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Abstract—The new concept of multinode moment matching of s, the moments off(s) can be expressed as
(MMM) is introduced in this paper. The MMM technique simul-
taneously matches the moments at several nodes of a circuit using k1 ko kn
explicit moment matchingaround s = 0. As compared to the well mo = — <— + =4+ —>
known single-point moment matching (SMM) techniques (such as P P2 Pn
asymptotic waveform evaluation), MMM has several advantages. _ ki ke k.,
First, the number of moments required by MMM is significantly my=- P2 + P2 Tt P2

1 2 n

lower than SMM for a reduced-order model of the same accuracy, k I I
which directly translates into computational efficiency. This Mop_1 = — <_1 + 22 4 _"> . (3)
higher computational efficiency of MMM as compared to SMM %” %
increases with the number of inputs to the circuit. Second, MMM
has much better numerical stability as compared to SMM. This This favorable reciprocal relation between the moments and

characteristic allows MMM to calculate an arbitrarily high-order  the poles stresses the dominant poles with smaller magnitudes.
approximation of a linear system, achieving the required accuracy These dominant poles are of most interest when evaluating the

for systems with complex responses. Finally, MMM is highly ¢ ient This ch teristi kes th t
suitable for parallel-processing techniques especially for higher ransient response. [his characteristic makes the moments very

order approximations while SMM has to calculate the moments POpular in circuit simulation. Moreover, the moments around
sequentially and cannot be adapted to parallel processing tech- s = 0 can be calculated very easily for tree structured and

niques. tree-like interconnect in linear time with the number of ele-
Index Terms—inductance, interconnect, model-order reduction, Ments in the circuit [1]-[5]. Path tracking techniques for effi-
RLC, simulation. ciently calculating the moments for tree and tree-like structures

where introduced in [4] and [5]. Note that tree-like structures
include capacitively and inductively coupled trees. Also, other
techniques have been developed in [5] to extend the efficiency
OMENT matching techniques, e.g., [1]-[3], are curof path tracking techniques to circuits with few resistive and in-
rently one of the most popular linear circuit simulatiorjuctive loops. The overwhelming majority of interconnects in
techniques. The moments of a transfer function of order integrated circuits fall into these categories of circuits. This ef-
results from expanding the transfer function into a Taylor seri€igiency of calculating the moments arousd= 0 further in-
arounds = 0 as given by creased the popularity of moment matching techniques.
Asymptotic waveform evaluation (AWE) [2], [3] employs
moment matching by calculating the fir834 moments of the

. INTRODUCTION AND BACKGROUND

_1+a15—|—a232+-~-+amsm

H(s) = 50 b o2 b transfer function arounsl = 0 to determine the firsi dominant
T 018+ 025 ;’ o +3 ns poles and corresponding residues of the transfer function. The
=1+ mais +mas” +mgs” + - (1) moments at nodg are approximated by
. L - ) BRI kI
Theith moment of the transfer function; is the coefficient of mh=— |2+ 24... 412
s* in the series expansion. To illustrate the relation between the 1 P2 Dq
moments, poles, and residues of the transfer function, (1) can be ) oo ki
. : : J 1 2 q
expressed as a partial fractions sum given by my=— |5+ 2 +oo+ =
1 2 q
k k kn :
H(g):—1_|_ 2 4+ .+ @) ; i J
s—Dp1 §—= P2 § = Pn J k1 ks kq
My, 1=~ | 55T 255t 1 5 4)
P Dy Pq

wherep; is theith pole of the transfer function arid is the cor-

responding residue. By expanding each term in (2) into powé/f@ere the terms representing poles with magnitude larger than
pg are neglected angh < p2 < --- < pg. Hence, the firsy

most dominant poles and corresponding residues can be calcu-
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The process by which the moments are determined does nomnber of states in the circuit [9]-[11]. On the other hand, tech-
allow calculating the moments at few selected nodes of a citiques based on the Lanczos algoritterg, [12]-[14], have
cuit, and the moments have to be calculated at all nodes sincelthear dependency apbut unfortunately cannot use= 0 as an
141 moment at any nodgdepends on thgh moments at all the expansion poinfor RLC circuits due to the numerical charac-
nodes [1]-[5]. However, AWE only uses the moments at a singleristics of the Lanczos process [12]-[14]. Hence, path tracking
node at a time to calculate the response at that node. Herteehniques cannot be used and the Lanczos process have much
techniques such as AWE will be called here single-point mbigher complexity than AWE foRLC circuits. Note that higher
ment matching (SMM) techniques. These techniques improgeder approximations are specifically neededRtC circuits.
the approximation accuracy by calculating more moments lais currently a common belief that explicit moment matching
each node. As will be shown in this paper, accuracy can beounds = 0 cannot be used to calculate high-order approxi-
also improved by using the information in the moments at difnations.
ferent nodes simultaneously. This new concept will be called This paper introduces the MMM technique capable of cal-
here multinode moment matching (MMM). By exploiting theculating arbitrarily high-order approximations with high effi-
spatial information in the moments, the number of moments reiency usingexplicit matching of the momentrounds = 0.
quired to achieve a specific accuracy can be significantly réhe algorithm has eomplexity proportional to gn for tree and
duced, improving the computational efficiency. As will be detree-like structures and actually has significantly better perfor-
scribed later, the reduction in the number of moments by usingance than SMM techniques. Hence, MMM has better numer-
MMM instead of SMM increases with the number of inputs tacal stability as well as higher-computational efficiency as com-
the circuit. Multiple input circuits are becoming increasinglypared to AWE, unlike the techniques described above, which
common in integrated circuits with the increasing importandeade of computational efficiency for numerical stability. The
of analyzing interconnects with capacitive and inductive couest of the paper is organized as follows. The special case of
pling. Also, important structures such as the power distributi@n single-input multiple-output systems will be considered in
network are typically multi-input circuits. Section Il. The general case of multiple-input multiple-output

Another major problem with SMM techniques is the inherertystems are considered in Section Ill. The use of dummy in-
numerical instability with higher order approximations. The sg@uts to arbitrarily improve the numerical characteristics of the
of equations in (4) is very sensitive to numerical errors witMMM technique is described in Section IV. Conclusions are
high ¢ due to the high powers of the poles involved. Even witgiven in Section V. Finally, the relation between the residues of
a moderate disparity in the pole values, higher moments véhge transfer functions and the eigenvectors of the system matrix
quickly contain no information about larger magnitude polgs derived in Appendix.
due to truncation errors. For that reason SMM techniques are
limited to less than 8-10 poles [4]-[6]. With complicated inte-1l. MMM FOR A SINGLE-INPUT MULTIPLE-OUTPUT SYSTEM
grated circuits, increasing inductance effects, higher inductive . .

. . . . ) A formal method for simultaneously matching+ 1 mo-
and capacitive coupling, and higher operating frequencies, ap-

proximations with-orders higher than can be achieved by SM ents aty points of a circuit is described in this section. Con-
become necessary Sider a linear circuit witln state variables (independent capac-

Techni h lex f hopping (CEH) h itor voltages and inductor currents). Out of thetate variables,
echniques such as complex frequency hopping ( ) YSariables are selected to represent the circuit. Selection cri-

been proposed to determine higher number of poles [7], [.%le'ria are discussed Section lll. These state variables are denoted
CFH calculates the moments around several frequency points,

) ) . 1,%2,...,Tq Orx in vector notation. Theg x 1 vectorm; in-
mstegd of only around = 0. A different set_ Of_ poles is em- cludes theith moments of the state vectardue to a unit im-
phasized arqund the selecte_d frequ_ency point in each set of rBﬂl'se input A reduced order state space system of ogderto
ments, aIIowmg the calculation of high number of poles. HOV\Ge determined which approximate the original circuit by simul-
ever,_calcula'urjg the mo’T‘e”tS around# 0 ca.nnot use path taneously matching the moments of the selegtstate variables
tracking techniques and is much more complicated than calgu-—+,.. o

) X ! X, This system is given by
lating the moments aroungd = 0 especially when inductive
and capacitive coupling are present. Also, determining the set
of points around which the moments are calculated is a non-
trivial task. Another set of techniques that are becoming in- ) . )
creasingly popular are techniques based on Krylov subspadéEreA is ag x ¢ system matrixb is ag x 1 input vector, and
e.g, [9]-[14]. These techniques implicitly matches the moments'S the single input to the circuit. The state variables of th(_a re-
of the circuit by using a different set of vectors that have th(gjced-order system have a one to one cor.res.pondence with the
same span of the moment vectors but are much more nunfgpected state variables from the orlgln_al ciraites, ..., .
ically stable. Very high approximation orders can be achievd@ @PProximate the selected state variables of the original cir-
by using these techniques. However, these techniques have Sitit: @ reduced-order system with the fitst- 1 moments of
nificantly higher complexity than AWE. Techniques based g0 ™1, -, Mq IS to be determined. Therefore, (5) can be ex-
the Arnoldi algorithme.g, [9]-[11], improve the numerical sta- Pressed in the frequency domain as
bility by finding a set of orthogonal vectors with the same in- )
formation as the moments. Finding this orthogonal set of vet: [Mo + m1s + mas® + -+ + mgs? + -]
tors has @omplexity proportional to ¢g’>n wheren is the total = A [mo +mys + mas® + -+ mgs? + - ] +b-1 (6)

X = Ax+ bu (5)
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Fig. 1. SimpleRLCcircuit.

whereu(s) is equal to 1 for a unit impulse input. By comparing Determining a reduced order system of orgeusing the
the coefficients of equal powers ofn both sides, the following MMM technique requiregy + 1 moments(mg — my). The

relations have to be satisfied: number of moments required for any SMM technique to deter-
mine areduced order system of orgés 2¢ [1]-[8] as discussed
b =—Am, in Section I. Hence, almost half the number of moments are re-
my =Am;, quired by MMM as compared to SMM to calculate an approxi-

mation of the same order. The reason MMM uses less moments
is that it exploits the fact that there is a common set of poles at
: all the nodes of a circuit. By only considering a single node at
mg 1 =Amg. (7) atime, SMM require2g moments to solve fozq variables ¢
poles and their residues). However, by adding more nodes, the
Excluding the first equation, the equations above can be putriomber of variables does not increase2byor each extra node.

mj :Am2

matrix form as Since they poles are common to all the nodes, adding an extra
node only addg new variables for residues at the extra node.
A[mim; - -mg] = [mem;y ---mg1]. (8) Hence, the number of variables when simultaneously consid-

. . ring ¢ nodes isy poles and;? residues and MMM needs only
Hence, a reduced order system can be determined which oarsnatCM(qul) moments which arg-+ 1 moments ay nodes.

;gﬁos\,;ir:; + 1 moments of the original state variables using the Usingq -+ 1 moments in;teaq & moments does not reduce
' the accuracy of an approximation calculated based on MMM as
A =AAF? ) compared 'Fo SMM. AIthOl_Jgh there is_ no formal proofforthi_s ar-
b—— Am (10) gument, this trait can be illustrated in several ways. Intuitively,
0 although MMM uses less moments, the reduced-order system
in (5) represents the original circuit more closely by matching
the circuit characteristics at more than one point rather than at
Ay =[mom; ---my_q] (11) a single point. Alternatively, in the special case whees n,
MMM exactly matches the circuit using+ 1 moments, while
SMM require2n moments to exactly match the circuit. For ex-
The eigenvalues oA, py,ps,...,p, are the reduced orderample, consider the simple circuitin Fig. 1. MMM replicates the
common set of poles of the circuit. The residues of the transf¥act response at all the nodes using eleven moments as shown
function between the input and any state Variabjein the in Flg 2 for the OUtpUt node, while SMM requires 20 moments
original circuit can be calculated by solving the set of linedp replicate the responses (SMM breaks in this example due to

whereA; andA, are twogq x ¢ matricies given by

A2 = [m1m2 st mq] . (12)

equations given by numerical errors when using a sixteen significant decimal digit
' ' arithmetic). Also, note in Fig. 3 that for an eighth-order approx-

j kK ki imation, MMM is actually more accurate than SMM and for a

Mo =~ ' + P2 Tt Py fourth-order approximation, MMM is as accurate as SMM. An-

i i L othe_r way to iII_ustrate the similar accuracy ofyth-order ap-
mi = — (k_; . k_; T _q) proximation using MMM and SMM is to note that both tech-
z niques implicitly solve the same set of equations in (4) and (13)
to find ¢ poles andy residues. The only difference is that MMM
solves the system of equations more efficiently by exploiting
j koK 2 fact that there is a common set of poles at all the nodes.
Mg ==\ gt g+ -+ 4] (13) The selection of the variables used in calculating an MMM
P P2 Dq
reduced-order model is critical for the accuracy of the MMM
Note that the state variablg can be any variable in the originalapproximation. For example, if two state variables with exactly
circuit and does not have to be one of theariables used in cal- the same moments are selected, two identical rows appdar in
culating the reduced order system. Once the poles and residaled the matrix cannot be inverted as required by (9). The choice
of the transfer functions at the nodes of interest are determineflfwo state variables with close moments can also cause loss
the response of the circuit at these nodes to an arbitrary inpfitaccuracy. Hence, as a rule of thumb, the variables should be
can be calculated using simple Laplace transform techniqueselected with as far moments as possible. A way to achieve this
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R ' ' of SMM. As described in Section I, the high powers of the poles
,\> SMM (AWE) are the primary reason for numerical instability in SMM tech-
L [/ \_ SPICEand MMM - niques. Hencg, MMM is numerically more stab!e than SMM.
[ \ L This fact is evident in Fig. 2. Although the numerical advantage
P of MMM by using half the moments of SMM is not huge, it is
2 R shown in Section IlI that both the numerical and computational
; advantages of MMM over SMM increase in direct proportion
N to the number of inputs to the circuit. This fact is exploited in
107 order - Section IV by using dummy inputs to arbitrarily improve the
‘ numerical characteristics of MMM, allowing the calculation of
'/ l 1 | approximations with practically any required number of poles.
Finally, moment shifting can be readily applied in MMM and
Time was shown in [6] to improve the accuracy of moment matching
Fig. 2. Tenth-order MMM and SMM approximations as compared to SPIC@pprO_XImatIons by e“mmatmg the inaccuracy effects of larger
for the output voltage of the circuit in Fig. 1. MMM requires eleven momentgagnitude poles on the dominant poles. A reduced-order system
and is exact while SMM requires 20 moments and breaks because of numergithe form in (5) can be calculated with a moment shifting of

4 T
Vuul (VOItS) // \

errors. sh by using (9) with
4 T T T
Vou [ /- SPICE and MMM A1 = [mgmgpi - Mspig—1] (14)
Vo TR
, | (volts) ,j : \\\\‘ | Ag =[mgpp1mgpyo - Mgpy) (15)
f Voo and

2t ! P e ]

!

j ! b= —A*im,,. (16)
NS / SMM i

/ & order A shift between 1-3 usually results in significant accuracy im-

1 1 1 provement of the reduced-order model RIrC circuits.
0 0 5 1 i5 20
. , @ _ Time . MMM FOR A MULTIPLE-INPUT MULTIPLE-OUTPUT
Vo |/ )7\ SPICE SYSTEM

|- (volts) / B N . For a circuit with! inputs, a reduced-order system of the form
1 i N N x = Ax + Bu a7

!/4" SMM and MMM is used as a-order approximation of the original circuit, where
I an 7 B is ag x I input matrix andu is anl x 1 vector including the

)", 4" order inputs to the circuit. This reduced-order system can be expressed
o v ! ! ! as
0 5 10 15 20
(®) Time .
x:AX+b1U1+b2u2+"'+bIUI (18)

Fig. 3. Eighth- and fourth-order MMM and SMM approximations as
compared to SPICE for the output voltage of the circuit in Fig. 1. whereu; —uj are thel inputs and; —bj are the Corresponding

columns ofB. Unlike the single input case, there drdifferent
objective is to sort the state variables in terms of the first momes#ts of moment vectors that can be calculated for the multiple
and select the variables at equidistant steps starting with the varput system in (18). A different set of moment vectors results
able with the smallest moment and ending with the variable wiftom setting one input as a unitimpulse while all the other inputs
the largest moment. Also, if inductors are present in the circuétre set to zeros. The set of moment vectors corresponding to the
both inductor currents and capacitor voltages should be seledtgelit u;, are denoteang ., m; x, ..., wherem; ; includes the
as state variables when calculating the reduced-order model.ith-moments of the state variables i selected to represent the
tuitively, by choosing the variables according to these criterieircuit. Note that these moments are the moments of the transfer
the circuit is more comprehensively sampled, and hence, is méuwiactions between input and the state variables of the circuit
accurately approximated by the reduced-order model. Also,since a circuit with/ inputs had different transfer functions at

many cases thevariables are implied by the physical nature ofach nodg as described by

the circuit.
Another interesting observation is that MMM does not user;(s) = Hy (s)ui(s)+ Hj(s)uz(s)+-- -+ Hj(s)ur(s). (19)
the higher half of the moments which SMM uses for the same
approximation ordeg. Thus, the maximum power of the poleg-ollowing the same procedure as in the single input case, the

in the system of equations solved by MMM is almost half thdbllowing relations can be shown to hold when matching the
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moments of the reduced-order system to the moments of theach inputu. This set of constants can be expressed in vector

variablescy, z», ..., z, of the original circuit notation asy, and is determined from
bk = — Amg i ax =T by (25)
m;x =Am;i g x (20) where
foranyi =0,1,2,...and anyk = 1,2,...,I. Any ¢ + I mo- T =[viva vy (26)

ment vectors can be used to completely determine an approx- . . . .
imation (18) of orderg since (18) hasq + I)q variables ¢ as explained in the appendix. Note that the above relations hold

elements inA andqI elements irby — by). The only condition for any linear system and therefore are also valid for the original
is that at leasing ; needs to be determined for all the inputg'rcu'tt. of d[me2r1§|qm (or WTentqt = n). Hence, the system of
(k = 1...1) to determineby as given by (20). Hence\ can equations in (23) is equivalent to

be determined using (9) with several different alternatives for a1k Qo gk
A1 andA,. One interesting choice is mok = — <—V1 +——Vv2+---+ —Vq>
P1 P2 Pq
1,k 2,k Qq,k
A = [m0,1m1,1 srrMg r-1,1Mo,2My 2 -~ Mg/1-12 - mp kg =— <p—2V1 + p—2V2 +o+ szq>
1 2
momjgy--- mq/I—l,I] (21) !
Aoy = [m1,1m2,1 c Mg 1My 2M2 2 - - Mg/ -
R 22 _ a1k a2k
mj 1msa mq/I,I] ( ) Mgk = — ( (q/I)+1v1 + (q/I)+1V2 + -
p1 P2
which uses the firsy/I + 1 moments corresponding to each o
inputu; —uy. The reduced-order system in (18) calculated using +qu (27)
(21) and (22) implicitly solves the set of equations given by q
for k = 1...1. The system of equations in (27) has+ I)q
1 1 1 . . .
moy =—( —kix+ —koy+ -+ —kqx independent variables ar{g + I)q equations and hence can
h D2 Dq be solved. The residues of any state variable that is part af the
1 1 1 variablesey, zs, . . ., z, selected to represent the original circuit
=—( =k —k cei 4 —k 1,22y« 5 dg nalcl
Lk (p% Lk + p2 ook o P2 q’k> can be calculated directly from (24). For a state variahlén
the original circuit out side the set, -, . .., z4, the residues
can be found by solving the following set g¢finear equations
1 1
Mq/1k =~ ( (q/l)+1k1’k t @+ koje 4o j (O‘l-k i Y2k A,k j)
My = — —v; + ——vy,+ -+ ——0
Py P2 0,k D1 1 Do 2 Py
1 K A1k 4 (8% K @ -
+—kq,k> (23) mJ = — <Lk’u] ~|— Lkvj _|_ . + Lk J)
pyt/ D L R P2 ¢
for k = 1...I wherekg is a vector including the residues
of theith polep; at theq variableszy,z, ..., z,. At a first j Qi o 2k
. . . . . m 1= —"Ul + — by + -
glance, solving these equations may seem impossible since there "(a/1)—1,k P’ I P! I
are(q + I)q equations when matching + I) moments ay ! ?
nodes while the number of variables involvedid + ¢. These +0‘q.,k j (28)
variables arg common poles ang? I residues since at each of pg/I 1

theq nodes there aré different transfer functions (each with ]

residues) as given by (19). However, as shown in Appendix, fi&r k = 1...T wherev] is the component of théth eigen-
any linear system, the residues of the transfer functions duevegtor at nodg. Note that the poleg; — p, and the constants
different inputs are not completely independent since the residugr. — . x are known in (28) since the can be determined from

vectors are related to the eigenvectorstoby the reduced-order system and are common to all nodes. The
residues at nodg¢ can then be determined using tjta com-
ki x =aq V1 ponent of (24) given by
ko x =a2 V2 kfk = a; 0! (29)

fori =1,2,...,qandk =1,2,...,1.
kyx =a,xvy (24)  The entire procedure of determining a multiple-input
reduced-order system can be summarized as follows. The
for k = 1...I wherevy is the eigenvector oA corresponding reduced-order system itself can be determined from (20) and
to sth polep; anda 1, — oy 1 are a set of constants unique to (21). The set of poleg; — p, are the eigenvalues & which
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ICD 1375 —‘;' while input three switches -
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Fig. 4. Three capacitively coupldRiCtransmission lines.

are common to all the nodes in the circuit. The set of constants [ L ! !
a1,r — g Which are also common to all the nodes in the 0 5 10 B Time %
circuit are determined from (25) and (26). Finally, the residues 5 MMM 410 SPICE 6. i the cireuit shown in Fic. 4

. ; : : 41g. 5. as compared to u: IN the circuit shown in Fig. 4.
at any nodej can be determined either directly from (24) Iﬂ:rhe circuit element values ar@, = 0.8,Cy = 1, Ry = 0.5, Cpy = 1,
the node belongs to the reduced-order system or from (28) af\d= 0.5, ¢, = 0.5, Ryps = 0.5,Cra = 0.5, Rs = 0.2, Cs = 2, Ryps =
(29) for any node in the original circuit outside the set of noddsC.: = 1, Ci> = 2, andC>; = 3. A third-order MMM approximation is
used in the reduced-order system used. SPICE simulations are shown with solid lines while MMM is shown with

s . dotted lines.
The number of moments required to determine a re-

Ic\i/lul\(/:lﬁ/ld_-orderlmodel oftor(_jr?]rfor a %rcu'; with 1 mtputs u_smgf the poles in an SMM approximation of ordetis 2¢ indepen-
IS ¢+ I moments. The number ot moments requIred Qg i ¢ 1o number of inputs to the circuit. For example, for a

SMMis a_t leasy + qI moments_to determingcommon po!es fortieth-order approximation, the maximum power of the poles
andq residues for each of thé inputs. Note that the savmgsgf30 in SMM and only five in the case of MMM with ten in-

in the nqmber of n:joment; rﬁq“'fehd Ey MM'\S as fc_ompare ts to the circuit, which is a huge difference. While typical cir-
to SMM Increases ramatically V.V't t '€ number o Inputs t uits have less than ten inputs, dummy inputs can be arbitrarily
the circuit e_speC|aIIy for large. This savings is again becaus(?ntroduced as discussed in Section IV, allowing fine control of
MMM exploits the fact that the poles —p, ar_ld the anSt?nts the numerical characteristics of an MMM approximation. In the
QL = Qg Aré common to all the node§ in the circuit. B>fimit, the maximum power of the poles in an MMM approxima-
cr?ns%ldermg only one node, SMM techniques cannot eXpl(%n of any ordercan be limited to two in the special case when
this fact. . - q = I. The minimum power of the poles in an MMM approx-
For example, consider the three capacitively coupd imation can also be controlled by employing moment shifting

transm!ssm_n I|_nes shown_ln Fig. 4. A th_lrd-order MMM ] as discussed in Section I, allowing an even greater control of
approximation is used to simulate the circuit. The outputs

the th i ission i h the th ; Ie numerical characteristics of an MMM approximation. Equa-
re;re;:r?tir:gnfhrzlst:silrzzitm'(le'f]earf?rsct t?/jgnmacfmegta reea\:]adrlatﬂgﬁ (9) can be used to determine a reduced-order multiple input
. 0.k i i i
. ’ system with a moment shifting e, by usin
m; i, are calculated for each of the three inputs, kes 1, 2, 4 g y g

and 3. The approximation is then calculated using A1 = [Mgp 1Mgpi11 - Mypyq/1-1,1Mep 2Mgpp12 -

(30) Mypq/1-1,2 " Msh IMsp 411" msh+q/1—1,1]
(31)

The third-order MMM approximation is compared to SPICEA2 = [msh+1,1msh+2,1 CMghiq/1,1Msp41,2Msp 42,2 "
in Fig. 5 and accurately approximates the transient response of Mh4q/12 Maht1IMepq2] My iq/11]

the circuit for different input switching conditions. Note that an (32)
MMM approximation does not need to recalculated for different

inputs. The total number of moments calculated by MMM ignd

six. A third-order SMM approximation requires at least 12 mo-

ments. More ovenmg . can usually be trivially calculated for b = —A*"'mg, 1 (33)
most VLSl interconnects. Hence, the actual number of moments
that are calculated by MMM is three as compared to nine &}r k=12,...,IL
SMM, which illustrates the efficiency of MMM as compared
to SMM. This efficiency is even higher for circuits with higher
number of inputs.

Another very important observation is that the numerical sta- As discussed in Section Ill, the maximum power of the poles
bility of a g-order approximation based on MMM increases aa an MMM approximation decreases as the number of inputs
the number of inputs to the circuit increase. This behavior cémthe circuit increases, which improves the numerical stability
be explained by observing that the maximum power of the polekthe reduced-order model. In many cases, circuits with single
in (20)—(29) is(¢/I + 1). Hence, for a given, an increase id  or few inputs require high-order approximations to accurately
would result in a direct improvement in the numerical stabilitgharacterize the transient response of the circuit. In such cases,
of the reduced-order model. Note that the maximum power dfimmy inputs can be introduced to reduce the truncation errors

Ay = [mg1mgmg 3], Az =[mjimyomy3].

IV. CONTROLLING THE NUMERICAL CHARACTERISTICS OF AN
MMM A PPROXIMATION BY USING DUMMY INPUTS
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V4 > Dummy Input

SPICE

Linear Circuit = \ |

- \

= > 40™ order MMM

Fig. 6. A voltage source dummy input. |

in high-order approximations due to the high powers of the poles
involved. After the reduced-order model is calculated using the ]
circuit's original inputs and the dummy inputs, the dummy in- o — ; ; . s

puts can be set to zeros in the reduced-order model. The adde Time

dummy inputs should satisfy two conditions. First, setting a o

dummy input to zero should not change the circuit structurgr?q'u;'ti0r/]'\snof"fr':/'e'\guf‘rfuﬂrg;‘geﬁfé‘erggrg%%ﬁgnsa;iscgg"npﬁ‘:zf‘ to SPICE
For example, setting a voltage source in parallel with a capac-

itor to zero results in short circuiting the capacitor, changing the ’ ' T ‘
original circuit. Second, the moment vectors due to a dummv,,, (volts) N o
input should be easily calculated by using path tracking tech u=l,u=1 T
niques [4], [5] where they apply. Also, if matrix factorization . \ / e -
is necessary for calculating the moments of the original circuit N T w0
calculating the moments due to a dummy input should not re g T R
quire any extra matrix factorization than that is required by for P/ '
calculating the moments of the original inputs. One type of inpu !

that satisfies these conditions is a voltage source in series wi N~ =0, u,=1
an inductor or a resistor in the circuit as shown in Fig. 6. The i 8
voltage source should not be in parallel with any element in th N A ; B e
circuit and should not be between any node and the ground. Tt 0 2 4

. . . . Time
voltage source should not be in series with a capacitor. It can

be easily verified that such an input satisfies the two conditiorg. 8. An MMM approximation of order 40 as compared to SPICE
above. simulations at the output of line one of two coupled identiRRCtransmission

Dummy inputs of this type can be added until the maximuffSs s 92 estance, inductance,and capaciance of e tuo ez are 2
power of the poles in the MMM approximation are sufficiently. The parameters, andu. takes the values 1, 0, e¢1 indicating that the

ow 0 guarantee the numerical stabity of the approximatiof s e o SicIGIoL o o 0, o e, e
However, to achieve the maximum linear independence betwq,égq] SS,CE sim‘ulaﬁgn& y op g

the moment vectors due to different inputs, the inputs should be

selected at nodes that are physically as far as possible from eiacation accurately matches SPICE simulations and requires the
other. The first moments due to one of the original inputs can balculation of 70 moments around= 0. The maximum error
used again as a criterion to determine where the dummy inpirtsany of the poles calculated using MMM was less than 2.5%
should be located. as compared to the exact poles.

A simulation tool has been developed based on the MMM al- The seventy moments used in the above example are com-
gorithm using the aforementioned techniques to efficiently ambsed of seven moments for each of the ten inputs. These ten
accurately simulate geneRLCcircuits. The tool has been usedsets of seven moments do not depend on each other and can be
with several circuits of varying sizes and complexity to verifgalculated in parallel. As for SMM or Krylov subspace methods
the accuracy and speed of the MMM method. For example, cd@}-[14], the moment vectors (or the equivalent vectors in the
sider an underdampedLC transmission line with a total re- case of Krylov-based methods) have to be calculated sequen-
sistance, inductance, and capacitance of 2, 1, and 1.5, respiatly and thus, parallel programming techniques cannot be em-
tively, and a single input. An underdamped transmission lirgoyed. This advantage of the MMM technique can be signifi-
is known to have one of the most complicated responses in @int especially when higher order approximations are required
single input circuits with a very poor pole separation. Applyinwhich will usually involve a large number of moment sets due
the SMM technique at the load node using 16 significant det different inputs with each sets having only few moments to
imal digit arithmetic, only an eighth-order approximation catimit the maximum power of the poles in the approximation.
be reached before running into serious numerical errors. By ap+Finally, consider the case of a two identical coupRdC
plying MMM with nine dummy inputs (a total of ten inputs in-transmission lines. A fortieth-order approximation is calculated
cluding the original input) introduced at equal distances startinging MMM with ten inputs (eight dummy and two original in-
from the source and ending at the load, a fortieth-order apprguts) and a moment shifting of two. The approximation matches
imation is accurately calculated. A moment shifting of two waaccurately SPICE simulations at the end of line two for several
used with MMM. As shown in Fig. 7, the fortieth-order approxinput switching conditions as shown in Fig. 8. Seventy moments
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TABLE |
LARGE CIRCUIT SIMULATION USING MMM

Circuit type:

Full grid clock distribution network

No. of Capacitors:

21982

No. of Resistors:

No. of Inductors:

No. of Mutual Inductance Coupling:

No. of Nodes:

19177

SPICE simulation time

SPICE couldn’t finish this circuit. One

quarter of this circuit took 6 days on SPICE.

MMM simulation time

10-25 seconds depending on the
approximation order used

SMM is significantly lower for a reduced-order model of the
same accuracy. This higher computational efficiency of MMM
as compared to SMM increases with the number of inputs to
the circuit. Second, MMM has much better numerical stability
as compared to SMM, allowing MMM to calculate approxima-
tions of much higher orders than SMM can achieve. Finally,
MMM is highly suitable for parallel-processing techniques
especially for higher order approximations while SMM has to
calculate the moments sequentially and cannot be adapted to

parallel-processing techniques.

#od
Exs)

! APPENDIX
2l {% j RELATION BETWEEN THE RESIDUES AND THEEIGEN VECTORS
1 OF THE SYSTEM MATRIX
5h | § Consider a single input system with a dimensjaf the form
[ .
% jg %“ f,,,x( X = Ax + bu. (34)
51 ! ‘VMK"»M/""““
g \&1 f/ [ By taking the Laplace transform of (34) and assuming a unit
os ’;ﬁf impulse,x(s) can be expressed as
i £ $
}i x(s) = (sT— A)~'b, (35)
Cg e
This expression can be expanded into powers ad
3 P i F 5 i — -1 -2 —3.2 P
U TTBT 52 03 84 D5 06 67 DB B3 1 x(s)=—[AT + AT+ AT+ ] b (36)
Tiene {5eck ¥ m»ﬂ .
Hence, the moment vectors ®fs) are given by
Fig. 9. An MMM approximation of order 30 as compared to SPICE L A—(G+D)
simulations for the circuit described in Table I. m; = —A"""b. (37)

_ ) ) The vectorb can be expressed as a linear combination of the
are used again, which represents no increase as compared t@{nvectors ofs as given by

single transmission line example given above. A sixteen signif-
icant decimal digit arithmetic was used.

Note that transmission lines are used here, not because of their . .
simplicity but rather because transmission lines involve some'9f'€’e the cons_tantsl — aq (expressed in vector notation ak
the most complicated signals in linear circuits, and because fian be determined from
presented results can be easily verified. MMM can be used with

b = @1V] + vy 4 - - - 4 gV (38)

, esul : a=T'b (39)
any linear circuit for which the moments can be calculated. The
MMM technique has been tested on a large number of industrigth
circuits with great success, resulting in orders of magnitude im-
provements in speed over existing tools. Table | summarizes the T'=[vave---vq. (40)

results of applying MMM on one large industrial circuit. Thisgpstituting (38) into (36) and using the well-known relation
circuit is a full grid clock distribution network with a signifi- F(A)vi = f(p;)vi wherep; is the eigenvalue oA which cor-

cant amount of coupling. Note that this unoptimized version ?ésponds to the eigenvecter, the following relation results
MMM requires only a few seconds to accurately simulate the

circuitona 1.7-GHz PC with 128 Mb of RAM. The results were . o1 o2 Qq

. . . . . Imj = — ,—Hvl+ﬁv2+-~~+ﬁvq .
consistent across a wide range of approximations and approxi- P ph Py
mations as high as 60 were achieved. For this specific circuit,’%n

(41)

approximation of order 30 or higher showed no difference in t owevet;, the relat|orcli t.)etwe?n tfhe moments and the residues in
result, i.e., a thirtieth order is enough for accurately simulati ) can be expressed in vector form as
this circuit. A thirtieth-, fortieth-, and fiftieth-order approxima-

tions are shown in Fig. 9 with no visible difference. (42)

1 1 1
m; = — i_k1+7‘—k2+"'+1‘_k }
1 |:p1+1 p;l pd-i-l q
wherek; is the vector containing the residues corresponding to

the polep; at all the nodes of the circuit. By comparing (41) and

The new concept of MMM was introduced in this paper angyo) the residue vectors are just the scaled eigenvectors given
explicitly matches the moments aroung- 0. As compared to |,

SMM techniques, MMM has the following advantages. First,
the number of moments required by MMM as compared to

V. CONCLUSION

(43)

ki = (/;Vj.
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' 1991.
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