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Abstract—With advances in fabrication technology of very/ultra
large scale integrated circuit (VLSI/ULSI), we must face many
new challenges. One of them is the interconnect effects, which may
cause longer delay and heavier crosstalk. To solve this problem,
many interconnect performance optimization algorithms have
been proposed. However, when these algorithms are designed
based on rectilinear interconnect architecture, the optimization
capability is limited. Therefore, nonrectilinear interconnect archi-
tectures become a field of active research in which the octilinear
interconnect architecture is the most promising one since it extends
from the rectilinear case and greatly shortens the wire length.
Meanwhile, an interconnect with less length is helpful to reduce
wire capacitance, congestion, and routing area. In an interconnect
architecture, the Steiner minimal tree (SMT) construction is one
of the key problems. In this paper, we give two practical octilinear
Steiner minimal tree (OSMT) construction algorithms based on
octilinear spanning graphs (OSGs). The one with edge substitu-
tion (OST-E) has a worst-case running time of ( log ) and a
similar performance as the recent work using batched greedy. The
other one with triangle contraction (OST-T) has a small increase
in the constant factor of running time and a better performance.
These two are the fastest algorithms for octilinear Steiner tree
construction so far. Experiments on both industrial and random
test cases are conducted to compare with other programs. We also
proposed the extension of our algorithms to any geometry.

Index Terms—Deep submicron (DSM), interconnect, physical
design, routing, Steiner tree, very large scale integration (VLSI).

I. INTRODUCTION

ROUTING plays an important role in physical design.
Useful algorithms have been proposed focusing on

routability [1], [2], timing issues [3]–[7], coupling effects
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[8], and rectilinear routing tree construction [9], [10]. Steiner
minimal tree (SMT) construction based on any interconnect
architecture is one key problem in routing, which connects

given points through extra added points (Steiner points) to
achieve a minimal total length. An SMT is usually the preferred
wiring for a multiple-pin net and thus often used as an accurate
estimation for wire length. It will be computed hundreds of
thousand times during routing. Meanwhile, it may be computed
with very large input size for increased emphasis on design
for test and nets with pre-routes. Therefore, the SMT problem
definitely deserves good performances and highly efficient
solutions.

As the foundation of octilinear interconnect, an octilinear
Steiner minimal tree (OSMT) connects given points in the
octilinear plane, which allows 45 diagonal interconnections
in addition to traditional horizontal and vertical orientations.
Studies about octilinear Steiner trees have been made since
the 1990s. The approach of [11] uses a heuristic based on a
minimal spanning tree (MST) to construct a Steiner tree. It
has a running time, but the nonrectilinear results
were not mentioned. In [12], geometrical characteristics of
octilinear Steiner trees were studied, especially on three-point
and four-point problems, and an iterative discretized 1-Steiner
algorithm was proposed. The implementation requires an

running time. It was mentioned that if the tech-
nique in [14] is used, it is possible to reduce the running time to

. Optimal octilinear Steiner tree constructions for three
or four points have been studied also in [13], and an
heuristic based on Delaunay triangulation was proposed. How-
ever, it only considered local substitutions, which do not change
the general topology of the original minimal spanning tree.
Recently, there have been more interests [15]–[19] in octilinear
routing due to its advantages in wire length and new technical
support [18]. A graph-based interconnect optimization algo-
rithm was proposed in [15]. This GRATS-tree algorithm has
a running time of per improvement pass. It got 17%
wire length improvement over rectilinear minimal spanning
trees (RMSTs) on average. In [17], Chiang et al. proposed an
algorithm to construct an isomorphic octilinear Steiner tree
from a rectilinear Steiner tree. In [19], an efficient approach
was recently proposed by Kahng et al.. In their approach, a
spanning tree is iteratively improved by contracting empty tri-
angles [20]. Their implementation utilized the batched method
introduced in [21] and gave an heuristic with
good solution qualities. Besides these heuristic approaches,
exact octilinear Steiner tree algorithms have also been studied
[22]. However, any exact algorithm is expected to have an
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exponential worst-case running time, which is not practical for
large input sizes.

The main contributions of this paper are two efficient octi-
linear Steiner minimal tree algorithms, which are faster than
previous algorithms while having similar performance as the
best heuristics, such as the batched greedy algorithm [19]. The
first algorithm (OST-E) derives its efficiency from combining
the edge substitution approach of Borah et al. [23] and span-
ning graphs similar to Zhou et al. [24]. The other one (OST-T)
combines the triple contraction [20] and spanning graphs. Both
approaches run in time and take storage. The
former one has a smaller constant factor in running time, while
the latter one has a better performance. Another advantage is
that they are easy to implement since all stages of the algorithms
are integrated together, rather than different stages use different
algorithms. Furthermore, because they are graph based, they can
be extended to any geometry easily.

The remainder of this paper is organized as follows. In Sec-
tion II, the spanning graphs of Zhou et al., the edge substitution
approach of Borah et al., and the triple contraction approach of
Zelikovsky will be reviewed. In Section III, we will show how
to define spanning graphs on the octilinear plane and give an
efficient algorithm for their construction. Then, in Section IV,
the two algorithms of octilinear Steiner tree construction will
be presented. In Section V, we will discuss the extension of our
algorithms to Steiner trees in any geometry. The last two sec-
tions will give experimental results and concluding remarks. A
preliminary version of this research has been published in the
Asian–Pacific Design Automation Conference (ASP-DAC) [30]
to cover a partial work. This paper presents progresses in -ge-
ometry extension and includes detailed analysis.

II. PRELIMINARIES

A. Zhou et al.’s Spanning Graphs

Our algorithms construct an octilinear Steiner tree from
a minimal spanning tree, so the first step is constructing an
octilinear minimal spanning tree efficiently. Using Prim’s or
Kruskal’s algorithms on the complete graph will take at least

time. Although Delaunay triangulation can be an effi-
cient way to reduce the number of candidate edges, it cannot
be defined easily under rectilinear or octilinear case. Therefore,
Zhou et al. [24] introduced the spanning graph as a base for
minimal spanning trees. Given a set of points on the plane, a
spanning graph is a graph that contains at least one minimal
spanning tree. They also presented an algorithm to
construct a spanning graph with edges.

With reference to each point , the plane can be divided
into eight octagonal regions as shown in Fig. 1(a). Each
region includes only one of its two bounding half lines as
shown in Fig. 1(b). It can be proven that each region has the
uniqueness property, i.e., for every pair of points , ,

. Here, denotes the distance
between and in a 2-geometry (rectilinear) plane. Based
on the cycle property, i.e., the longest edge on any circuit
should not be included in any minimal spanning tree, it can be
concluded that it is sufficient to consider only the edge from
to the closest point in each region for minimal spanning tree

Fig. 1. Octal partition.

Fig. 2. Edge substitution.

construction. Considering all given points, such edges will
form a spanning graph with edges.

Zhou et al. also designed an efficient sweep line algorithm
with a worst-case running time of to construct the
spanning graph. We extend this algorithm to the octilinear case,
which will be presented in Section III.

B. Borah et al.’s Edge Substitution

The second step of our algorithms is constructing an octi-
linear Steiner tree from a minimal spanning tree. Our two al-
gorithms are based on edge substitution and triple contraction,
respectively.

As illustrated by the example in Fig. 2, Borah et al.’s edge
substitution algorithm works as follows. It starts with a minimal
spanning tree and then iteratively connects a point (for example,

in Fig. 2) to a nearby edge and deleting the longest edge
on the formed cycle.

A straightforward implementation by Borah et al. used the
Prim algorithm to generate the initial minimal spanning tree in

time and considered all possible point–edge pairs, whose
number is . A depth-first search was conducted to find the
longest edge on the cycle formed by any new connection. This
procedure will take time totally. In our approach, we uti-
lize our spanning graph to find the point–edge pairs and the
longest edge on a cycle, which will reduce the number of can-
didates to . This will be presented in Section IV.

C. Zelikovsky’s Triple Contraction

Triple contraction by Zelikovsky greedily chose triples of
points to improve the minimal spanning tree by connecting them
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Fig. 3. Triple contraction.

Fig. 4. Equidistant points in octilinear plane.

through Steiner points. As illustrated in Fig. 3, a selected triple is
connected, and the two longest edges are deleted in the formed
cycles. In fact, this approach considers a superset of the edge
substitution and will theoretically have a better performance.
Kahng et al. utilize this approach to get a run-
ning time heuristic [21]. We will combine triple contraction with
spanning graphs to get an approach.

III. OCTILINEAR SPANNING GRAPHS

To construct a spanning graph in octilinear case, we first con-
sider the contour of equidistant points from point , as shown in
Fig. 4. We can divide the plane into eight regions based on the
octagonal contour. In Section V, we will discuss how to extend
this idea to any geometry.

Theorem 1: Each region in Fig. 4 has the unique-
ness property. That is, for any points , ,

.
Proof: Since regions through are equivalent to each

other. We only give a proof of for convenience.
Let denote the coordinate of and denote the coordi-

nate of . And let , , and denote
the distances between points in the octilinear case.

As shown in Fig. 5, we assume points are in region
and without loss of generality, (that is, with reference
to point , point is in the regions , , , and ). Fur-
thermore, we assume region does not include the bounding
half line between and , i.e., the dashed line in Fig. 5.

Case 1: We assume point is in the region with reference
to point . Thus

Fig. 5. Case 1.

Fig. 6. Case 2.

Therefore

We can therefore prove in this
case.

Case 2: We assume point is in the region with reference
to point , as shown in Fig. 6. Thus

Therefore

since

Therefore, Case 2 is proved. We can also prove other cases
(point is in the region or with reference to ) in similar
ways.

Since each region has the uniqueness property, we can
design a sweep line algorithm to construct the spanning graph.
Its pseudocode is presented in Fig. 7 and works as follows. In
order to find the closest points in each region for all points, the
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Fig. 7. Octilinear spanning graph algorithm.

points will be sorted in nondecreasing order of their distance to
an imaging point. For example, in region , we set the imaging
point at the position MAX MAX (MAX is the maximal
value of point coordinates) and sort the points by .
In this order, after each point is swept, the first point seen in
its region is its closest point in that region, which will be
connected to . We use an active set to keep the swept points
waiting for closest points. When a new point is swept, we search

to find points with the new point in their region. These
found points will be deleted from after adding edges from the
new point to them. Then, the new point will be added to to
wait for its closest point. We only need to consider regions
through in our algorithm because the connections in other
regions have been implied by connections in these regions.

After the spanning graph is constructed, we can get an octi-
linear minimal spanning tree easily by using some graph-based
approaches, such as the Prim algorithm or Kruskal’s algorithm.

IV. OCTILINEAR STEINER TREE CONSTRUCTION

We choose Kruskal’s algorithm to construct a minimal span-
ning tree on the spanning graph because it can be used with
merging binary tree to find the longest edges in formed cycles
[28], which is a crucial part both in OST-E and in the OST-T
algorithm.

Kruskal’s algorithm first sorts all the edges of a spanning
graph by nondecreasing length and then considers them in the
order. If the ends of the current edge have not been connected,
the edge will be included in the minimal spanning tree; other-
wise, it will be excluded. We can represent these connection op-
erations by a binary tree, where the leaves represent the points,
and the internal nodes represent the edges. For each internal
node, its two children represent the two components connected
by the corresponding edge in the minimal spanning tree. To
illustrate this, a spanning tree and its merging binary tree are
shown in Fig. 8. As we can see, the longest edge between any
two points is the least common ancestor of the two points in the
binary tree. For example, the longest edge between and in
Fig. 8 is .

In our OST-E (octilinear Steiner tree by edge substitution)
algorithm, to find the longest edge in the cycle formed by con-
necting a point to an edge, we need to find which end of the
edge is in the same component with that point before connecting
the edge. The least common ancestor of these two points is the

Fig. 8. Minimal spanning tree and its merging binary tree.

longest edge that needs to be deleted. For example, after con-
necting with edge , because and are in the same com-
ponent before connecting , the longest edge to be deleted
in the cycle is .

It is crucial to find point–edge pairs in the OST-E algorithm
and to find triples in the OST-T algorithm. We can utilize the
spanning graph to greatly reduce the number of candidates.

Our algorithms are both based on spanning graphs, which can
be used not only to construct octilinear minimal spanning trees,
but also to get point–edge pairs in OST-E or triples in OST-T.

For edge substitution, in order to reduce the number of
point–edge candidates from to , Borah et al. [23]
suggested using the visibility of a point from an edge, that
is, only a point visible from an edge can be connected to that
edge. This requires a sweep line algorithm to find visibility
relations between points and edges. A crucial observation is
that if a point is visible to an edge, then the point is usually
connected to at least one end of that edge in the spanning graph
[31]. Thus, for each edge in the minimal spanning tree, we may
just consider the neighbors of either end of the edge to form
point–edge pairs. Since the cardinality of the spanning graph
is , the number of possible point–edge pairs generated by
this way is also . Then, the longest edge can be removed
as shown in Fig. 9.

For triple contraction, Kahng et al. [19] proposed a divide-
and-conquer algorithm, which can compute a set of
triples containing all empty tree triples in time [25].
An empty tree triple is the triple that does not contain any other
terminals in the minimum rectangle bounding it. As shown in
[25], there are at most empty tree triples. These triples are
sufficient to get a nearly optimal solution for triple contraction.
We observed that an empty triple usually has at least two con-
nected edges in the spanning graph. This observation is similar
to the observation in OST-E. As shown in Fig. 10, triple
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Fig. 9. Diagram showing removal of longest edge.

and triple are two examples. Therefore, in our algo-
rithm, we use the edges of the spanning graph to get triples. For
each edge in the minimal spanning tree, all points that are neigh-
bors of either end point in a spanning graph will be considered
to form triples with this edge. Because the cardinality of a span-
ning graph is , we will have a set of triples, which
nearly contains all the empty triples. Furthermore, if point–edge
pairs are considered as triples, they are a subset of triples con-
sidered in the OST-T. Thus, the OST-T theoretically has a better
performance than OST-E, but it will be slower since it considers
more triples.

In the OST-T (octilinear Steiner tree by triple contraction)
algorithm, while we contract a triple, that is, connect three points
by a Steiner point, two cycles will be formed in the graph. Thus,
we should find the two longest edges, corresponding to two least
common ancestors in the merging binary tree. Therefore, we
need to choose two two-point pairs. One way is to find the least
common ancestors of the lowest point with the other two. For
example, in Fig. 8, if the triple of points is contracted, we
can consider pairs and to get the two longest edges
and . The other way is to find the least common ancestor
of each two-point pair. Among the three edges we got, two of
them should be the same. For example, also in Fig. 8, the three
edges corresponding to three two-point pairs are , ,
and . We can omit the repeat edge and get the two longest
edges to delete.

Based on the previous discussion, the pseudocode of these
two algorithms is described in Fig. 11. At the beginning of each
algorithm, the octilinear spanning graph (OSG) is generated.
Then, Kruskal’s algorithm is used on the graph to generate a
minimal spanning tree and the corresponding merging binary
tree. Procedure find_set returns a representative element
from the set that contains ; procedure lca_add_edge() records
the connection of two points to the merging binary tree; and
procedure union_set() does the union operation on two sets. In
OST-E, during this process, point–edge pairs will also be added
to the query list by procedure lca_add_query(). In addition, by
using Tarjan’s offline least common ancestor algorithm [27], we
can get the longest edge to be deleted for each pair in proce-
dure lca_answer_queries(). Thus, the gain of each point–edge
pair can be calculated and sorted. Then, we can consider these
sorted point–edge pairs in turn. If neither the connection edge
nor the deletion edge has been deleted, a Steiner point can be
added, and a connection will be realized.

In OST-T, we add all the triples formed by an edge of the
spanning graph and its neighbor points to the query list by
procedure lca_add_queries(). The two longest edges in the

Fig. 10. Empty triple, usually has at least two connected edges in the spanning
graph.

cycles formed by contracting the triple can be found in pro-
cedure lca_answer_queries(); thus, the gain of each triple can
be calculated and sorted. Although we use the same procedure
name lca_add_queries() and lca_answer_queries() as OST-E,
the operations are different. After we get the sorted sequence
of triples, we can consider them in turn. If both longest edges
have not been deleted, a Steiner point and three new edges will
be added.

The running time of these two algorithms are dominated
by spanning graph generation and edge sorting, which takes

. In addition, since the number of edges in the
spanning graph is , both Kruskal’s algorithm and Tarjan’s
offline least common ancestor algorithm take time,
where is the inverse of Ackermann’s function [27], which
grows extremely slow.

V. EXTENSIONS

Because our approaches are graph based, they can be easily
extended to many variants of Steiner tree problem. For example,
our approaches can be used to handle obstacles by deleting some
edges in the spanning graph. This feature is not available in other
approaches.

Also as mentioned previously, these approaches can be ex-
tended to any geometry. We will discuss the spanning graph
construction in any -geometry plane in following paragraphs.

It is observed that the contour of equidistant points is helpful
for the spanning graph construction. For the general -geometry
case, this equidistant contour will form a polygon that is regular
and has sides. To prove this, we can divide the plane into
regions, as shown in Fig. 12.

Each border between two regions forms a -degree
angle with positive axis . For the sake of
simplifying the proof, we will only consider the case for region

. Let so that all the points on segment are
at a distance of from point (such as point , which we can
prove by just adding a segment , ). Thus, the contour
of all the points at the same distance from origin forms a regular
polygon.

Furthermore, the division of these regions is a guide for span-
ning graph construction. We can prove each region has the
uniqueness property for .

Theorem 2: For any geometry , each region
, shown in Fig. 12, has the uniqueness property.

That is, for any points , , .
Proof: In the -geometry plane, the connections between

points must follow the legal directions, which have an angle of
with the positive axis. A
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Fig. 11. OST-E and OST-T algorithms.

Fig. 12. Equidistant points in � geometry.

line segment following legal direction is a legal line segment.
A path is legal if all the line segments on it are legal. We call
two directions (or line segments) adjacent if they have have the
angles of and with the positive axis such
that or .We first give two lemmas
as follows:

Lemma 1: The distance between two points in the -ge-
ometry plane (denoted by ) either equals to their distance
in Euclidean plane (denoted by ) or equals to the sum of
two adjacent legal line segments in the -geometry plane.

Proof: If follows the legal direction, then
by definition. If not, we can assume is between two

adjacent legal line segments, as shown in Fig. 13. It was proved

Fig. 13. Lemma 1.

in [29] that ; here, and follow
two adjacent legal directions and make a minimal possible angle
with . This legal path is shortest when compared with other
legal paths from to , such as

.
Lemma 2: For point pairs and , if the connection

of is parallel to the connection of in Euclidean plane,
i.e., , then we get .

Proof: We can set at the same place as . If
follows the legal direction, then and

, so . If
not, as shown in Fig. 14, there exist and , which satisfy

; also there exist and , which
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Fig. 14. Lemma 2.

satisfy . Since triangle is
similar to triangle , i.e.,

we can get

since all follow

legal directions

Then, we start to prove our theorem. Since regions
through are equivalent to each other, we only give a proof
to for convenience. In Fig. 15, . We assume

; then, there are three cases shown in Fig. 15(a)–(c),
depending on the angle between and the positive axis,
which is denoted by . In addition, we assume that region
does not include the bounding half line between and .

If , as shown in Fig. 15(a), then

Therefore, we get in this case.
If , we can transform the original problem to a new

problem, in which are on the line with legal direction, as
shown in Fig. 15(b) and (c).

In Fig. 15(b), . Let ; then,
we can get

by Lemma 2

by Lemma 1

by Lemma 1

In Fig. 15(c), . Let ; then we
can get

by Lemma 2

by Lemma 1

by Lemma 1

Therefore, for the cases in Fig. 15(b) and (c), if we can prove
, and then we can prove the

(a)

(b)

(c)

Fig. 15. (a) � � �=�. (b) �=� < � � �=2. �=2 < � < �.

original theorem . Here,
are on the direction and positive axis, respectively.

For this problem, we also
denote the angle between and the positive axis as angle

, which is larger than [the case is solved in
Fig. 15(a)]. Then, we consider two cases as shown in Fig. 16.

In Fig. 16(a), . Let , and
. and are two adjacent legal directions. is on

, which is the legal direction with angle to a positive
axis. Thus

is the legal direction on or next to line , which forms
angle with the axis, and . Thus,

(note that if , then ).
Since and , then

Therefore, we prove for
this case.
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(a)

(b)

Fig. 16. (a) �=� < � � � � �=�. (b) (� � �=�) < � < �.

In Fig. 16(b), . Therefore,
; here, and are two adjacent legal

directions.
Furthermore, since , angle ,

then

Therefore, we prove for
this case.

We proved for the above
two cases, so we also proved original Theorem 2, i.e., unique-
ness property: .

The method to construct a spanning graph in a general -ge-
ometry plane is as follows.

First, based on the polygon that is formed by equidistant
points, we can divide the plane into several sections. Because
each region has the uniqueness property, we can sort the points
in each region and scan them to construct the spanning graph.
On the other hand, we can only scan the points within one
region, because the points in different region have different
expression of distance from the origin.

For the running time and storage in general geometry (
is finite), it runs in time and requires just
storage.

After we have the spanning graphs, we can use our Steiner
tree construction algorithms similarly in any geometry.

VI. EXPERIMENTAL RESULTS

We implemented the OSG algorithm and two octilinear
steiner tree algorithms (OST-E and OST-T) in C language,
following the pseudocode in Figs. 7 and 11, with the exception
that the program starting from the first “for” loop in Fig. 11
will be run repeatedly until no improvement.

TABLE I
PERCENT IMPROVEMENT OVER RECTILINEAR MINIMAL

SPANNING TREE (RMST)

In Table I, we compare our octilinear Steiner tree results
with RMST. In Table II, we report our comparisons between
our two programs with Kahng’s octilinear Steiner tree pro-
gram—batched greedy, which has a running time
and good performance. For fair comparisons, we compiled and
ran all the programs on the same machine—a Dell Precision
650 with 4 Gb of memory and two 3.06-GHz CPUs. The test
bed for our experiments consists of two categories: random
test cases ranging from 10 to 100 000 terminals and test cases
extracted from recent industrial designs, ranging in sizes from
330 to 23 000. For each input size, we report the average
improvement ratio of the Steiner tree over minimal spanning
tree (in percentage) and average running time (in seconds) of
ten repeated experiments.

The results in Table I show that our two octilinear approaches
can greatly reduce the wire length for test cases with different
size. The average reduction rate over RMST is around 19%,
higher than most previous algorithms, such as the GRATS-tree
algorithm [15].

Table II shows that both OST-E and OST-T are faster than
Kahng’s batched greedy. For the test case with 22 373 terminals,
OST-E is 5.3 times faster, and OST-T is 1.7 times faster than
batched greedy. The table also shows that OST-E has a similar
performance as batched greedy, and OST-T has a better perfor-
mance than batched greedy in some cases.

VII. CONCLUSION

In summary, we developed two efficient octilinear Steiner tree
algorithms that are based on Zhou et al.’s spanning graph and
combined with Borah et al.’s edge substitution and Zelikovsky’s
triple contraction, respectively. The implementations have a run-
ning time of and a storage requirement of ,
without a large hidden constant.
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TABLE II
PERCENT IMPROVEMENT OVER OCTILINEAR MINIMAL SPANNING TREE (OMST) AND CPU TIME OF EACH PROGRAM

Our future work will focus on the Steiner tree construction
avoiding obstacles.
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