ≥ H w(Sn ) w(Snc ), Y n , A ,
(3.23) follows from (3.17),
(3.24) follows from the chain rule and removing conditioning.
Hence, we have
R(Sn ) ≤

M

1 X
I Xm (Sn ); Ymn Xm (Snc ), A + M
M m=1

(3.25)

By introducing a new time-sharing random variable Q, the rest of the proof of converse
is the same as in the multiple access channel, thus is omitted here.



3.2.2. The Deterministic Model
Consider the OR-channel described by (3.2). A node’s codeword is basically erased by its
own signature mask before transmission.
Proposition 3.2. The symmetric rate of the OR-channel (3.2) is

N −1 
1 X N −1 k
R = max
q (1 − q)N −k H2 (pk )
p∈[0,1] N − 1
k
k=1

(3.26)

where H2 (p) = −p log p − (1 − p) log(1 − p) is the binary entropy function.
Proof. We prove by using Proposition 3.1. In the case that the signature-independent
Q
QN
codes are used, there exists product distribution N
n=1 PXn (xn ) on
n=1 Xn such that for
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all n ∈ N and Sn ⊆ Nn ,
|Sn |R ≤ I X(Sn ); Yn X(Snc ), A



(3.27)

where |Sn | represents the cardinality of Sn . Here PXn (xn ) represents the probability mass
function of random variable Xn ∈ {0, 1}, and it is assumed that PXn (0) = p ∈ [0, 1]
since each node encodes its message independently without knowledge of user activity
information. Next we will evaluate (3.27) for the special case that Sn = Nn to show that
the symmetric rate is upper bounded by (3.26). We compete the proof by showing that
the symmetric rate given by (3.26) satisfy (3.27), thus is achievable.
P
For any a = [s1 , . . . , sN ], denote a · Sn = i∈Sn si . It follows that

I X(Sn ); Yn X(Snc ), A = a
= H(Yn X(Snc ), A = a) − H(Yn X(Nn ), A = a)

(3.28)

= H(Yn X(Snc ), A = a)

(3.29)

c

= (1 − sn )pa·Sn H2 pa·Sn



(3.30)

where (3.29) is due to the deterministic nature of the model and (3.30) is due to the
property of the OR-channel with erasure. Consider the special case that Sn = Nn . By
averaging over all realizations of A, it follows from (3.27) and (3.30) that

1
I X(Nn ); Yn A
N −1

N −1 
1 X N −1 k
q (1 − q)N −k H2 (pk )
≤ max
p∈[0,1] N − 1
k
k=1

R≤

(3.31)
(3.32)
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where the equality is achieved by random codebooks with i.i.d. Bernoulli (1 − p∗ ) entries
where p∗ maximizes (3.32).
Next we show that the Bernoulli codebooks designed above satisfy the condition (3.27)
for all n ∈ N and Sn ⊆ Nn . In fact, it can be shown that
 t2

pt1 −t2 H2 pt2 ≥ H2 pt1
t1

(3.33)

for any t1 ≥ t2 > 0 and p ∈ [0, 1]. Therefore, (3.30) can be lower bounded as


I X(Sn ); Yn X(Snc ), A = a ≥



 0,

a · Nn = 0;

(3.34)


 (1 − sn ) a·Sn H2 pa·Nn , otherwise.
∗
a·Nn


By averaging over all realizations of A, it follows from (3.34) that for any Sn with |Sn | =
l ≤ N − 1,

1
I X(Sn ); Yn X(Snc ), A
l
N −1
X k1  l N − 1 − l
1X k
N −k
k
≥
q (1 − q)
H2 (p∗ )
l k=1
k k1
k − k1
k

(3.35)

1

=

N
−1
X

k

q (1 − q)

N −k

k=1

=

N
−1
X
k=1

X  l − 1 N − 1 − l
k1 − 1
k − k1
k k

1
H2 (pk∗ )

(3.36)

1

k

q (1 − q)

N −k


N −2
k k−1

1
H2 (pk∗ )



(3.37)


N −1 
1 X N −1 k
q (1 − q)N −k H2 (pk∗ )
=
N − 1 k=1
k

(3.38)

=R

(3.39)
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where k1 in (3.35) and (3.36) satisfies max{0, k + l + 1 − N } ≤ k1 ≤ min{l, k}, and (3.37)
is due to the fact that [27, Page 5]
X  l − 1 N − 1 − l N − 2
=
.
k
k
−
k
k
−
1
1−1
1
k

(3.40)

1

Therefore, (3.27) holds for all n ∈ N and Sn ⊆ Nn . Proposition 3.2 is thus established. 

Proposition 3.3. The symmetric capacity of the OR-channel (3.2) is

C=


1 
(1 − q) − (1 − q)N .
N −1

(3.41)

Proof. The proof follows the similar steps as in Proposition 3.2. In the case that the
signature-dependent codes are used, according to Proposition 3.1, there exists product
QN
Q
distribution N
n=1 Xn for any given user activity A = a such that
n=1 PXn |A (xn |a) on
for all n ∈ N and Sn ⊆ Nn ,

|Sn |C ≤ I X(Sn ); Yn X(Snc ), A .

(3.42)

Assumed that for each n ∈ N , PXn |A (0|a) = pn (a) ∈ [0, 1], which is a function of a.
Similarly as in (3.30), we have
!
Y

I X(Sn ); Yn X(Snc ), A = a = (1 − sn )
psi i (a) H2
c
i∈Sn

Y

s

pj j (a) .

(3.43)

j∈Sn

Consider a special case that Sn = Nn . From (3.43), we have

I X(Nn ); Yn A = a ≤ (1 − sn )11 (a · N 6= 0) .

(3.44)
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By averaging over all realizations of A, it follows from (3.42) and (3.44) that

N
−1 
X
1
N −1 k
C≤
(1 − q)
q (1 − q)N −1−k
N −1
k
k=1
=

(3.45)


1 
(1 − q) − (1 − q)N
N −1

(3.46)

where the equality is achieved by the following multiplexing scheme: whenever the user
activity is a, each node uses random codebook with i.i.d. Bernoulli 1 − p (a) entries with

−1 a·N
p (a) = 2
.
Next we show that the Bernoulli codebooks with the choice of p (a) satisfy the condition (3.42). In fact, similarly as in (3.34), it follows from (3.43) that
!
Y

I X(Sn ); Yn X(Snc ), A = a = (1 − sn )
psi (a) H2
c
i∈Sn

≥

Y

psj (a)

(3.47)

j∈Sn



 0,

a · Nn = 0;

(3.48)


 (1 − sn ) a·Sn , otherwise.
a·Nn
By averaging over all realizations of A, it follows from (3.48) and (3.40) that for any Sn
with |Sn | = l ≤ N − 1,
−1
X
X k1  l N − 1 − l
 1N
1
c
k
N −k
I X(Sn ); Yn X(Sn ), A ≥
q (1 − q)
l
l k=1
k k1
k − k1
k

(3.49)

1

=


1 
(1 − q) − (1 − q)N
N −1

= C.

(3.50)
(3.51)

Therefore, (3.42) holds for all n ∈ N and Sn ⊆ Nn . Proposition 3.3 is thus established. 
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Figure 3.1. Comparison of the throughput of RODD and ALOHA over OR-channel.
The symmetric capacity is higher than the symmetric rate because there is gain to
adapt the codebooks to the signatures. Basically the codebook entries at each slot are
generated as independent Bernoulli random variables whose mean value depends on the
number of transmitting nodes in the slot (a.k.a. the weight of Am ). The parameters of
the Bernoulli variables can be optimized for achieving the capacity. For example, suppose
N = 3, then there are 8 different on-off activity patterns. By symmetry, we only consider
node 1. If the pattern is [1 0 0], [0 1 0] or [0 0 1], node 1 uses random codebook with i.i.d.
Bernoulli entries with parameter 1/2; if the pattern is [0 1 1], [1 0 1] or [1 1 0], node 1
√
uses random codebook with i.i.d. Bernoulli entries with parameter 1 − 1/ 2; otherwise,
node 1 transmits all-zero codeword.
We next compare the throughput of a RODD-based scheme with that of ALOHA-type
random access schemes over the same channel (3.2), where the throughput is defined as
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the sum rate of all nodes. During each frame interval (or contention period), every node in
ALOHA independently chooses either to transmit (with probability q) or to listen (with
probability 1 − q) and the choices are independent across contention periods. A node
successfully broadcasts its message to all other nodes if the frame is the only transmission
during a given frame interval. It is easy to see that the throughput of the system with
ALOHA is N q(1 − q)N −1 , which achieves the maximum (1 − 1/N )N −1 with q = 1/N .

1

For three different node populations (N = 3, 5, 20), the comparison between RODD
and ALOHA is shown in Fig. 3.1. The sum symmetric rate achieved by signatureindependent codes is plotted for RODD. Clearly, the maximum throughput of RODD
is much higher than that of ALOHA, where the gap increases as the number of nodes
increases. In fact the throughput of RODD exceeds that of ALOHA for all values of q.
In case of a large number of nodes, the throughput of ALOHA approaches 1/e. On the
1

other hand, with p = 1 − 2− (N −1)q , the total throughput achieved by using RODD signaling approaches 1 − q as N → ∞, which is also the asymptotic sum capacity of RODD
achieved by signature-dependent codes.
The reason for the inferior performance of ALOHA is largely due to packet retransmissions after collision. Even if multi-packet reception is allowed, the throughput of ALOHA
is still far inferior compared to RODD signaling due to the half-duplex constraint. This is
in part because, in the case of broadcast traffic studied here, if two nodes simultaneously
and successfully transmit their packets to all other nodes, they still have to exchange their
messages using at least two additional transmissions.
1One

conceivable protocol is, after n nodes have succeeded, to let the remaining N − n nodes contend for
transmission. This improves the throughput of ALOHA slightly, but the advantage of RODD remains
true for every N > 3.
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3.2.3. The Gaussian Multiaccess Channel
Consider now a (non-fading) Gaussian multiaccess channel described by (3.1), where
dnj = 1, hnj = 1 for all n, j. For simplicity, let all nodes be of the same SNR, γj = γ.
Thus, the SNR of the link from node j to node n is γnj = γ. Recall that the average
power of each transmitted codeword is assumed to be 1. Since each node only transmits
over about qM slots, the average SNR during each active slot is essentially γ/q.
It is easy to see that the throughput of ALOHA over the Gaussian channel is
N
γ
q(1 − q)N −1 log(1 + ).
2
q

(3.52)

Similar to the results for the deterministic model, we can show that the symmetric rate and
the symmetric capacity for the Gaussian multiaccess channel are achieved with Gaussian
codebooks by signature-independent codes and signature-dependent codes, respectively.

Proposition 3.4. The symmetric rate of the non-fading Gaussian multiaccess channel
described by (3.1) is

 
N −1 
1 X N −1 k
kγ
N −k
R=
q (1 − q)
g
N − 1 k=1
k
q

(3.53)

where g(x) = 12 log(1 + x).

Proof. We prove by using Proposition 3.1 and follow similar steps as in Proposition 3.2. In the case that the signature-independent codes are used, according to PropoQ
QN
sition 3.1, there exists product distribution N
n=1 pXn (xn ) on
n=1 Xn such that for all
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n ∈ N and Sn ⊆ Nn ,

|Sn |R ≤ I X(Sn ); Yn X(Snc ), A .

(3.54)

Here pXn (xn ) satisfies that E {Xn2 } = 1/q since the average power of each transmitted
codeword is assumed to be 1.
Consider a special case that Sn = Nn . For any on-off activity pattern a, we have

I X(Nn ); Yn A = a
= h(Yn A = a) − h(Yn X(Nn ), A = a)
1
= h(Yn A = a) − log(2πe)
2



1
(a · Nn )γ
1
1
≤ (1 − sn ) log 2πe 1 +
+ sn log(2πe) − log(2πe)
2
q
2
2


(a · Nn )γ
= (1 − sn )g
q

(3.55)
(3.56)
(3.57)
(3.58)

where (3.57) is because Yn is a Gaussian random variable with unit average power if
sn = 1, otherwise the average power of Yn is 1 + (a · Nn )γ/q. By averaging over all
realizations of A, it follows from (3.54) and (3.58) that

 
N −1 
1 X N −1 k
kγ
N −k
R≤
q (1 − q)
g
N − 1 k=1
k
q

(3.59)

where the equality is achieved by using random Gaussian codebooks.
Next we show that random Guassian codebooks satisfy the condition (3.54), thus
achieve the symmetric rate in (3.59). In fact, for any on-off activity pattern a, similarly
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as in (3.58), we have

I X(Sn ); Yn X(Snc ), A = a
= h(Yn X(Snc ), A = a) − h(Yn X(Nn ), A = a)



1
(a · Sn )γ
1
1
= (1 − sn ) log 2πe 1 +
+ sn log(2πe) − log(2πe)
2
q
2
2


(a · Sn )γ
.
= (1 − sn )g
q

(3.60)
(3.61)
(3.62)

It follows that for any Sn with |Sn | = l ≤ N − 1,

1
I X(Sn ); Yn X(Snc ), A
l
N −1
X  k1 γ   l N − 1 − l
1X k
N −k
=
q (1 − q)
g
l k=0
q
k1
k − k1
k

(3.63)

1

≥

N
−1
X

k

q (1 − q)

N −k

k=1

=

1
N −1


g

kγ
q

X 


N −1−l
1 l−1
k k1 − 1
k − k1
k

(3.64)

1

N
−1 
X
k=1


 
N −1 k
kγ
N −k
q (1 − q)
g
k
q

(3.65)

where (3.64) is due to the fact that
1
1
g(ct1 ) ≤ g(ct2 )
t1
t2

(3.66)

for any t1 ≥ t2 > 0 and c > 0, and (3.65) is due to (3.40). Therefore, (3.54) holds for all
n ∈ N and Sn ⊆ Nn . Proposition 3.4 is thus established.
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Proposition 3.5. The symmetric capacity of the non-fading Gaussian multiaccess channel described by (3.1) is

N −1 
1 X N −1 k
C=
q (1 − q)N −k g(uk )
N − 1 k=1
k

(3.67)

where g(x) = 12 log(1 + x), uk = max {(N − k)v − 1, 0} and v is chosen to satisfy
N −1  
1 X N n
q (1 − q)N −k uk = γ .
N k=1 k

(3.68)

Proof. The proof follows similar steps as in Proposition 3.5. In the case that the
signature-dependent codes are used, according to Proposition 3.1, there exists product
QN
Q
distribution N
n=1 Xn for any given user activity A = a such that
n=1 pXn |A (xn |a) on
for all n ∈ N and Sn ⊆ Nn ,

|Sn |C ≤ I X(Sn ); Yn X(Snc ), A .

(3.69)

Let γ(a) denote the average total transmit power of all nodes when the user activity is
a. Since the average power of each transmitted codeword is 1, γ(a) satisfies
X

P (A = a) γ(a) = γN.

(3.70)

a

Consider a special case that Sn = Nn . Similarly as in (3.58), we have

I X(Nn ); Yn A = a ≤ (1 − sn )g (γ(a)) .

(3.71)
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By averaging over all realizations of A and summing over n = 1, . . . , N , it follows
from (3.69) and (3.71) that
N (N − 1)C ≤ max
γ(a)

X

P (A = a) (N − a · N ) g (γ(a)) .

(3.72)

a

The optimal power allocation γ ∗ (a) to solve the maximization problem in (3.72) under
the constraint (3.70) is similar as the waterfilling in parallel Gaussian channels [17, 82],
which can be expressed as

γ ∗ (a) =



 0,

a · N = 0;

(3.73)


 max {(N − a · N ) v − 1, 0)}, otherwise.
and v is chosen to satisfy (3.70). Denote uk = γ ∗ (a) = max {(N − k) v − 1, 0)} when
a · N = k ≥ 1, then according to (3.70), uk satisfies
N −1  
1 X N n
q (1 − q)N −k uk = γ .
N k=1 k

(3.74)

N  
X
N k
1
C≤
q (1 − q)N −k (N − k)g(uk )
N (N − 1) k=1 k

(3.75)

It follows from (3.72) that


N 
1 X N −1 k
=
q (1 − q)N −k g(uk )
N − 1 k=1
k

(3.76)

the equality is achieved by the following multiplexing scheme: whenever the user activity
is a with a · N = k ≥ 1, each node uses random codebook with i.i.d. Gaussian entries
with average power uk /k.
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Now we show that the codebooks designed above satisfy the condition (3.69). In fact,
for any on-off activity pattern a with a · N = k ≥ 1, similarly as in (3.62), we have

I

X(Sn ); Yn X(Snc ), A


= a = (1 − sn )g



(a · Sn )uk
k


.

(3.77)

By following similar steps as in (3.65), it can be proved that for Sn with |Sn | = l ≤ N − 1,

N −1 

1
1 X N −1 k
c
I X(Sn ); Yn X(Sn ), A ≥
q (1 − q)N −k g (uk ) = C.
l
N − 1 k=1
k

(3.78)

Therefore, (3.69) holds for all n ∈ N and Sn ⊆ Nn . Proposition 3.5 is thus established. 

The case of signature-dependent codes can be regarded as allocating different powers
to different on-off activity patterns in a parallel Gaussian multiaccess model. And the
allocated power only depends on the number of transmitting nodes in each slot. As is
shown in Fig. 3.2, the throughput of RODD with signature-independent codes is higher
than that of ALOHA for all number of nodes and every value of q. The more nodes in
the network, the more advantage of RODD signaling.

3.2.4. The Achievable Asymmetric Rates
In many applications, the amount of data different nodes transmit/broadcast can be very
different. In random access schemes, nodes with more data will contend for more resources.
The data rate, transmit power and modulation format of a RODD-based codebook can
be adapted to the amount of data to be transmitted.
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Figure 3.2. Comparison of the throughput of RODD and ALOHA over
Gaussian multiaccess channel at SNR γ = 20 dB.
Suppose the elements smn of node n’s signature are i.i.d. Bernoulli random variables
with P(smn = 1) = qn . Here we study the asymmetric rate region of RODD achieved by
signature-independent codes under the fading channel model described in (3.1).

Proposition 3.6. The rate tuple (R1 , . . . , RN ) is achievable over the fading channel (3.1)
if
Rk ≤ min
i6=k

X
A⊆N \{i},k∈A

Y
Y
γik
i
g(h
)
q
(1 − ql )
j
A
qk hiA
j∈A

for all k ∈ N = {1, 2, . . . , N } and hiA is defined as hiA =

(3.79)

l∈N \A

P

γij
j∈A qj .

Proof. Suppose each node uses signature-independent codes with random Gaussian
codebooks, i.e., Xn is a Gaussian random variable with zero mean and variance γ/qn since
the average power of each transmitted codeword is assumed to be 1. In order to prove
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Proposition 3.6, it suffices to show that the rate tuple expressed in (3.79) falls inside the
capacity region (3.4) in Proposition 3.1.
For any on-off activity pattern a, similarly as in (3.62), we have

I X(Sn ); Yn X(Snc ), A = a = (1 − sn )g

X sk γnk
qk
k∈S

!

X γnk
qk
k∈S ∩A

!

.

(3.80)

n

By averaging over all realizations of A, it follows that
I X(Sn ); Yn X(Snc ), A =


X Y

Y
qj
(1 − ql )g

A⊆Nn j∈A

≥

X Y

l∈A
/

qj

A⊆Nn j∈A

=

X

X

γnk
qk hnSn
∩A

Y
 X
(1 − ql )g hnSn
l∈A
/

k∈Sn

(3.81)

Y Y
γnk
g(hiA )
qj
(1 − ql )
n
q
k hSn
j∈A
,k∈A

X

k∈Sn A⊆Nn

≥

n

l∈A
/

Rk

(3.82)

k∈Sn

where (3.81) is due to (3.66) and (3.82) is due to (3.79). Therefore, 3.1 holds for all n ∈ N
and Sn ⊆ Nn . Proposition 3.6 is thus established.



In the special case that γij = γ for all i 6= j and qi = q for all i ∈ N , it follows
from (3.79) that
1 |A|
Rk ≤
q (1 − q)N −|A| g
|A|
A⊆N ,k∈A
X



|A|γ
q


(3.83)

i

N
−1
X



 
1 N −2 i
iγ
N −1
q (1 − q)
g
i i−1
q

(3.84)


 
N −1 
1 X N −1 i
iγ
N −i
=
q (1 − q) g
,
N − 1 i=1
i
q

(3.85)

=

i=1
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which is the same expression as the symmetric rate of the non-fading Gaussian multiaccess
channel described in (3.53).
3.3. Summary
This chapter evaluates the network capacity of RODD under two simple channel models, namely, the deterministic-OR channel and Gaussian channel. The traffic is assumed
to be mutual broadcast from each node to all other nodes in the network. The throughput
of RODD is analyzed and shown by numerical results to be significantly larger than that
of ALOHA. The results in this chapter have been published in part in [31].
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CHAPTER 4

Virtual Full-Duplex Mutual Broadcast of Short Messages
Consider a frequent situation in wireless peer-to-peer networks, where every node
wishes to broadcast messages to all its peers, and also wishes to receive the messages
from its peers. Such mutual broadcast traffic can be dominant in many applications, such
as messaging or video conferencing of multiple parties in a spontaneous social network, or
on an incident scene or a battlefield. Wireless mutual broadcast is also critical to efficient
network resource allocation, where messages are exchanged between nodes about their
demands and local states, such as queue length, channel quality, code and modulation
format, and request for certain resources and services.
To achieve reliable mutual broadcast using a usual packet-based scheme, nodes have
to repeat their packets a number of times interleaved with random delays, so that all peers
can hear each other after enough retransmissions. This leads to the ubiquitous random
channel access solution. A closer examination of the half-duplex constraint, however,
reveals that a node does not need to transmit an entire packet before listening to the
channel. An alternative solution by using RODD signaling is conceivable. If nodes activate
different sets of on-slots, then nodes can all transmit information during a frame and
receive useful signals within the same frame, and decode messages from peers as long as
sufficiently strong error-control codes are applied. In fact, reliable mutual broadcast can
be achieved using a single frame interval.
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In this chapter, we focus on a special use of RODD signaling and a special case of mutual broadcast, where each node has a small number of bits to send to its peers. The goal
here is to provide a practical algorithm for encoding and decoding the short messages to
achieve reliable and efficient mutual broadcast. Decoding is in fact a problem of support
recovery based on linear measurements, since the received signal is basically a noisy superposition of peers’ codewords selected from their respective codebooks. There are many
algorithms developed in the compressed sensing (or sparse recovery) literature to solve
the problem, the complexity of which is often polynomial in the size of the codebook (see,
e.g., [10, 18, 20, 59]). In this chapter, an iterative message-passing algorithm based on
belief propagation (BP) with linear complexity is developed. Numerical results show that
the proposed RODD scheme significantly outperforms slotted-ALOHA with multi-packet
reception capability and CSMA in terms of data rate.
The remainder of this chapter is organized as follows. After the system model is
presented in Section 4.1, Section 4.2 studies the conventional random-access schemes,
namely slotted-ALOHA with multi-packet reception capability and CSMA. In Section 4.3,
the proposed coding scheme for mutual broadcast is described. The message-passing
decoding algorithm is developed and analyzed in Section 4.4. Numerical comparisons are
presented in Section 4.5. Section 4.6 summarizes the chapter.

4.1. Channel and Network Models
4.1.1. Linear Channel Model
Let Φ = {Xi }i denote the set of nodes on the plane. We refer to a node by its location Xi .
Suppose all transmissions use the same single carrier frequency. Let time be slotted and all
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nodes be perfectly synchronized.1 Let $i ∈ {1, . . . , 2l } denote the message node Xi wishes
to broadcast. In discrete-time baseband, let S i ($i ) denote the signature (codeword)
transmitted by node Xi , whose entries take values in {−1, 0, +1}. Let U0i denote the
complex-valued coefficient of the wireless link from Xi to X0 . The signal received by node
X0 , if it could listen over the entire frame, is then described by
√
Ye = γ

X

f
U0i S i ($i ) + W

(4.1)

Xi ∈Φ\{X0 }

f is noise consisting of i.i.d. circularly symmetric complex Gaussian entries with
where W
zero mean and unit variance, and γ denotes the nominal SNR. Denote the set of neighbors
of X0 by N (X0 ). For simplicity, if we further assume that transmissions from nonneighbors, if any, are accounted for as part of the additive Gaussian noise, (4.1) can be
rewritten as
√
Ye = γ

X

U0i S i ($i ) + W

(4.2)

Xi ∈N (X0 )

where each element in W is assumed to be circularly symmetric complex Gaussian with
variance σ 2 . The variance accounts for noise and interference from non-neighbors and
depends on the network topology. It will be derived in Section 4.3.

4.1.2. Network Model
Consider a network with nodes distributed across the plane according to a homogeneous
Poisson point process (p.p.p.) with intensity λ. The number of nodes in any region of area
A is a Poisson random variable with mean λA. Without loss of generality, we assume node
1See Introduction for a discussion of synchronization issues. In [6], cyclic codes are proposed to resolve
the user delays in a multiaccess channel.
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X0 is located at the origin and focus on its performance, which should be representative
of any node in the network.
Poisson point process is the most frequently used model to study wireless networks
(see [9] and references therein). The RODD signaling and the mutual broadcast scheme
proposed in this chapter are of course not limited to homogeneous Poisson distributed
networks. The homogeneous p.p.p. model is assumed in this chapter to facilitate analysis
and comparison of RODD and competing technologies.

4.1.3. Propagation Model and Neighborhood
It is assumed that the large-scale signal attenuation over distance follows power law with
some path-loss exponent α > 2, and the small-scale fading of a link is modeled by a
Rayleigh random variable with mean equal to 1. There are different ways to define the
neighborhood of a node. For concreteness, we say that nodes Xi and Xj are neighbors of
each other if the channel gain between them is no less than a certain threshold, denoted
by θ. Link reciprocity is regarded as given.
For any pair of nodes Xi , Xj ∈ Φ, let Rij = |Xi − Xj | and Gij denote the distance
and the small-fading gain between them in a given frame, respectively. Then the channel
−α
gain from Xj to Xi is Gij Rij
. The neighborhood of a node depends on the instantaneous

fading gains. Specifically, we denote the set of neighbors of node Xi as

−α
N (Xi ) = Xj ∈ Φ : Gij Rij
≥ θ, j 6= i .

(4.3)

−α
The channel coefficient Uij should satisfy |Uij |2 = Gij Rij
, where its phase is assumed to

be uniformly distributed on [0, 2π) independent of everything else. Assuming the Poisson
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network model introduced in Section 4.1.2, the distribution of the amplitude of channel
coefficient U0i in (4.1) for an arbitrary neighbor Xi ∈ N (X0 ) is derived in the following.
Without loss of generality, we drop the indices 0 and i, and use R and G to denote
the distance and the fading gain, respectively. Since the two nodes are assumed to be
neighbors, G and R satisfy GR−α ≥ θ, i.e., R ≤ (G/θ)1/α . Under the assumption that all
nodes form a p.p.p., for given G, this arbitrary neighbor Xi is uniformly distributed in a
disc centered at node X0 with radius (G/θ)1/α . Therefore, the conditional distribution of
R given G can be expressed as
  α2 )
θ
P(R ≤ r G) = min 1, r2
.
G
(

Now for every u ≥

√

(4.4)

θ, by (4.4) we have
(
P(GR−α ≥ u2 ) = EG



P R≤
(

= EG

G
u2

G
u2

 α1

 α2   α2 )
θ
G

!)
G

(4.5)

(4.6)

2

θα

=

4

uα

.

(4.7)

Hence the pdf of |U0i | of neighbor Xi is

p(u) =





4 θ2/α
,
α u4/α+1


 0,

u≥

√
θ;

otherwise.

(4.8)
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In fact, coefficient vector Gi = (Gji )j for all j 6= i can be regarded as a mark of node
Xi , so that Φ̃ = {(Xi , Gi )}i is a marked p.p.p.. Denote
Φ̂ = Φ̃\(X0 , G0 )

(4.9)

given that (X0 , G0 ) is at the origin. By the Slivnyak-Meche theorem [9], Φ̂ is also a marked
p.p.p. with intensity λ. By the Campbell’s theorem [9], the average number of neighbors
of X0 can be obtained as:

c = EΦ̂


 X


−α
1 G0i R0i
≥θ

∞

Z

∞

= 2πλ
0

(4.10)



(Xi ,Gi )∈Φ̂

Z





1 gr−α ≥ θ re−g drdg

(4.11)

0

2
= πλθ−2/α Γ
α

 
2
α

(4.12)

where 1 (·) is the indicator function and Γ (·) is the Gamma function.
4.2. Random-Access Schemes
In this section we describe two random access schemes, namely slotted ALOHA and
CSMA, and provide lower bounds on the error probability for a given number of symbol
transmissions. The results will be used in Section 4.5 to compare with the performance
of our proposed sparse recovery scheme.
Let L denote the total number of bits encoded into a frame, which includes an lbit message and a few additional bits which identify the sender. This is in contrast
to broadcast via sparse recovery, where the signature itself identifies the sender (and
carries the message). Each broadcast period consists of a number of frames to allow for
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retransmissions. Without loss of generality, we still consider the typical node X0 at the
origin. An error event is defined as that node X0 cannot correctly recover the message
from one specific neighbor. The corresponding error probabilities achieved by slotted
ALOHA and CSMA are denote by Pea and Pec , respectively.

4.2.1. Slotted ALOHA
In slotted ALOHA, suppose each node chooses independently with the same probability p
to transmit in every frame interval. A message is assumed to be decoded correctly if the
signal-to-interference-plus-noise ratio (SINR) in the corresponding frame transmission is
no smaller than a threshold δ (multi-packet reception is possible only if δ < 1). Over the
additive white noise channel with SINR δ, in order to send L bits reliably through the
channel, the number of symbols in a frame must exceed
L
.
log2 (1 + δ)

(4.13)

Let X denote one specific neighbor of node X0 and G denote the fading coefficient
between them. Suppose the mark of X is denoted by G. Given that (X, G) ∈ Φ̂ where Φ̂
is given by (4.9), denote Φ̂1 = Φ̂\{(X, G)}, which is also a marked p.p.p. with intensity
λ. For a given realization of (X, G) and Φ̂1 , define Psa (X, G, Φ̂1 ) as the probability that
the received SINR from X to X0 is no less than the threshold δ conditioning on that
X transmits in a given frame. In any given frame, the probability of the event that
X transmits, X0 listens, and the transmission is successful is thus p(1 − p)Psa (X, G, Φ̂1 ).
Therefore, the probability that the message from X has not been successfully received by

80

X0 after Mf consecutive frame intervals can be expressed as
Pea

=E



1 − p(1 −

Mf 

p)Psa (X, G, Φ̂1 )

(4.14)

where the expectation is over the joint distribution of (X, G, Φ̂1 ). Due to the convexity
of function (max{0, 1 − z})n , z ≥ 0, n ∈ {1, 2, . . . }, Pea in (4.14) can be lower bounded as

n
n
ooMf
Pea ≥ max 0, 1 − p(1 − p)E Psa (X, G, Φ̂1 )
.

(4.15)

The expectation of Psa (X, G, Φ̂1 ) can be calculated using the known Laplace transform
of the distribution of the interference [9]. For a given number of symbol transmissions
Ma , the lower bound on Pea is presented in the following result.
Proposition 4.1. Consider an arbitrary neighbor X of node X0 . The probability that X0
cannot successfully receive the message from X after Ma symbol transmissions is lower
bounded as follows:
(

Pea ≥

1
max 0, 1 − p(1 − p)
π

where ι =

√

)!na
 b
 
Z ∞
bπ 2
b −ι ω
θ
bπ
(ιω)
−λp
γ dω
sin
Γ (1 − b)
|ω|b−1 e sin(bπ)
δ
2
−∞
(4.16)

−1, b = 2/α and na = Ma log2 (1 + δ)/L.

Proof. Let Φ̂p1 be an independent thinning of Φ̂1 with retention probability p to represent the transmitting nodes. It is easy to see that Φ̂p1 is an independent marked p.p.p.
with intensity λp. Denote

I=

X
(Xi ,Gi )∈Φ̂p1

G0i |X0i |−α ,

(4.17)
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then we have
( ( 
))

n
o
−α
γG|X|
E Psa (X, G, Φ̂1 ) = E E 1
≥δ
Φ̂p1
γI + 1
))
( (


1
Φ̂p1
= E P G|X|−α ≥ δ I +
γ
(  2 
− α2 )
1
θ α
I+
=E
δ
γ
  α2 Z ∞
1
θ
i+
=
δ
γ
−∞

(4.18)

(4.19)

(4.20)

2
−α

pI (i)di

(4.21)

where (4.20) is derived from (4.7) and pI is the pdf of interference I.
According to [9], the Laplace transform of pI can be expressed as

LpI (s) = exp −λps2/α

2π 2
α sin(2π/α)


.

(4.22)

Therefore, the Fourier transform2 of pI can be obtained by replacing s in (4.22) by ιω
√
with ι = −1 as


2π 2
2/α
FpI (ω) = exp −λp(ιω)
.
(4.23)
α sin(2π/α)
Since the Fourier transform of |x|a for −1 < a < 0 is
F|x|a (ω) = −

2The

2 sin(aπ/2)Γ (a + 1)
,
|ω|a+1

(4.24)

reasons to work with Fourier transform in lieu of Laplace transform are: 1) The inverse Fourier
2
transform here is easier to calculate; 2) the Fourier transform of |i + γ1 |− α has a closed form.
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the Fourier transform of
1 2
qI (i) = |i + |− α
γ

(4.25)

for α > 2 can be expressed as
FqI (ω) = eιω/γ

2 sin(π/α)Γ (1 − 2/α)
.
|ω|1−2/α

(4.26)

Since the integral in (4.21) can be viewed as the Fourier transform of pI (i)qI (i) at ω = 0,
it can be calculated as the convolution of FpI (ω) and FqI (ω) at ω = 0 [61]. Therefore,
by (4.23) and (4.26), we have
Z

∞

−∞

1
i+
γ

2
−α

pI (i)di =

1
Fp (ω) ∗ FqI (ω)
2π I

(4.27)
ω=0

where ∗ is the convolution operator. Therefore, according to (4.15), (4.21) and (4.27), the
error probability Pea can be lower bounded as
(

Pea ≥

1
max 0, 1 −
p(1 − p)
2π

  α2
θ
FpI (ω) ∗ FqI (ω)
T

)!Mf
.

(4.28)

ω=0

According to (4.13), the number of frames in a period of Ma symbol intervals should
satisfy
Mf ≥ Ma log2 (1 + δ)/L .
Therefore, (4.16) in Proposition 4.1 follows by combining (4.28) and (4.29).

(4.29)


Although (4.16) appears to be complicated, computing it only involves a straightforward single-variable integral (the outcome of the integral is in fact real-valued).

83

In the slotted ALOHA scheme, despite repeated transmissions, a given link may still
fail to deliver the message due to the half-duplex constraint (the receiver happens to
transmit during the same frame) and consistently weak received SINR due to random
interference from other links.

4.2.2. CSMA
As an improvement over ALOHA, CSMA lets nodes use a brief contention period to
negotiate a schedule in such a way that nodes in a small neighborhood do not transmit
data simultaneously. We analyze the performance of CSMA by using the Matérn hard
core model [9]. To be specific, consider the following generic scheme: Each node senses
the channel continuously; if the channel is busy, the node remains silent and disables its
timer; as soon as the channel becomes available, the node starts its timer with a random
offset, and waits till the timer expires to transmit its frame. Clearly, the node whose
timer expires first in its neighborhood captures the channel and transmits its frame.
Mathematically, let {Ti } be i.i.d. random variables with uniform distribution on [0, 1],
which represent the timer offsets for all nodes {Xi } in Φ, respectively. By viewing Ti as
a mark of node Xi we redefine Φ̃ = {(Xi , Gi , Ti )}i , which is still a marked p.p.p. with
intensity λ. The medium access indicators {ei }i are additional dependent marks of the
nodes in Φ defined as follows:
Ei = 1 (Tj > Ti , ∀Xj ∈ N (Xi )) .

(4.30)

The probability of Tj = Ti for j 6= i is zero. Node Xi will transmit its frame if and only
if Ei = 1.
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The same as in the slotted ALOHA case, a message is assumed to be decoded correctly
if SINR in the corresponding frame transmission is no smaller than δ. It follows that the
number of symbols in a frame must exceed (4.13).
Let X be one specific neighbor of X0 . Define G and G as in Section 4.2.1. Given
that (X, G) ∈ Φ̂, denote Φ̂1 = Φ̂\{(X, G)}. For a given realization of (X, G) and Φ̂1 ,
define Psc (X, G, Φ̂1 ) as the probability that node X transmits its frame and the received
SINR from X is no less than the threshold δ. Therefore, the probability that the message
from X has not been successfully received after Mf consecutive frame intervals can be
expressed as
Pec

=E



1−

Mf 

Psc (X, G, Φ̂1 )

(4.31)


n
n
ooMf
≥ max 0, 1 − E Psc (X, G, Φ̂1 )

(4.32)

where the expectation is over the joint distribution of (X, G, Φ̂1 ), and (4.32) is due to the
convexity of function (max{0, 1 − z})n , z ≥ 0, n = 0, 1, . . . .
For any given number of symbol transmissions Mc , the lower bound on error probability Pec is given by the following result.
Proposition 4.2. Consider an arbitrary neighbor X of node X0 . The probability that X0
cannot successfully receive the message from X after Mc symbol transmissions is lower
bounded as follows:
(

Pec ≥

1
max 0, 1 − 2
c



θγ
δ

 α2

)!nc

e−c + c − 1

where c is defined in (4.12) and nc = Mc log2 (1 + δ)/L.

(4.33)
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Proof. Denote Gi as the fading coefficient from node Xi ∈ Φ̂1 to node X0 . Define the
following indicators for node X

F1 = 1 (T0 > T )

(4.34)



−α

F2 = 1 Ti > T, ∀Xi ∈ Φ̂1 with Gi |Xi − X|
F3 = 1 γG|X|−α ≥ δ

≥θ





(4.35)
(4.36)

where F1 = 1 if and only if the timer of X expires before that of X0 , F2 = 1 if and only if
X’s timer expires sooner than those of all its neighbors excluding X0 , F3 = 1 if and only
if the received SNR from node X to node X0 exceeds the threshold δ. In order for the
transmission to be successful, we must have F1 = F2 = F3 = 1. That is
n
o
s
E Pc (X, G, Φ̂1 ) ≤ E {F1 F2 F3 } .

(4.37)

Conditioned on T = ς, we express the indicator F2 as the value of some extremal shotnoise [9, Section 2.4]. For fixed ς, define the indicator of the event that Xi is a neighbor
of X and it has a timer smaller than ς:
L(X, Xi , Gi , Ti ) = 1 Gi |Xi − X|−α ≥ θ and Ti < ς



(4.38)

for all (Xi , Gi , Ti ) ∈ Φ̂1 . Define the extremal shot-noise at node X as
ZΦ̂1 (X) =

max
(Xi ,Gi ,Ti )∈Φ̂1

L(X, Xi , Gi , Ti ).

(4.39)
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Note that ZΦ̂1 (X) takes only two values 0 or 1 and consequently
n
o
n
o
E F2 T = ς = P ZΦ̂1 (X) ≤ 0 T = ς .

(4.40)

By [9, Proposition 2.4.2], (4.40) can be further calculated as

Z
n
o
E F2 T = ς = exp −λ

Z

∞

Z

1



−g

1 (L(X, x, g, t) = 1) e dtdgdx

R2

0


Z
= exp −2πλς
0

(4.41)

0
∞

Z

∞

1 gr

−α



−g



≥ θ re dgdr

(4.42)

0

= e−cς

(4.43)

where c is the average number of neighbors defined in (4.12).
Therefore, according to (4.37), we have
n
o  θγ  α2 Z 1
s
(1 − ς)e−cς dς
E Pc (X, G, Φ̂1 ) ≤
δ
0
  α2

1 θγ
= 2
e−c + c − 1
c
δ

(4.44)
(4.45)

where (4.44) is derived from the the uniform distribution of T0 , (4.7) and (4.40).
According to (4.13), the number of frames in a period of Mc symbol intervals should
satisfy
Mf ≥ Mc log2 (1 + δ)/L .
Therefore, Proposition 4.2 follows by combining (4.45) and (4.46).

(4.46)
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As a by-product, by averaging over ς in (4.43), which is uniformly distributed on [0, 1],
the probability that a given node captures the channel to transmit in each slot can be
calculated as (1 − e−c )/c.
In contrast to slotted ALOHA, frame loss due to the half-duplex constraint is eliminated through contention. However, a given link may still fail to deliver the message after
repeated transmissions because the received SINR is consistently weak due to random
interference outside the neighborhood.

4.3. Encoding for Mutual Broadcast
In contrast to random-access schemes, where many retransmissions are needed to
achieve a desired error performance, we next describe a unique signaling that allow all
message exchanges to finish within one (longer) frame of transmission. The key idea is that
each node broadcasts a codeword consisting of on-slots and off-slots. A node transmits
only during its on-slots, and listens to its peers through its own off-slots.
Suppose each node Xi is assigned a unique codebook of 2l on-off signatures (codewords)
of length Ms , denoted by {S i (1), . . . , S i (2l )}. For simplicity, let each element of each
signature be generated randomly and independently, which is 0 with probability 1 − q and
1 and −1 with probability q/2 each. Node Xi broadcasts its l-bit message (or information
index) $i ∈ {1, . . . , 2l } by transmitting the codeword S i ($i ).
In each symbol slot, those transmitting nodes in Φ̂ defined in (4.9) form an independent
thinning of Φ̂ with retention probability q, denoted by Φ̂q . Φ̂q is still a marked p.p.p. but
with intensity λq. Thus, the sum power from all transmitting non-neighbors of node X0
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in each time slot is derived as

 X
EΦ̂q


−α
−α
γG0i R0i
1 G0i R0i

(Xi ,Gi )∈Φ̂q
∞

Z

∞

Z


gr−α 1 gr−α < θ re−g drdg

= 2πλqγ
0

(4.47)

0
∞

Z



<θ


= 2πλqγ


α
r−α+1 1 − (θrα + 1)e−θr dr

(4.48)

0

4πλqγθ
=
α−2

∞

Z

α

re−θr dr

(4.49)

0

4
πλqγθ1−2/α Γ
=
α(α − 2)

 
2
.
α

(4.50)

Therefore, the variance of each element of W in (4.2) is
4
σ =
πλqγθ1−2/α Γ
α(α − 2)
2

 
2
+ 1.
α

(4.51)

The signal received by the typical node X0 , if it could listen over the entire frame,
is described by (4.2). Suppose |N (X0 )| = K and the neighbors of X0 are indexed by
1, 2, . . . , K. The total number of signatures of all neighbors is N = 2l K. Due to the
half-duplex constraint, however, node X0 can only listen during its off-slots, the number
of which has binomial distribution, denoted by M ∼ B(Ms , 1 − q), whose expected value
is E {M } = Ms (1 − q). Let the matrix S ∈ RM ×N consist of columns of the signatures
from all neighbors of node X0 , observable during the M off-slots of node X0 , and then
p
normalized by Ms q(1 − q) so that the expected value of the l2 norm of each column in
S is equal to 1. Based on (4.2), the M -vector observed through all off-slots of node X0
can be expressed as
Y =

√

γs SX + W

(4.52)
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where
γs = γMs q(1 − q)/σ 2 ,

(4.53)

W is Gaussian noise consisting of i.i.d. entries of zero mean and unit variance, and X is
an N -vector indicating which K signatures are selected to form the sum in (4.2) as well as
the signal strength for each neighbor. Precisely, X(j−1)2l +i = Uj 1 (wj = i) for 1 ≤ j ≤ K
and 1 ≤ i ≤ 2l . For example, consider K = 3 neighbors with l = 2 bits of information
each, where w1 = 3, w2 = 2, w3 = 1, then vector X is expressed as
X = [0 0 U1 0 0 U2 0 0 U3 0 0 0].

(4.54)

The sparsity of X is exactly 2−l , which is very small for large l. The average system load


is defined as β = E {N } / Ms (1 − q) = 2l c/ Ms (1 − q) .
In general, the decoding problem node X0 faces is to identify, out of a total of N = 2l K
signatures from all its neighbors, which K signatures were selected. This requires every
node to know the codebooks of all neighbors. One solution is to let the codebook of each
node be generated using a pseudo-random number generator using its NIA as the seed,
so that it suffices to acquire all neighbors’ NIAs. This, in turn, is a neighbor discovery
problem, which shall be studied in Chapter 5, where the discovery scheme uses similar
on-off signalling and also solves a compressed sensing problem.

4.4. Sparse Recovery Decoding via Message Passing
The problem of recovering the support of the sparse input X based on the observation
Y has been intensively studied in the compressed sensing literature. In this section, we
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develop an iterative message-passing algorithm based on belief propagation, and characterize its performance in a certain limit. The reasons for the choice of message passing
algorithm include: 1) It is one of the most competitive decoding schemes in terms of error
performance; and 2) the complexity is only linear in the vector to be estimated.

4.4.1. The Factor Graph
Belief propagation belongs to a general class of message-passing algorithms for statistical
inference on graphical models, which has demonstrated empirical success in many applications including error-control codes, neural networks, and multiuser detection in CDMA
systems.
In order to apply BP to the coded mutual broadcast problem, we construct a Forneystyle bipartite factor graph to represent the model (4.52). Here, we separate the real and
imaginary parts in (4.52) as
Y (1) =

√

γs SX (1) + W (1) , Y (2) =

√

γs SX (2) + W (2)

(4.55)

where the superscripts (1) and (2) represent the real and imaginary parts respectively,
W (i) , i = 1, 2 consists of i.i.d. Gaussian random variables with zero mean and variance
1/2. The message passing algorithm we shall develop based on (4.55) is not optimal, but
such separation facilitates approximation and computation, which will be discussed in
Section 4.4.2. Since two parts in (4.55) share the same factor graph, we treat one of them
and omit the superscripts:
yµ =

√

γs

N
X
k=1

sµk xk + wµ

(4.56)
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Figure 4.1. The Forney-style factor graph of coded mutual broadcast.

where µ ∈ 1, 2, . . . , M and k ∈ 1, 2, . . . , N index the measurements and the input “symbols,” respectively. For simplicity, we ignore the dependence of the symbols {Xk } for
now, which shall be addressed toward the end of this section. Each Xk then corresponds
to a symbol node and each Yµ corresponds to a measurement node, where the joint distribution of all {Xk } and {Yµ } are decomposed into a product of M + N factors, one
corresponding to each node. For every (µ, k), symbol node k and measurement node µ
are connected by an edge if sµk 6= 0. A simple example is shown in Fig. 4.1 for 5 measurements and 3 neighbors each with 4 messages, i.e., M = 5, K = 3, and N = 3 × 4 = 12.
The actual message chosen by each neighbor for broadcast is marked by a dark node, i.e.,
w1 = 3, w2 = 2, w3 = 1.

4.4.2. The Message-Passing Algorithm
In general, an iterative message-passing algorithm involves two steps in each iteration,
where a message (or belief, which shall be distinguished from an information message)
is first sent from each symbol node to every measurement node it is connected to, and
then a new set of messages are computed and sent in the reverse direction, and so forth.
The algorithm performs exact inference within finite number of iterations if there are no
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loops in the graph (the graph becomes a tree if it remains connected), while it provides
in general a good approximation for loopy graphs as the one in the current problem.
For convenience, let ∂µ (resp. ∂k) denote the subset of symbol nodes (resp. measurement nodes) connected directly to measurement node µ (resp. symbol node k), called
its neighborhood.3 |∂µ| (resp. |∂k|) represents the cardinality of the neighborhood of
measurement node µ (resp. symbol node k). Also, let ∂µ\k denote the neighborhood of
measurement node µ excluding symbol node k and let ∂k\µ be similarly defined.
The message-passing algorithm given as Algorithm 1, decodes the information indexes
w1 , . . . , wK , and is ready for implementation. The key steps are described as follows. The
superscripts i = 1, 2 in Algorithm 1 represent the real and imaginary parts, respectively.




2
2
Here, E X Y = y; σ
and var X Y = y; σ
represents the conditional mean and
variance of the input given the Gaussian channel output Y = X + W with W ∼ N (0, σ 2 )
is equal to y. Mathematically, assume X has cumulative distribution function PX (x),
then for n = 1, 2, . . . ,

 R n − (y−x)2 2
x e 2σ dPX (x)
E X n Y = y; σ 2 = R (y−x)2
,
−
2
2σ
e
dPX (x)

(4.57)

and



  
2
2
2
2
2
var X Y = y; σ = E X Y = y; σ − E X Y = y; σ

where

3This

R

(4.58)

· dPX (x) in (4.57) denotes the Riemann-Stieltjes integral.

is to be distinguished from the notion of neighborhood in the wireless network defined in Section 4.1.3.
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Algorithm 1 Message-Passing Decoding Algorithm
1: Input: S, Y , γs , Ms , q.
2: Initialization:
√
0,i
3: zµk ← yµi /( γs sµk ) for all sµk 6= 0 and i = 1, 2.
4: Initialize τ 0,i to a large positive number for i = 1, 2.
5: Main iterations:
6: for t = 1 to T − 1 do
7:
for all µ, k with sµk 6= 0 and i = 1, 2 do
P

8:
9:
10:
11:
12:
13:

z t−1,i

t−1,i

ν∈∂k\µ νk
τ
.
mt,i
; |∂k|−1
kµ ← E X Y =
|∂k|−1


P
t−1,i
t,i 2
ν∈∂k\µ zνk
τ t−1,i
(σkµ ) ← var X Y =
; |∂k|−1 .
|∂k|−1


√ P
t,i
zµk
← √γs1sµk yµi − γs j∈∂µ\k sµj mt,i
jµ .
end for
P
P
t,i 2
) + 2γ1s Ms q(1 − q) for i = 1, 2.
τ t,i ← P 1|∂µ| µ |∂µ| j∈∂µ (σjµ
µ
end for 

P
T −1,i
ν∈∂k zνk

14:

mik ← E X Y =

15:

Output: ŵk = arg maxj=1,...,2l

|∂k|−1

T −1,i

τ
; |∂k|−1

for all k, i = 1, 2.
√
m1(k−1)2l +j + −1 m2(k−1)2l +j , k = 1, . . . , K.

In the following, we derive Algorithm 1 starting from (4.56) which is valid for both real
and imaginary parts in (4.55). It is a simplification of the original iterative BP algorithm,
which iteratively computes the marginal a posteriori distribution of all symbols given
the measurements, assuming that the graph is free of cycles. For each k ∈ ∂µ (hence
 t
µ ∈ ∂k), let Vkµ
(x) represent the message from symbol node k to measurement node µ
 t
at the t-th iteration and Uµk
(x) represent the message in the reverse direction. Each
message is basically the belief (in terms of a probability density (or mass) function) the
algorithm has accumulated about the corresponding symbol based on the measurements
on the subgraph traversed so far, assuming it is a tree. Let pX (x) denote the a priori
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probability density function of X. In the t-th iteration, we compute
Y

t
Vkµ
(x) ∝ pX (x)

t−1
Uνk
(x)

(4.59a)

ν∈∂k\µ

for all (k, µ) with sµk 6= 0, and then

t
Uµk
(x) ∝



Z

exp − yµ −
(xj )∂µ\k

√

γs sµk x −

√

γs

X

sµj xj

2

j∈∂µ\k






Y



t
Vjµ
(xj )dxj 

j∈∂µ\k

(4.59b)
R

denotes integral over all xj with j ∈ ∂µ\k, and V (x) ∝ u(x) means that
R∞
V (x) is proportional to u(x) with proper normalization such that −∞ V (x)dx = 1. In case
where

(xj )∂µ\k

X is a discrete random variable, the integral shall be replaced by a sum over the alphabet
of X. In this problem, X follows a mixture of discrete and continuous distributions, so
the expectation can be decomposed as an integral and a sum.
The complexity of computing the integral in (4.59b) is exponential in |∂µ| = O(qN ),
which is in general infeasible for the problem at hand. However, as qN  1, the computation carried out at each measurement node admits a good approximation by using
the central limit theorem. A similar technique has been used in the CDMA detection
problem, for fully-connected bipartite graph in [40, 80, 81], and for a graph with large
node degrees in [30].
t 2
To streamline (4.59a) and (4.59b), we introduce mtkµ and (σkµ
) for all (µ, k) pairs

with sµk 6= 0 to represent the mean and variance of a random variable with distribution
t
Vkµ
(x). Using Gaussian approximation, one can reduce the message-passing algorithm to
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iteratively computing the following messages:
(

t−1
ν∈∂k\µ zνk

P

mtkµ = E X Y =
(
t 2
) = var X Y =
(σkµ

τ t−1
;
|∂k| − 1

|∂k| − 1
P
t−1
ν∈∂k\µ zνk
|∂k| − 1



)
(4.60a)

τ t−1
;
|∂k| − 1


)
(4.60b)

X
1
t
yµ − √γs
sµj mtjµ 
zµk
=√
γs sµk

(4.60c)

j∈∂µ\k

X
X
1
1
t 2
(σjµ
) +
|∂µ|
Ms q(1 − q)
2γ
s
µ |∂µ| µ
j∈∂µ

τt = P

(4.60d)

where (4.60a) and (4.60b) calculate the conditional expectation and variance, respectively.
At the T -th iteration, the approximated posterior mean of xk can be expressed as
(

T −1
τ T −1
ν∈∂k zνk
;
|∂k| − 1 |∂k| − 1

P

mk = E X Y =

)
.

The detailed derivation of (4.60) from (4.59) is as follows. Denote ∆µk =

(4.61)
P

j∈∂µ\k

sµj xj .

The key to the simplification is to recognize that ∆µk is approximately Gaussian. To be
precise, if {xj }j∈∂µ\k were independent (conditioned on the observations traversed so far
on the graph), then, by central limit theorem, ∆µk converges weakly to a Gaussian random
variable, whose mean is
t
vµk
=

X

sµj mtjµ

(4.62)

t 2
s2µj (σjµ
) .

(4.63)

j∈∂µ\k

and variance is
t 2
(σµk
) =

X
j∈∂µ\k
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Using the preceding Gaussian approximation, (4.59b) can be calculated by a change of
probability measure as
t
Uµk
(x)

Z

∞

∝

h
i
√
√
exp − (yµ − γs sµk x − γs ∆)2

−∞

"

#
1
exp −
·q
(∆ − vµk )2 d∆
t 2
2(σ
)
t 2
µk
)
2π(σµk
#
"
1
t 2
∝ exp − t (x − zµk )
2τµk
1

(4.64)

(4.65)

t
where zµk
is defined in (4.60c) and

t
τµk
=

X

t 2
(σjµ
) +

j∈∂µ\k

1
.
2γs s2µk

(4.66)

t
by its average over all (µ, k) pairs
Using law of large numbers, we further approximate τµk
t
with sµk 6= 0, i.e., τµk
is replaced by

XX X
1
1
t 2
(σjµ
) +
2γs s2µk
µ |∂µ| k µ∈k

(4.67)

X
X
1
1
t 2
|∂µ|
(σjµ
) +
Ms q(1 − q)
2γs
µ |∂µ| µ
j∈∂µ

(4.68)

τt = P

j∈∂µ\k

≈P
as shown in (4.60d).

t
t
Now we have Uµk
∼ N (zµk
, τ t ), so it is easy to see that
t
ν∈∂k\µ zνk

P
Y
ν∈∂k\µ

t
Uνk
∼N

τt
,
|∂k| − 1 |∂k| − 1

!
.

(4.69)
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 P
t 
ν∈∂k\µ zνk
t+1
,
According to (4.59a), we view Vkµ
(x) as the conditional distribution pX|Y x
|∂k|−1


τt
where Y is the output of a Gaussian channel with noise W ∼ N 0, |∂k|−1
. Therefore,
t+1 2
by definition, mt+1
kµ and (σkµ ) can be expressed as the conditional mean and conditional

variance as in (4.60a) and (4.60b).
It is time consuming to compute (4.60a) and (4.60b) for all (µ, k) pairs with sµk 6= 0,
especially in the case of large matrix S. We can use the following two approximation
techniques to further decrease the computational complexity. First, |∂k| in (4.60a), (4.60b)
and (4.61) is replaced by its mean value Ms q(1 − q). Second, we use interpolation and
extrapolation to further reduce the computation complexity of (4.60a), (4.60b) and (4.61).
Specifically, in each iteration t, we only compute the conditional mean and variance for
some chosen y’s, i.e., we choose y1t < y2t < · · · < ynt which is a partition of an interval
depending on τ t−1 , compute
τ t−1
Ms q(1 − q) − 1

atj


= E X Y = yjt ;

btj


= var X Y = yjt ;



τ t−1
Ms q(1 − q) − 1

,

(4.70)


(4.71)

for j = 1, 2, . . . , n, and then use those values to calculate (4.60a), (4.60b) by interpolation
t
or extrapolation. To be more precise, for any pair µ, k with sµk 6= 0, suppose yjt and yj+1
P

are chosen to be the closest to y =

t−1,i
ν∈∂k\µ zνk

|∂k|−1

t 2
, then mtkµ and (σkµ
) can be approximated

by
mtkµ

=

atj

y − yjt
+ t
(atj+1 − atj ),
t
yj+1 − yj

(4.72)

y − yjt
(bt − btj ).
t
yj+1
− yjt j+1

(4.73)

t 2
(σkµ
) = btj +
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We now revisit the assumption that X has independent elements. In fact, X consists
of K sub-vectors of length 2l , where the entries of each sub-vector are all zero except for
one position corresponding to the transmitted message. After obtaining the approximated
posterior mean m
e k by incorporating both real and imaginary parts calculated from (4.61),
Algorithm 1 outputs the position of the element with the largest magnitude in each of
the K sub-vectors of [m
e 1, . . . , m
e N ]. In fact the factor graph Fig. 4.1 can be modified to
include K additional nodes, each of which puts a constraint on one sub-vector. Slight
improvement over Algorithm 1 can be obtained by carrying out message passing on the
modified graph.

4.4.3. Performance Characterization of Algorithm 1
The iterative decoding dynamics of Algorithm 1 can be quantified in the large-system
limit, where K, M → ∞ and the average system load β and all other parameters are held
constant. Numerical results in Section 4.5 suggest that the large-system analysis provides
a reasonable approximation for the performance of systems of moderate size.
For simplicity, an error event is defined as that node X0 cannot correctly recover
the message from one specific neighbor. Let Pes denote the probability of decoding error
averaged over all realizations of all possible messages, signatures and noise. The main
result of the large-system analysis is summarized in the following proposition.

Proposition 4.3. In the large-system limit, with sufficient number of iterations of messagepassing decoding described in Algorithm 1, the decoding error probability Pes is expressed
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by
Pes

Z ∞
Z ∞
l
2
4
8
2 2 −1 −r 2 −x2
= 1 − (γs ηf θ) α √
1 − e−r
e
I0 (2xr)rx− α −1 drdx
α
γs ηf θ 0

(4.74)

given that
η −1 = 1 + 2βγs mmse(PX , ηγs )

(4.75)

has a unique fixed-point ηf , where I0 (·) is a modified Bessel function of the first kind, and
mmse(PX , a) = E

n

 √
2 o
X − E X| aX + W

(4.76)

denotes the minimum mean-square error of estimating the input X with the prior distri
bution PX (x) in Gaussian noise W ∼ N 0, 12 .
Proof. It is shown in [28, 30] that when matrix S is sparse and satisfies certain conditions, estimating each input symbol given the entire observation Y (i) , i = 1, 2 in (4.55)
using belief propagation is asymptotically equivalent, in terms of performance, to estimating the same input under a scalar Gaussian channel with some degradation in the
SNR, where the degradation factor is determined from an iterative formula. Mathematically, with a fixed number of iterations t, for every i, k and x, the posterior distribution
converges in probability as the system becomes large:

p

bp
(i)

Xk |Y (i) ,S



x Y

(i)





p

, S −→ pX (i) |Z (i) x
k

k

(i)
Zk



(4.77)

(i)

where Xk is a random variable representing the real or imaginary part of the k-th input
(i)

(i)

symbol in (4.55), Zk is the output of a Gaussian channel with input Xk , channel gain
√

√ t
(i)
(i) 1
t
η γs and noise variance 1/2, i.e., Zk ∼ N
η γs Xk , 2 , and η t , t = 1, 2, . . . , are
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determined by the following recursion:
1
η t+1

= 1 + 2βγs mmse(η t γs )

(4.78)

where mmse(·) is defined in (4.76). Moreover, if η −1 = 1 + 2βγs mmse(ηγs ) has a unique
fixed-point ηf , it can be shown that limt→∞ η t = ηf . If there exist more than one fixedpoints, message passing algorithm finds the smallest one [28, 30]. But we have not seen
multiple fixed points during our numerical simulation.
Now after a sufficient number of iterations in the message passing algorithm, the
channel model (4.55), from the view point of each symbol is approximately equivalent to
Z (1) =

√

γs ηf X (1) + W (1) , Z (2) =

√
γs ηf X (2) + W (2)

(4.79)

where the superscripts (1) and (2) represent the real and imaginary parts respectively,
W (i) , i = 1, 2 are i.i.d. Gaussian random variables with zero mean and variance 12 . By
combining two equations in (4.79), we have the corresponding complex model

Z=

√

γs ηf X + W

(4.80)

where X has the prior distribution X = 0 with probability 1 − 2−l and X = |U |eιϑ with
probability 2−l with |U | distributed as in (4.8) and ϑ uniformly distributed in [0, 2π), W
is circularly symmetric complex Gaussian with zero mean and unit variance.
The following lemma regarding the conditional expectation of the input given the
output of a complex Gaussian channel is useful. A similar result regarding a real Gaussian
channel can be found in [29].
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Lemma 4.1. Let Z = aX + W with a > 0, where X, W are circularly symmetric complex
random variables and further W is Gaussian with zero mean and unit variance. Then the
magnitude of the conditional expectation E { X| Z} is a non-decreasing function of |Z|.

Proof. For any z ∈ C, define
n
o
2
qn (z) = E X n e−|z−aX| , n = 0, 1, . . . .

(4.81)

Let Z = reιϕ , where r ≥ 0. Since X and Xe−ιϕ has the same distribution, we have
n
o
n −|reιϕ −aX|2
qn (re ) = E (X e
ιϕ

ιnϕ

=e

(4.82)

n
o
−ιϕ n −|r−aXe−ιϕ |2
E (Xe ) e
= eιnϕ qn (r) .

(4.83)

Thus |E {X| Z}| can be expressed as
|E {X| Z}| =

q1 (r)
q1 (reιϕ )
=
,
ιϕ
q0 (re )
q0 (r)

(4.84)

which shows that it is indeed a function of |Z|. Next we will prove that |E { X| Z}| is
non-decreasing as |Z| increases. Equivalently, it suffices to show that the derivative of
q12 (r)/q02 (r) with respect to r is non-negative.
Denote X = tejφ with t ≥ 0. φ is uniformly distributed in [0, 2π) due to the circular
symmetry of X. From (4.81), it is easy to see that for n = 0, 1, . . .
n

n

−|r−atejφ |2

qn (r) = E t cos(nφ)e

o

.

(4.85)
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Furthermore, we have
n
o
d qn (r)
jφ 2
= −E tn cos(nφ)e−|r−ate | (2r − 2at cos φ)
dr
n
o
jφ 2
= 2aE tn+1 cos(nφ) cos φe−|r−ate | − 2rqn (r) .

(4.86)
(4.87)

Therefore, the derivative of q12 (r)/q02 (r) with respect to r can be calculated as follows:
1 (r)
0 (r)
2q02 (r)q1 (r) d qdr
− 2q12 (r)q0 (r) d qdr
q04 (r)
o
n
o
4aq1 (r)  n −|r−atejφ |2 o n 2
jφ 2
jφ 2
E e
= 3
E t cos2 φe−|r−ate | − E2 t cos φe−|r−ate |
q0 (r)

(4.88)

By Cauchy-Schwarz inequality, the expression in the parenthesis of (4.88) is non-negative.
And we also have
n
o
jφ 2
q1 (r) = E t cos φe−|r−ate |
( Z π
!)
Z 3π
2
2
1
jφ
2
jφ
2
E t
cos φe−|r−ate | dφ +
cos φe−|r−ate | dφ
=
π
π
2π
−2
2
( Z π
)


2
1
jφ
2
j(φ+π)
2
|
cos φ e−|r−ate | − e−|r−ate
=
E t
dφ
π
2π
−2
≥0

(4.89)
(4.90)

(4.91)
(4.92)

where the inequality in (4.92) is due to the fact that |r − atejφ |2 ≤ |r − atej(φ+π) |2 for all
φ ∈ [− π2 , π2 ]. Therefore, (4.88) is non-negative, which completes our proof.



At the final iteration of the message passing algorithm, the message from each neighbor
is decoded by comparing the complex conditional mean for all corresponding symbols
and then choosing the one with the largest magnitude. According to (4.77), it can be
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shown that the conditional expectation E {Xk | Y , S} converges in probability to E {X| Z}
whose magnitude is a non-decreasing function of |Z| by Lemma 4.1. Therefore, in the
large-system limit, we only need to compare the outputs from 2l independent Gaussian
channels to decode the message from each neighbor.
√
If the input X in (4.80) is zero, |Z| is Rayleigh distributed with parameter 1/ 2.
Otherwise denote a =

√

γs ηf |U |, the pdf of Z = v + ιw in (4.80) can be represented by
1 −(v−a cos ϑ)2 −(w−a sin ϑ)2
e
.
π

(4.93)

Now for a specific neighbor with given channel gain |U |, the probability that its message
is successfully decoded at X0 can be calculated as
1
2π

Z

2π

2l −1 1
2
2
· e−(v−a cos ϑ) −(w−a sin ϑ) dvdwdϑ
π
R2
Z 2π √

2l −1
2
2
−v 2 −w2
−v 2 −w2 −a2
1−e
e
e2a v +w cos ϑ dϑdvdw

Z

0

Z



1 − e−v

2 −w 2

1
2π 2 R2
0
Z 
l



√
1
2
2 2 −1 −v 2 −w 2 −a2
=
1 − e−v −w
e
I0 2a v 2 + w2 dvdw
π R2
Z ∞
l
2 2 −1 −r 2 −a2
=2
1 − e−r
e
I0 (2ar)rdr

=

(4.94)
(4.95)
(4.96)

0

where (4.95) holds due to the fact that

Rπ
0

e±β cos x = πI0 (β). Therefore, the desired error

probability Pes can be obtained by averaging (4.96) over a =

√
γs ηf |U | with |U | distributed

as in (4.8):
Pes

8 2
= 1 − θα
α

Z

∞

√

θ

Z

∞


l
4
2 2 −1 −r 2 −γ η u2
√
s f
1 − e−r
e
I0 (2 γs ηf ur)ru− α −1 drdu

(4.97)

0

Z ∞
Z ∞
l
2
4
8
2 2 −1 −r 2 −x2
= 1 − (γs ηf θ) α √
1 − e−r
e
I0 (2xr)rx− α −1 drdx ,
α
γs ηf θ 0

(4.98)
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which completes the proof of Proposition 4.3.



Proposition 4.3 is basically a single-letter characterization of the performance in the
large-system limit. That is, as far as the error probability of an individual neighbor is
concerned, the mutual broadcast system with message-passing decoding is asymptotically
equivalent to a scalar Gaussian channel with some degradation in the SNR, where the
degradation factor is determined from fixed-point equation (4.75).

4.5. Numerical Results
In order for a fair comparison, we assume the same power constraint for both the sparse
recovery scheme and random-access schemes, i.e., the average transmit power in each
active slot (in which the node transmits energy) is the same. Recall that, in the proposed
scheme, where the frame length is Ms , the SNR in the model (4.52) is γs = γMs q(1 − q).
We choose the same transmission probability in each slot for sparse recovery scheme and
slotted ALOHA, i.e., q = p = 1/(c + 1). Also, the transmission probability in each slot
for CSMA is (1 − e−c )/c (see Section 4.2.2), which is close to 1/(c + 1) when c is large.
The three schemes consume approximately the same amount of average power over any
period of time.
Without loss of generality, let one unit of distance be 1 meter. Consider a wireless
network of 1000 nodes uniformly distributed in a square with side length 500 meters. The
nodes form a Poisson point process in the square conditioned on the node population.
Suppose the path-loss exponent α = 4. The threshold of channel gain to define neighborhood is set to θ = 10−6 . It means that if the transmit power for a node one meter away is
60 dB, then the SNR attenuates to 0 dB at = 106/α ≈ 31 meters in the absence of fading,
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Figure 4.2. Low bounds for error probability in slotted-ALOHA and CSMA
for different threshold δ in the case of l = 10.

i.e., the coverage of the neighborhood of a node is typically a circle of radius 31 meters.
According to (4.12), a node near the center of the square (without boundary effect) has
on average c ≈ 11 neighbors.
We consider two cases for the length of broadcast message l = 5 and 10 bits. In random
access schemes, a packet of L bits consists of the l-bit message and dlog2 ce additional
bits to identify the sender. Fig. 4.2 shows that T = 3.5 minimizes the lower bounds for
Pea in (4.16) and Pec in (4.33) in the case of l = 10.
The metric for performance comparison is the probability for one node to miss one
specific neighbor, averaged over all pairs of neighboring nodes in the network. Suppose
the transmit power of each node is γ = 60 dB. First consider one realization of the
network where each node has c ≈ 11 neighbors on average and l = 5 bits to broadcast,
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Figure 4.3. Performance comparison between sparse recovery and random
access. Each node transmits a 5-bit message.

so that on average cl ≈ 55 bits are to be collected by each node. In random-access
schemes, at least 4 additional bits are needed to identify a sender out of 1000 nodes,
so we let L = 9. In Fig. 4.3, the error performance of slotted ALOHA and CSMA
for δ = 0.5 is compared with that of the sparse recovery scheme with the messagepassing algorithm. The simulation result shows the sparse recovery scheme significantly
outperforms slotted ALOHA and CSMA, even compared with the minimum of the lower
bounds computed from (4.16) and (4.33) for δ = 3.5. For example, to achieve 1% error
rate, the sparse recovery scheme takes fewer than 300 symbols. Slotted ALOHA and
CSMA take no less than 800 and 400 symbols according to the bounds in (4.16) and (4.33),
respectively. In fact, slotted ALOHA and CSMA with threshold δ = 0.5 take more than
2000 symbols. Similar comparison is observed for several other SINR thresholds δ around
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Figure 4.4. Performance comparison between sparse recovery and random
access. Each node transmits a 10-bit message.

0.5 and the performance of ALOHA and CSMA are not good for δ ≥ 1 because the
messages from weaker neighbors may never be successfully delivered. Some additional
supporting numerical evidence is, however, omitted due to space limitations. We also
make a comparison between the simulation result and the large system approximation
from (4.74) for the message-passing algorithm. The approximation is seen to provide a
reasonably good characterization of the performance of the message-passing algorithm.
Fig. 4.4 repeats the experiment of Fig. 4.3 with 10-bit messages. The sparse recovery
scheme has significant gain compared with slotted ALOHA and CSMA. For example, to
achieve the error rate of 1%, the sparse recovery scheme takes about 450 symbols, whereas
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slotted ALOHA and CSMA take at least 1000 and 650 symbols, respectively. The largesystem approximation also gives the trend of the performance of the message-passing
algorithm.
In Fig. 4.5, we simulate the same network with different nominal SNRs, i.e., γ varies
from 50 dB to 70 dB. In the case that each node transmits a 5-bit message, the frame
length is chosen to be 280 symbols. It can be seen from the figure that the probability
of error decreases with the increase of SNR. The performance is similar when each node
transmits a 10-bit message and the frame consists of 450 symbols.
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4.6. Summary
In this chapter, a novel solution based on RODD signaling is proposed to achieve
mutual broadcast in wireless networks. Decoding can be viewed as a problem of compressed sensing. In the case that each message consists of a small number of bits, we
have developed an iterative message-passing algorithm based on belief propagation, and
characterized its performance using a state evolution formula in the limit where each node
has a large number of peers. In a network consisting of Poisson distributed nodes with the
same transmit power, numerical results demonstrate that, to achieve the same reliability
for all nodes to broadcast their messages, the proposed sparse recovery scheme achieves
several times the rate of slotted ALOHA and CSMA. The results in this chapter have
been published in part in [93].

110

CHAPTER 5

Virtual Full-Duplex Neighbor Discovery
In many wireless networks, each node has direct radio link to only a small number of
other nodes, called its neighbors (or peers). Before efficient routing or other network-level
activities are possible, nodes have to discover and identify the network interface addresses
of their neighbors. This is called neighbor discovery (or peer discovery). The problem is
crucial in mobile ad hoc networks (MANETs), which are self-organizing networks without pre-existing infrastructure. The problem is becoming important in increasingly more
heterogeneous cellular networks with the deployment of unsupervised picocells and femtocells.
A node interested in its neighborhood, which is henceforth referred to as the query
node, listens to the wireless channel during the discovery period, and then decodes the
NIAs of its neighbors. Neighbors transmit signals which contain their identity information.
It is fair to assume that non-neighbors either do not transmit, or their signals are weak
enough to be regarded as noise. We make two important observations: 1) the physical
channel is a multiaccess channel, where the observation made by the query node is a
(linear) superposition of transmissions from its neighbors, corrupted by noise; 2) the goal
of neighbor discovery is to identify, out of all valid NIAs, which ones are used by its
neighbors.
State-of-the-art neighbor discovery protocols, such as that of the IETF MANET working group [1] and the ad hoc mode of IEEE 802.11 standards, can be described as follows:
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The query node broadcasts a probe request. Its neighbors then reply with probe response
frames containing their respective NIAs. If a response frame does not collide with any
other frame, the corresponding NIA is correctly received. Due to lack of coordination,
each neighbor has to retransmit its NIA enough times with random delays, so that it
can be successfully received by the query node with high probability despite collisions.
We refer to such a scheme as random-access neighbor discovery. Several such algorithms
which operate in or on top of MAC layer have been proposed [11, 23, 45, 57, 83, 84].
Random access assumes a specific signaling format, namely, a node’s response over
the discovery period basically consists of repetitions of its NIA interleaved with periods
of silence. This signaling format allows the NIA to be directly read out from a successfully received frame. Every node can discover its neighborhood and also be discovered
by neighbors given long-enough discovery period. However, such signaling is far from
optimal. To design the optimal signaling, we should remove all unnecessary structural
restrictions on the responses. Given the duration of the discovery period, the problem
is in general to assign each node a distinct response, or signature over that period, and
to design a decoding algorithm for a query node to identify the constituent signatures
(or corresponding NIAs) based on the observed superposition. It would be ideal if all
the signatures were orthogonal to each other, but this is impossible in the case that the
number of signatures far exceeds the signature length. A good design should make the
correlation between any pair of signatures as small as possible.
A crucial observation is that the number of actual neighbors is typically orders of
magnitude smaller than the node population, or more precisely, the size of the NIA
space, so that neighbor discovery is by nature a compressed sensing (or sparse recovery)
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problem [13, 19]. By the wisdom from the compressed sensing literature, the required
number of measurements (the signature length) is dramatically smaller than the size of
the NIA space.
Based on the preceding observations, this chapter provides a novel solution using
RODD signaling, referred to as compressed neighbor discovery, which attains highly desirable trade-off between reliability and the length of the discovery period, thus minimizing
the neighbor discovery overhead in wireless networks. The defining feature is to let nodes
simultaneously transmit their on-off signatures within a single frame interval. Therefore,
within the discovery frame a node can make observations during its off-slots and also
transmit during its on-slots, i.e., virtual full-duplex neighbor discovery is achieved.
It is proposed in [52, 53] that each node is assigned a pseudo-random on-off signature
and uses a simple decoding procedure via eliminating non-neighbors for discovering the
neighborhood. The complexity of the decoding algorithm is linear in the size of the
address space, which is only feasible for networks with moderately large but not too large
NIA spaces. In this chapter, we generate a set of deterministic on-off signatures based on
a second-order Reed-Muller (RM) code. First- and second-order RM codes date back to
1950s and are fundamental in the study of error-control codes and algorithms [79]. More
recently, RM codes have been shown to be excellent for sparse recovery [35]. The choice
of modified RM codes for neighbor discovery is not incidental: The algebraic structure
allows unusually low decoding complexity (sublinear in the number of codewords), so that
the scheme is in principle scalable to 248 or more nodes or NIAs in the network.
The organization of the remaining sections of this chapter is as follows. The system
model is presented in Section 5.1. In Section 5.2, the generation of the deterministic
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signatures based on a second-order RM code is described. The original RM code consists
of quadrature phase-shift keying (QPSK) symbols, with no off-slots. In order to achieve
full-duplex discovery, we introduce off-slots by replacing roughly a half of the QPSK
symbols by zeros. The chirp decoding algorithm of [35] is modified to perform despite
the erasures. In Section 5.3, compressed neighbor discovery is compared with randomaccess schemes and shown to require much fewer transmissions to achieve the same error
performance. In addition, the new scheme entails much less transmission overhead (such
as preambles and parity checks), because it takes a single frame of transmission, as opposed
to many frame transmissions in random access. Section 5.4 summarizes the chapter.

5.1. The Channel and Network Models
5.1.1. The Linear Channel
Consider a wireless network where each node is assigned a unique network interface address. Let the address space be {0, 1, . . . , N } (e.g., N = 248 − 1 if the space consists of all
IEEE 802.11 MAC addresses). The actual number of nodes present in the network can
be much smaller than N , but as far as neighbor discovery is concerned, we shall assume
that there are exactly N + 1 nodes.
We will later discuss the problem of having all nodes simultaneously discover their
respective neighborhoods, but for now let us assume that node 0 is the only query node
and sends a probe signal to prompt a neighbor discovery period of M symbol intervals.
Each node n in the neighborhood responds by sending a signal S n = [S1n , . . . , SM n ]>.
The signal identifies node n and is also referred to as the signature of node n. In case
a node only transmits over selected time instances, those symbols Smn corresponding to
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non-transmissions are regarded as zeros. For the time being let us ignore the variation
of the small propagation delays between the query node and its neighbors, and assume
symbol-synchronous transmissions from all nodes. We also assume that the discovery
period is shorter than the channel coherence time. The received signal of node 0 can thus
be expressed as
Y =

√ X
γ
Un S n + W

(5.1)

n∈N0

where N0 denotes the set of NIAs in the neighborhood of node 0, Un denotes the complexvalued coefficient of the wireless link from node n to node 0, γ denotes the average channel
gain in the SNR, and W consists of M independent unit circularly symmetric complex
Gaussian random variables, with each entry Wm ∼ CN (0, 1). For simplicity, transmissions
from non-neighbors, if any, are accounted for as part of the additive Gaussian noise.
The goal is to recover the set N0 , given the observation Y , the SNR γ, and knowledge
of the signatures S 1 , . . . , S N . The random coefficients Un are unknown except for its
statistics. For convenience, we introduce binary variables Bn , which is set to 1 if node
n is a neighbor of node 0, and set to 0 otherwise. Let X = [B1 U1 , . . . , BN UN ]> and
S = [S 1 , . . . , S N ]. Then model (5.1) can be rewritten as
Y =

√

γSX + W

(5.2)

where we wish to determine which entries of X are nonzero, i.e., to recover the support
of X.
Model (5.2) represents a familiar noisy linear measurement system. We shall refer
to Y = [Y1 , . . . , YM ]> as the measurements, and S M ×N as the known signature matrix.
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It is reasonable to assume that B1 , . . . , BN are i.i.d. Bernoulli random variables with
P{B1 = 1} = c/N , where c denotes the average number of neighbors of node 0. Let us
further assume that U1 , . . . , UN are i.i.d. with known distribution, and are independent
of B1 , . . . , BN and noise. To recover the support of X is then a well-defined, familiar
statistical inference problem.
The node population N + 1 is typically much larger than the number of symbol epochs
in one discovery period M , so that the linear system (5.2) is under-determined even in the
absence of noise. An important observation is that the vector variable X is very sparse,
so that neighbor discovery is fundamentally a sparse recovery problem, which implies that
very few measurements, which can be orders of magnitude smaller than N , are sufficient
for reconstructing the N -vector X or its support [88].

5.1.2. Propagation Delay and Synchronicity
In general, a receiver has to resolve the timing uncertainty of its neighbors in order
to recover their identities. By including sufficient synchronization flags, random-access
schemes are robust with respect to abitrary delays. Since it is costly to add enough redundancy to allow accurate estimation of the delays in a multiuser environment, it can be
beneficial to let nodes transmit their signatures simultaneously and synchronously. Some
common clock, such as access to the GPS can provide the timing needed. In our scheme,
it suffices to have all communicating peers be approximately symbol-synchronized, as long
as the timing difference (including the propagation delay) is much smaller than the symbol interval. This can be achieved by using distributed algorithms for reaching average
consensus [76].
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By definition neighbors should be physically close to the query node, so that the radio
propagation delay is much smaller compared to a symbol epoch. For instance, if neighbors
are within 300 meters, the propagation delay is at most 1 microsecond, which is much
smaller than the bit or pulse interval of a typical MANET. More pronounced propagation
delays can also be explicitly addressed in the physical model, but this is out of the scope
of this chapter.

5.1.3. Propagation Loss and Near-Far Problem
Previous work [53] considered a single query node and neighbors of the same distance,
and simply assumed the channel gains Un to be Rayleigh fading random variables. Here,
we incorporate the effect of network topology and propagation loss in the channel model.
Suppose all nodes transmit at the same power, large-scale attenuation follows power
law with path loss exponent α, and small-scale attenuation follows i.i.d. fading. Due to
reciprocity, the gains of the two directional links between any pair of nodes are identical.
From the viewpoint of a query node, it suffices to describe the statistics of Un of
neighboring nodes in model (5.1) as follows. Suppose all nodes are distributed in a plane
according to a homogeneous Poisson point process with intensity λ. Consider a uniformly
and randomly selected pair of nodes. The channel power gain between them is GR−α ,
where G denotes small-scale fading and R stands for the distance between them. The
nodes are called neighbors of each other if the channel gain between them exceeds a
certain threshold, i.e., GR−α > θ for some fixed threshold θ. We choose not to define the
neighborhood purely based on the geometrical closeness because: 1) connectivity between

117

a pair of nodes is determined by the channel gain; and 2) a receiver cannot separate the
attenuations due to path loss and Rayleigh fading in one discovery period.
Consider an arbitrary neighbor, n, of the query node. It is assumed that the phase of
Un is uniform on [0, 2π). By following the same steps as in Section 4.1.3, the pdf of |Un |
is expressed as

p(u) =





4 θ2/α
,
α u4/α+1


 0,

u≥

√
θ;

(5.3)

otherwise.

Moreover, the average number of neighbors the query node has is the same as in (4.12),
i.e., c = α2 πλθ−2/α Γ ( α2 ).
The near-far situation, namely that some neighbors can be much stronger than others
is inherently modeled in (5.1)-(5.3). The proposed sparse recovery algorithm is highly
resilient to the near-far problem. To be specific, the gain of strong neighbors can be
estimated quite accurately so that their interference to weaker neighbors can be removed.

5.1.4. Network-wide Discovery
Unlike in previous work [52, 53], we also considers the problem that many or all nodes in
the network need to discover their respective neighborhoods at the same time. A major
challenge is posed by the half-duplex constraint.
A random-access scheme naturally supports network-wide discovery. This is because
each node transmits its NIA intermittently, so that it can listen to the channel to collect
neighbors’ NIAs during its own epochs of non-transmission. Collision is inevitable, but
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if each node repeats its NIA a sufficient number of times with enough (random) spacing,
then with high probability it can be received by every neighbor once without collision.
As we shall see in Section 5.2, the proposed compressed neighbor discovery scheme
employs on-off signatures, so that a node can make observations during its own off-slots.
All nodes broadcast their signatures and discover their respective neighbors at the same
time. Thus network-wide discovery is achieved within a single frame interval.

5.2. On-off Reed-Muller Signatures and Chirp Decoding
In this section, we propose to use deterministic signatures obtained from secondorder Reed-Muller codes with erasures, where the complexity of the corresponding chirp
decoding algorithm is sub-linear in N . We first discuss the original RM code without
erasure. Such a code is sufficient for a single silent query node to acquire its neighborhood.
The construction of the RM code is described in detail in [12]. We provide a sketch of
the construction in Section 5.2.1. The signatures consist of QPSK entries, which prevent
a transmitting node from simultaneously discovering its neighborhood. In Section 5.2.2,
zero entries are introduced by erasing about 50% of the symbols in each signature, so that
full-duplex neighbor discovery is enabled. The chirp decoding algorithm is discussed in
Section 5.2.3. As we shall see in Section 5.2.4, using the Reed-Muller code enables more
reliable and efficient discovery in networks which are many orders of magnitude larger
than allowed by using random on-off signatures as in [52, 53].
For the reader’s convenience, the signature generation and chirp decoding procedures
are summarized as Algorithms 3 and 4. Examples in the case of very small systems are
given to illustrate the encoding and decoding procedures.
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5.2.1. The Reed-Muller Code (without Erasure)

RM codes are a family of linear error-control codes. A formal description of RM codes
requires a substantial amount of preparation in finite fields. In a general form, RM
codes are based on evaluating certain primitive polynomials in finite fields. Due to space
limitations, we briefly describe the second-order RM codes used in this chapter using
the minimum amount of formalisms. The reader is referred to [12] for a more detailed
discussion.
Given a positive integer m, we show how to generate up to 2m(m+3)/2 distinct codewords, each of length 2m . For example, in the case of m = 10, there are up to 265
codewords of length 1,024.
Let eil = [0, . . . , 0, 1, 0, . . . , 0] be a row vector of length l in which the i-th entry is equal
to 1 whereas all other entries are zeros. Let P (eil ) be the l × l symmetric matrix in which
the top row is eil and each of the remaining reverse diagonals (a diagonal from upper right
to lower left) is computed from a fixed linear combination of the entries in the top row.
The reader is referred to [12] for a detailed description of the construction, which is based
on evaluating some primitive polynomials in GF(2m ). For example, P (e11 ) = 1 and

1
P (e12 ) = 
0



0
0
2
 , P (e2 ) = 
1
1


1
.
1

(5.4)

Given m, we form a linear space of m × m symmetric matrices with a set B of
m(m + 1)/2 bases constructed using {P (eil ), i ≤ l, l = 1, . . . , m}, where for l < m, P (eil )
is padded to an m × m matrix, where the lower right l × l submatrix is P (eil ) and all
remaining entries are zeros. In the simple case of m = 2, B consists of m(m + 1)/2 = 3
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bases, which are P (e12 ), P (e22 ) given by (5.4) and an additional matrix obtained from
P (e11 ) = 1 by padding zeros:


 1

B= 

 0

 
0 0
, 
1
1

 
1 0
, 
1
0



0
 .

1 

(5.5)

Let B(i) denote the i-th basis in B ordered as P (e1m ), . . . , P (em
m ) and then those obtained
from P (e1m−1 ), . . . , P (em−1
m−1 ) and so on.
Let the NIA consist of n = n1 + n2 bits, where n1 ≤ m and n2 ≤ m(m + 1)/2. Each
n-bit NIA is divided into two binary vectors: b0 ∈ Zn2 1 and c ∈ Zn2 2 , where Z2 = {0, 1}.
0
0
Let b ∈ Zm
2 be formed by appending m − n1 zeros after b (b = b if n1 = m). We map c

to an m × m symmetric matrix according to

P (c) =

n2
X

ci B(i)

mod 2

(5.6)

i=1

where ci denotes the i-th bit of c. The corresponding codeword is of 2m symbols, whose
entry indexed by a ∈ Zm
2 is given by
 

1 T
T
φb,c (a) = exp jπ
a P (c)a + b a
.
2

(5.7)

For example, in the case m = 2, there are up to 2m(m+3)/2 = 32 codewords of length
2m = 4. Moreover, if the number of nodes is 16, i.e., n = 4 only 16 codewords are
generated as functions of (b, c) and given as column vectors in Table 5.1, where only the
first two bases in (5.5) are used as n1 = n2 = 2.
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Table 5.1. 16 Reed-Muller codewords.
b
c
φb,c

0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3
0 0 0 0 1 1 1 1 2 2 2 2 3 3 3 3
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 -1 1 -1 j -j j -j j -j j -j 1 -1 1 -1
1 1 -1 -1 1 1 -1 -1 j j -j -j j j -j -j
1 -1 -1 1 -j j j -j -1 1 1 -1 -j j j -j

5.2.2. Generation of On-Off Signatures
The drawback of using the original RM code is that the codewords defined by (5.7) consist
of QPSK symbols, so that a node cannot simultaneously receive useful signals while
transmitting its own codeword. In order to achieve full-duplex neighbor discovery, we
propose to erase about 50% of the entries of each codeword to obtain an on-off signature,
so that nodes can listen during their own off-slots. The signature of each node consists of
roughly as many off-slots as on-slots, thus two nodes can receive pulses from each other
over about 25% of the slots.
For reasons to be explained shortly in conjunction with the chirp decoding algorithm,
we apply random erasures to the signatures in the following simple manner: Suppose n2
is chosen such that the m × m symmetric matrix generated by each node is determined by
its first m0 ≤ m/2 rows. For node k, the erasure pattern r k of length 2m is constructed
as follows: Divide r k into 2m0 segments with equal length 2m−m0 , let the first segment
consist of i.i.d. Bernoulli random variables with parameter 1/2 and all remaining segments
be identical copies of the first segment. It is easy to see that after introducing erasures
in the signatures, the network can still accommodate 2m(3m+10)/8 nodes. For example, if
m = 10, we have up to 250 signatures of length 1,024.
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The procedure for generating the on-off signatures based on the RM code is summarized as Algorithm 2.
Algorithm 2 Signature Generation Algorithm
1: Input: n-bit NIA
2: Choose m such that n = n1 + n2 with n1 ≤ m and n2 ≤ m20 (2m − m0 + 1) where
m0 ≤ m/2.
n
n
0
3: Divide n-bit NIA into two vectors b ∈ Z2 1 and c ∈ Z2 2 . Form b ∈ Zm
2 by appending
m − n1 zeros after b0 .
4: Generate the original RM code φb,c of length 2m according to (5.7).
5: Generate the erasure pattern r of length 2m as follows: Let the first segment of 2m−m0
bits be i.i.d. Bernoulli random variables with parameter 1/2 and repeat the segment
2m0 times to form the 2m bits of r.
6: Output: The on-off signature of length 2m is the element-wise product of φb,c and r.

5.2.3. The Chirp Decoding Algorithm
We recall that each node makes observations via the multiaccess channel (5.1), which is a
superposition of its neighbors’ signatures subject to fading and noise. An iterative chirp
decoding algorithm has been developed in [35] to identify the codewords of the RM code
based on their noisy superposition. The general idea is to take the Hadamard transform
of the auto-correlation of the signal in each iteration to expose the coefficient of the digital
chirps and then cancel the discovered signatures from the signal.
In the case of full-duplex discovery, the original chirp decoding algorithm with some
modifications can be applied here for any node (say, node 0) to recover its neighborhood
based on the observations through its own off-slots (denoted as Ỹ ). The details are
provided in Algorithm 3.
In the following, we provide a simple example to illustrate the key steps of Algorithm 3.
Consider a network of N = 2n = 1,024 nodes. Let the parameters in Algorithm 2 be
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Algorithm 3 The chirp decoding algorithm
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

Input: received signal Y in (5.2), signatures of all other nodes S and its own erasure
pattern r.
Choose the maximum iteration number Tmax , the threshold η and the maximum number n0 of weak nodes discovered till termination.
Initialize the residual signal Y r to the pointwise product of Y and 1 − r.
Initialize the iteration number t to 0, the neighbor set N = ∅ and the coefficient
vector C = ∅.
Main iterations:
while t ≤ Tmax do
for i = 1, 2, . . . , m0 do
Compute the pointwise multiplication of the conjugate of Y r and the shift of Y r
in the amount of 2m−i .
Compute the fast Walsh-Hadamard transform of the computed auto-correlation.
Find the position of the highest peak in the frequency domain and decode the
i-th row of an m × m matrix P (ck ), which corresponds to a certain node k.
end for
Use the first m0 rows of the preceding P (ck ) to determine its remaining rows.
Compute for all a ∈ Zm
2 and apply Hadamard transform to the pointwise product
of Y r and the conjugate of S 0k ;
Recover bk by finding the highest peak in the frequency domain.
Compute φbk ,ck according to (5.7) and recover S k by pointwise product of φbk ,ck
and r k .
Add node k to the neighbor set N and add a corresponding 0 to the coefficient
vector C.
Put together all signatures of nodes in N to form a matrix S N . Construct S̃ by
pointwise multiplying each column in S N with 1 − r.
Determine the value of vector X which minimizes kY r − S̃Xk2 . Update the coefficient vector C by C + X.
Update the residual signal Y r by Y r − S̃X.
if N contains more than n0 nodes with coefficients less than η then
Stop the main iteration.
end if
end while
Output: All elements in N whose corresponding coefficients in C are no less than η.

n1 = 5, n2 = 5, m = 5, m0 = 1, so that we have 1,024 signatures of length 2m = 32.
Suppose for simplicity node 0 has only two neighbors, whose on-off signatures are S 1 and
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S 2 , respectively:
S 1 = [1, 0, 0, 1, 1, 1, 0, 1, 0, j, 0, j, 0, j, −j, j,
−j, 0, 0, −j, j, j, 0, j, 0, 1, 0, 1, 0, −1, 1, −1]

(5.8)

S 2 = [0, 0, j, 0, 0, −j, 1, 0, 0, j, −1, 0, 0, 0, 0, 0,
0, 0, −j, 0, 0, −j, 1, 0, 0, −j, 1, 0, 0, 0, 0, 0]

(5.9)

where the zeros in the signatures are due to erasures. Suppose the channel gains are
U1 = 3 and U2 = 2j. In the absence of noise, node 0 observes the signal U1 S 1 + U2 S 2
through its own off-slots as
Ỹ = [3, 0, 0, 3, 0, 0, 0, 0, 0, 0, −2j, 3j, 0, 3j, −3j, 3j,
−3j, 0, 0, −3j, 0, 0, 0, 0, 0, 0, 2j, 3, 0, −3, 3, −3].

(5.10)

Given that Y r is initialized to Ỹ , the key steps of Algorithm 3 leading to the discovery
of the first neighbor is described as follows:

(1) Steps 7 to 12:
Note that m0 = 1 in this case. Take the Hadamard transform of the autocorrelation function of Y r and its shift by 2m−1 to expose the chirps in the
frequency domain, so that the first row of P (c) can be recovered, and then
the entire matrix can be determined. Using Ỹ given by (5.10), the index of
the highest peak is the 21st. Therefore, the first row of P (c) is the binary
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representation of 20, i.e., the binary string of 10100. The matrix P (c) can then
be uniquely determined.
(2) Steps 13 and 14:

Compute S 0 (a) = exp jπ

1 >
a P (c)a
2



for all a ∈ Zm
2 and apply Hadamard

transform to the pointwise product of Y r and the conjugate of S 0 to recover b.
In the example, the index of the highest peak is the 19-th in the first iteration,
hence b = 10010.
(3) Steps 15 to 18:
Recover the erased signature S by pointwise product of φb,c and r, then put
together all signatures already recovered to form a matrix S̃, where all rows of
S̃ corresponding to the on-slots of node 0 are set to zero. Determine the value of
X which minimizes kY r − S̃Xk2 . In the example, the reconstructed signature
in the first iteration corresponds to the signature of the first neighbor (S 1 ) and
the corresponding coefficient X1 is estimated to be 3, which is equal to U1 .

The preceding steps are repeated to discover more nodes. The algorithm terminates if
either the total number of iterations reaches a given number as one desires, or among the
discovered nodes, enough of them correspond to very weak coefficients, which implies that
the algorithm starts to produce non-neighbors.
We now justify the special scheme for generating the erasures in Algorithm 2. In
order to recover the i-th row of the m × m symmetric matrix corresponding to the largest
energy component in the residual signal, the auto-correlation is computed between the
residual signal of length 2m and its shift by 2m−i . It is advisable to guarantee that the
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positions of erasures in the received signal and its shift are perfectly aligned as designed
in Algorithm 2.

5.2.4. A Numerical Example
We illustrate the performance of discovery using RM codes through the following example.
Suppose there are N = 10,000 valid NIAs which belong to nodes uniformly distributed in
a square centered at the origin. Let the path loss exponent be α = 3. Assume Rayleigh
fading and that a node is regarded as a neighbor if the channel gain exceeds θ = 0.05. In
each network realization, we consider the average neighbor discovery performance of the
100 nearest nodes to the origin.
Two types of errors are possible: If an actual neighbor is eliminated by the algorithm,
it is called a miss. On the other hand, if a non-neighbor survives the algorithm and is thus
declared a neighbor, it is called a false alarm. The rate of miss (resp. rate of false alarm)
is defined as the average number of misses (resp. false alarms) in one node’s neighborhood
divided by the average number of neighbors a node has.
First let the density of the nodes be such that each node has on average c = 10
neighbors. Choose m = n1 = n2 = 10, then the signature length is 2m = 1,024. Averaged
over 10 network realizations of the large network, the rate of miss and the rate of false
alarm of a total 10 × 100 = 1,000 nodes (with approximately 10,000 neighbors in total)
are plotted in Fig. 5.1 against the SNR. Note that there are no false alarms registered
during the simulation when SNR is larger than 12 dB. We find that the total error rate
can be lower than 0.2% at 13 dB SNR.
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Figure 5.1. The rates of miss and the rate of false alarm versus SNR.
We repeat the simulation with the number of average neighbors changed to c = 30
and the parameters changed to m = n2 = 12, and n1 = 8. In this case, the signature
length is 2m = 4,096. During all 10 network realizations, there are no false alarms and
the total error rate can be lower than 0.2% at 11 dB SNR.
In order to show that the chirp decoding algorithm is highly resilient to the near-far
problem, we demonstrate in Fig. 5.2 that strong neighbors will be detected with very high
probability so that their interference to weaker neighbors can be removed. In the case
of average c = 10 neighbors, when the signature length is 1,024 and SNR is 10 dB, we
can see that the rate of miss decreases as the neighbors become stronger, and the rate of
miss is below 0.1% at −6 dB attenuation. The simulation is repeated with the number of
average neighbors changed to c = 30, the length of signature changed to 4,096 and SNR
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Figure 5.2. The rate of miss versus attenuation.

changed to 7 dB. We can see that all neighbors with attenuation less than −6 dB are
successfully discovered with miss rate less than 0.2%.

5.3. Comparison with Random Access
We compare the performance of the compressed neighbor discovery scheme described
in Section 5.2 with that of conventional random-access discovery scheme. Only one frame
interval is needed by compressed neighbor discovery, as opposed to many frames (often
in the hundreds) in the case of random access. Thus compressed neighbor discovery also
offers significant reduction of synchronization and error-control overhead embedded in
every frame.
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5.3.1. Comparison with Generic Random-Access Discovery

Suppose a random-access discovery scheme is used, such as the “birthday” algorithm
in [57]. Nodes contend to announce their NIAs over a sequence of k contention periods.
In each period, each neighbor independently chooses to either transmit (with probability
p) or listen (with probability 1−p). Let ρ = c/N . The error rate is equal to the probability
of one given neighbor being missed, which is given by
N  
X
N
z=1

z


k
ρz (1 − ρ)N −z 1 − p (1 − p)z−1 .

(5.11)

Consider a network with 220 NIAs, so in each contention period, the number of bits
transmitted is at least log2 (220 ) = 20 just to carry the NIA. For a fair comparison with the
compressed neighbor discovery scheme, we assume time is slotted and QPSK modulation
is used. Table 5.2 lists the amount of transmissions needed by random access discovery
according to (5.11) and by compressed discovery based on RM codes with chirp decoding
(see Fig. 5.1) in order to achieve the target error rate of 0.002 in the cases of 10 or 30
neighbors.
Evidently, random-access discovery requires hundreds of 20-bit frame transmissions to
guarantee the same performance achieved by compressed discovery using a single frame
transmission. The latter scheme uses much longer frames. Still, the total number of
symbols required by compressed discovery is substantially smaller.
The efficiency of compressed neighbor discovery can be significantly higher than that
of random access if all overhead is accounted for. This is because that sending a 20-bit
NIA reliably over a fading channel may require up to a hundred symbol transmissions or
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Table 5.2. Comparison between random-access discovery and compressed
discovery based on RM codes.
c = 10
c = 30

random access
194 frames
1,940 symbols
534 frames
5,340 symbols

RM codes
1 frame
1,024 symbols
1 frame
4,096 symbols

more. We believe using compressed discovery can reduce the amount of total discovery
overhead by an order of magnitude.

5.3.2. Comparison with IEEE 802.11g
It is also instructive to compare compressed neighbor discovery with the popular IEEE
802.11g technology. Consider the ad hoc mode of 802.11g with active scan, which is
basically a random-access discovery scheme. The signaling rate is 4 µs per orthogonal
frequency division multiplexing (OFDM) symbol. One probe response frame takes about
850 µs. (The response frame includes additional bits but is dominated by the NIA.) Thus
it takes at least 850 µs × 194 ≈ 165 ms for a query node to discovery 10 neighbors with
error rate 0.002 or lower. If compressed neighbor discovery with on-off signature is used,
1,024 symbol transmissions suffice to achieve the same error rate. Using 802.11g symbol
interval (4 µs), reliable discovery takes merely 4.1 ms. A highly conservative choice of
the symbol interval is 30 µs, which includes carrier (on-off) ramp period (say 10 µs) and
the propagation time (less than 1 microsecond for 802.11 range). Compressed neighbor
discovery then takes a total of 30 ms, less than 1/5 of that required by 802.11g.

131

5.4. Summary
In this chapter, we have developed the compressed neighbor discovery scheme using
on-off signatures based on a deterministic second-order Reed-Muller code. In order to
identify its neighborhood, each node solves a compressed sensing problem using a chirp
decoding algorithm. The computational complexity is sub-linear in the address space,
so that it is in principle scalable to networks with billions of nodes with 48-bit IEEE
802.11 MAC addresses. The proposed solution has shown to be much more efficient
than conventional random-access discovery scheme. The results in this chapter have been
published in [92, 94].
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CHAPTER 6

Concluding Remarks
In this thesis, a novel paradigm for a clean-state design of the physical and MAC layers
of wireless networks has been proposed. The defining feature of the new scheme, which is
called rapid on-off-division duplex, enables virtual full-duplex communications by using
half-duplex radios. It fully takes advantage of the superposition and broadcast nature of
the wireless medium.
As a first step toward quantifying the advantage of on-off signaling in RODD, we
have studied in Chapter 2 the capacity of scalar Gaussian channels subject to duty cycle constraint as well as average transmit power constraint. Numerically optimized onoff signaling can achieve much higher rate than Gaussian signaling over a deterministic
transmission schedule. It suggests that, compared to intermittently transmitting frames,
it is more efficient to disperse nontransmission symbols within each frame to form on-off
signaling as in RODD. To further explore the advantage of RODD, in Chapter 3, we
have presented the capacity results of RODD network under two simple channel models,
namely, deterministic OR-channel and Gaussian channel. The traffic is assumed to be
mutual broadcast from each node to all other nodes. The throughput of RODD is shown
to be higher than the capacity of ALOHA by a large margin.
As an important application, we have studied in Chapter 4 the mutual broadcast
problem by applying RODD signaling. The proposed sparse recovery scheme with random
signatures is suitable for the situation where the broadcast messages consist of a relatively
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small number of bits. The proposed scheme can also serve as a highly desirable sub-layer
of any network protocol stack to provide the important function of simultaneous peerto-peer mutual broadcast. This sub-layer provides the missing link in many advanced
resource allocation schemes, where it is often assumed that nodes are provided the state
and/or demand of their peers. It is also interesting to note that the proposed scheme
departs from the usual solution where a highly-reliable, capacity-achieving, point-to-point
physical-layer code is paired with a rather unreliable MAC layer. By treating the physical
and MAC layers as a whole, the proposed scheme achieves better overall reliability at
much higher efficiency.
In Chapter 5, we have developed the compressed neighbor discovery scheme based on
RM codes, which is efficient, scalable, and easy to implement. Using on-off signatures
allows half-duplex nodes to achieve network-wide full-duplex discovery. A brief discussion
of how neighbor discovery is triggered is in order. If a single node (e.g., a new comer)
is interested in its neighborhood, it may send a query message, so that only the neighbors which can hear the message will respond immediately. To implement network-wide
discovery, nodes can be programmed to simultaneously transmit their on-off signatures
at regular, pre-determined epochs, so that all nodes discover their respective neighbors.
This also prevents neighbor discovery from interfering with data transmission.
We conclude by highlighting some further research directions, and indicate which
results presented in this thesis can be extended.
In Chapter 2, we only considered scalar Gaussian channels. One step forward would be
considering a multiaccess Gaussian channel consisting of more than 2 transmitting nodes
with the same duty cycle constraint as well as the average transmit power constraint.
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It is interesting to study the maximal achievable sum rate as well as the corresponding
optimal input distribution for each node. A conjecture based on the results in Chapter 2
is that the optimal distribution is still discrete. It would also be interesting to find out the
optimal signature design (e.g. sparsity, signaling) and the corresponding network capacity
in RODD networks.
RODD signaling need not be limited in the time domain. It is in principle compatible
with all existing schemes utilizing degrees of freedom in the frequency domain, such as
OFDM. Recently, Qualcomm has developed the FlashLinQ technology based on OFDM,
which carries out neighbor discovery over a large number of orthogonal time-frequency
slots [60]. Over each slot, however, the scheme is still based on random access. One
possible research direction is to extend the RM-based compressed neighbor discovery
scheme in Chapter 5 to multicarrier systems and make a comparison with FlashLinQ.
From an individual receiver’s viewpoint, the channel in a RODD network is a multiaccess channel with erasure at known positions. Although all good codes for multiaccess
channels are in principle good for RODD, no practical codes in the literature can be directly applied in our setting. In Chapter 4, a simple channel code is proposed, which is
efficient only if the messages consist of a relatively small number of bits. In the case that
each node has many bits to send, one future research direction is to design a structured
code with low decoding complexity to make the scheme practical. In Chapter 5, ReedMuller codes are chosen because its salability and effectiveness in compressed sensing. To
find out more efficient codes for neighbor discovery in large networks (i.e., 248 or more
NIAs) is also of interest [44, 56].
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