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Abstract

With shrinking VLSI feature sizes and increasing overall chip
areas, buffering has emerged as an effective solution to the
problem of growing interconnect delays in modern designs.
The problem of buffer insertion in a single net has been the fo-
cus of most previous researches. However, efficient algorithms
for buffer insertion in whole circuits are generally needed. In
this paper, we relate the timing constrained minimal buffer
insertion problem to the min-cost flow dual problem, and
propose two algorithms based on min-cost flow and min-cut
techniques, respectively, to solve it in combinational circuits.
We compare our approaches to a traditional approach based
on Lagrangian relaxation. Experimental results demonstrate
that our approaches are efficient and effective. On the av-
erage, our approaches achieve 45% and 39% reduction, re-
specitively, on the number of buffers inserted in comparison
to the traditional approach.

1 Introduction

Interconnect delays have become dominant in modern deep
sub-micron designs with shrinking VLSI feature sizes and in-
creasing chip areas. Buffer insertion is widely used to reduce
interconnect delays [3–6, 10, 12–14, 17, 20–22]. Recent projec-
tions of historical scaling trends by Saxena et al. [19] predict
synthesis blocks to have 70% of their cell count dedicated to
interconnect buffers within a few process generations. Con-
sequently, there is an increasing demand for efficient buffer
insertion approaches.

Van Ginneken [21] proposed a dynamic programming met-
hod to buffering in distributed RC-tree networks for minimal
Elmore delay [8]. Shi and Li [20] presented an O(n log2 n)
algorithm for the optimal buffer insertion problem, where n
is the number of legal buffer positions. Chen and Zhou [6]
presented a flexible data structure to get a universal speed up
in buffer insertion. However, all these approaches considered
the buffer insertion problem only on a single net.

In reality, it is often required to insert buffers in a large
network under a given timing constraint. It is unnecessary to
optimally buffer each net to the minimal delay; nets on non-
critical paths do not need to have minimal delays. Therefore,
optimally buffering each net leads to over-buffering. In addi-
tion, if the given timing constraint is larger than the minimal
delay that can be achieved by buffering, assignment of vari-
ous timing budgets on the critical paths would give multiple
buffering solutions, among which we need to select the one
with minimal buffers. We thus need to insert buffers consid-
ering a global view instead of a local view. Liu et al. [16] pre-
sented a Lagrangian relaxation based algorithm to solve the
buffer insertion problem in large networks. It was extended
to consider multiple buffer types and feasible buffer locations
in [15]. The objective function of the Lagrangian relaxation
based algorithm is α

∑
e∈E

Ke, where Ke is the number of the
buffers on edge e, and α is a specified weight. However, the
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weight is sensitive and may greatly influence the final results.
To the best of our knowledge, there is no good weight selec-
tion method to obtain the best solution, and our experiments
show that the results obtained using a Lagrangian relaxation
based technique is significantly sub-optimal.

In this paper, we relate the timing constrained buffer in-
sertion problem to the network flow problem, and present
two efficient timing constrained minimum buffer insertion al-
gorithms based on network flow theory. We assume that the
buffers are of a fixed size. The forbidden areas for buffer inser-
tion are handled smoothly in this paper. The basic idea is to
solve the delay distribution among the wires via an iterative
separable convex network flow optimization. Experimental
results show that the number of buffers inserted by our al-
gorithms is always less than the number of buffers inserted
by [16] under the same timing constraint, and that our algo-
rithms are efficient.

2 Problem formulation

The input to our problem is a placed and routed netlist of
modules with drivers and loads. Our objective is to insert
buffers into wires in the general combinational circuit such
that the timing constraint is met and the number of buffers
is minimized.

As in [16], we use a directed acyclic graph (DAG) G(V, E)
to represent the circuit, of which the vertices correspond to
the primary inputs, the primary outputs, tree junctions and
module inputs/outputs. Two dummy nodes s and t are in-
troduced: s is connected to all the primary inputs, and t is
connected from all the primary outputs. The edge set E in-
cludes two disjoint sets of edges EP and EF , corresponding
to the buffer allowable wires and the buffer forbidden edges
(wires or modules), respectively.

The notations used in this paper are given in Table 1. The
problem is formulated as:

Minimize
∑

(i,j)∈EP Kij (1)

s.t. ai + dij ≤ aj ∀(i, j) ∈ E (2)

at − as ≤ REQ (3)

where ai is the arrival time at vertex i, and REQ is the timing
constraint.

In the buffer insertion problem, the delay change of one
component influences the delays of many other components.
As shown in Figure 1, a net is composed by wires a, b and c. If
a buffer B is inserted into wire c, the delay of c is changed, and
according to Elmore delay model, the delay of a also changes,
so the delay from s0 to s2 also changes. Actually, since the
delay of the driver gate is related with the load capacitance,
it may change too. This kind of relations between component
delays make the buffer insertion problem very difficult.

We use the Elmore delay model for wires, modules and
buffers as in [16]. Given a wire with buffers inserted, we can
easily compute the delays. In this paper, we only consider
the single buffer type, then from [16], we know that the wire



Table 1: Notations
Rb output resistance of a buffer
Cb input capacitance of a buffer
tb intrinsic delay of a buffer
Ke number of buffers on wire e
Le length of wire e
pe wire length from the input of wire e to the first

buffer of wire e
qe wire length from the last buffer of e to the output

of wire e
me wire length between two adjacent buffers in wire e

R̂e upstream resistance at the input of wire e

Ĉe downstream capacitance at the output of wire e
de delay of the wire e
Se timing slack of the wire e
R resistance of a unit-length wire
C capacitance of a unit-length wire
Sth timing slack threshold
δe max delay change of wire e w/ one more buffer
ce capacity of wire e
fe flow through wire e

s0 s1

s2

a

b

c

B
A

Figure 1: The influence of an inserted buffer.

lengths between two consecutive buffers on one wire are equal.
When Ke > 0, the delay of wire e is equal to

de = Rpe(Cpe/2 + Cb)

+(Ke − 1)(Rb(Cb + Cme) + tb + Rme(Cb + Cme/2))

+tb + Rb(Ĉe + Cqe) + Rqe(Ĉe + Cqe/2), (4)

We need to consider the contribution of the capacitance of e
to the delay of the fanin edge of (e), so let

Fe = de + R̂e(Cpe + Cb). (5)

Then let ∂Fe
∂pe

= 0, and ∂Fe
∂qe

= 0. We can compute the optimal

values of pe and qe for a given Ke such that Fe is minimized.
The optimal values of pe and qe are given in [16]. When we
get the optimal pe and qe for a given Ke, the delay of wire
e for Ke is easily computed according to Eq. 4. Based on
this, the maximal delay change of wire e when a new buffer
is inserted into it, denoted as δe, can be computed. Since
the wire delay is expected to decrease when a new buffer is
inserted, we have δe < 0. The delay sensitivity of component
e is defined as −1/δe.

In the reality, there exist some forbidden areas for buffer
insertion. The buffering of the components in forbidden ar-
eas will not influence the delays of those components, which
means δe = −0 for any component e in the forbidden areas,
and its delay sensitivity is infinity. Modules are forbidden ar-
eas for buffer insertion, so their delay sensitivities are infinity.

3 Network flow based buffering

3.1 Min-cost flow based buffering

The buffer insertion problem can be viewed as a wire substi-
tution problem. As shown in Figure 2, a wire has different
delays for different number of inserted buffers. The objec-
tive is to select a point in the configuration of each wire such

that the total number of buffers is minimized while the timing
constraints are satisfied. The advantage of this idea is that
during the buffer insertion, the positions of inserted buffers
can change such that the required delay objective is achieved.

dij

# buffers

O uijlij

Figure 2: Number of buffers as a function of the wire delays.

Firstly, we consider a simplified buffer insertion problem:
the module delays are fixed, and all the nets have only two
pins, so there are no relations between component delays.

Let Ke = Ce(de), where Ce is the reverse function that
gives the number of buffers for a given delay de. In this paper,
we only consider the buffer insertion in combinational circuits.
We introduce one edge from t to s with weight −REQ. This
new graph is called a constraint graph.

As shown in Figure 2, we can also see that, on the same
wire, with more and more buffers inserted, the amount of
delay reduction by adding a buffer is getting smaller and
smaller, and will finally become zero when the minimal de-
lay is reached. Such a property of decreasing delay reduction
with the increasing number of buffers is similar to the con-
cept of convexity. Actually, the constraint graph excluding
the edge from t to s is a DAG, the Cij has only non-negative
integer values, and dijs can only be discrete values. To the
best of our knowledge, currently no algorithms can solve this
problem optimally. We connect each node to its nearest nodes
as in Figure 2 to get a piece-wise linear convex function Cij .
For any edge (i, j) ∈ EP , let lij be the minimal delay of edge
(i, j) that can be achieved by buffering, and uij be the delay
of edge (i, j) without buffers. Let lts = uts = −REQ, and
lij = uij for any edge (i, j) ∈ EF . Let Cij(dij) be equal to ∞
when dij < lij ∨ dij > uij . It is obvious that if there is an
optimal solution for the buffering problem, lij ≤ dij ≤ uij .

Then the timing constrained buffering problem can be for-
mulated as: Given a constraint graph G(V, E),

Minimize
∑

(i,j)∈E
Cij(dij)

s.t. tj ≥ ti + dij ∀(i, j) ∈ E

If the objective function is a summation of convex func-
tions of each dij , the buffering problem is the dual problem of
a min-cost flow problem where the objective function is non-
linear [11], and is solved by Karzanov et al. [11]. When the ob-
jective function becomes a summation of convex functions of
each dij and the variables are integers, Ahuja, Hochbaum, and
Orlin [1] proposed a modified cost-scaling algorithm called
convex cost-scaling algorithm to solve it efficiently.

When the relations between component delays are con-
sidered, the problem is more complicated: for a given dij ,
Cij(dij) may get different values for different loadings, so it
is impossible to get closed form formulas for Cijs. In addi-
tion, Cij has a discrete domain with an integer range. The
algorithms in [1, 11] cannot be used here.

Now we design a heuristic to directly handle the buffer-
ing problem in combinational circuits. The KKT optimality



Algorithm MinCost-Buffering
dij ← uij ∀(i, j) ∈ E
c(i,j) ← −C−ij(dij) ∀(i, j) ∈ E ∧ Sij < 0
c(i,j) ← 0 ∀(i, j) ∈ E ∧ Sij ≥ 0
while there exist positive cycles in G

Augment maximal flows using s as the source
and t as the sink;

Select a min-cut M;
Insert one buffer into (i, j) ∀(i, j) ∈M;
UpdateTimingSlack(G);

c(i,j) ← −C−ij (dij)− fij ∀(i, j) ∈ E ∧ Sij < 0
c(i,j) ← 0 ∀(i, j) ∈ E ∧ Sij ≥ 0

Figure 3: Min-cost flow based buffering algorithm

conditions [18] become [11]:

tj ≥ ti + dij ∀(i, j) ∈ E (6)

−C+ij(dij) ≤ xij ≤ −C−ij(dij) ∀(i, j) ∈ E (7)∑
(i,j)∈E

xij −
∑

(j,i)∈E

xji = 0 ∀i ∈ V (8)

xij ≥ 0 ∀(i, j) ∈ E (9)

xij(tj − ti − dij) = 0 ∀(i, j) ∈ E (10)

According to Eq. (10), if there exists a non-zero flow on an
edge (i, j), tj = ti + dij , which is difficult to satisfy. We
discard condition (10), and design a heuristic based on min-
cost flow to satisfy all the other conditions. The pseudo-code
of this algorithm is shown in Figure 3. The capacity of any
wire (i, j) is a function of its delay, and is set to be −C−ij(dij).
One thing we need to note is that when the flow flows through
an edge, we do not introduce a residual backward edge, that
is, the flows always flow through the forward edges. After
each iteration, conditions (7)-(9) are always true. When the
algorithm terminates, condition (6) is also true. We thus
avoid considering the residual backward edges.

Theorem 1 The solution generated by MinCost-Buffering sat-
isfies conditions (6)-(9).

3.2 Min-cut based buffering

Algorithm MinCut-Buffering
maxdelay ← ComputeTimingAndSlack(G);
dij ← uij ∀(i, j) ∈ E
c(i,j) ← −C−ij(dij) ∀(i, j) ∈ E;

while maxdelay> REQ
Find a min-cut M of G;
Insert one buffer into (i, j) ∀(i, j) ∈M;
maxdelay ← UpdateTimingSlack(G);

c(i,j) ← −C−ij (dij) ∀(i, j) ∈ E ∧ Sij < 0
c(i,j) ← 0 ∀(i, j) ∈ E ∧ Sij ≥ 0

Figure 4: Min-cut based buffering algorithm

MinCost-Buffering computes the flows incrementally, so
the flow through an edge before one iteration is the sum of the
flows through this edge in the previous iterations. Intuitively,
if we do not consider the historical flows, that is, the capacity
of any edge (i, j) is set to be -C−ij(dij) instead of the residual
capacity, the number of inserted buffers might not be large,

either. Based on this, we design a greedy algorithm based on
min-cut, called MinCut-Buffering. The pseudo-code is shown
in Figure 4. The major difference between MinCut-Buffering
and MinCost-Buffering is that the historical flows are not sub-
tracted from the capacities of the edges after each iteration in
MinCut-Buffering, so the capacities are not the residual ca-
pacities. Although MinCut-Buffering uses the minimal cost in
every step, the solution may not satisfy the conditions (7)-(9).

3.3 Implementation issues

The previous two subsections do not consider the relations
between component delays. In this subsection, we consider
them, so we need to decouple the branches. The general
framework of network flow based buffering algorithms, called
NetworkBIN, is shown in Figure 5. At the beginning, there
are no buffers in the circuit. Firstly, set the required time of
the sink t to be the timing constraint, and compute the slack
of each wire. In the capacity setting step, the delay sensitivi-
ties of wires are computed. The capacity of any edge e (wire
or module) satisfying Se < 0 is set to be the delay sensitivity
−1/δe, and the capacities of all the other edges are set to be
0. Then we use Ford-Fulkerson algorithm [9] to compute the
maximal flow from s to t, and simultaneously get the min-cut.
Then one buffer is inserted into every wire in the min-cut.

Algorithm NetworkBIN
maxdelay ← ComputeTimingAndSlack(G);
SetCapacity(G);
while maxdelay> REQ

Find a min-cut of G;
for each wire (u, v) in the found min-cut

Insert one buffer into (u, v);
Decouple the other wires that connect from u;

maxdelay ← UpdateTimingSlack(G);
UpdateCapacity(G);

Figure 5: Network flow based buffer insertion algorithm

When the relations between component delays are consid-
ered, the sensitivity computation step becomes difficult. As
shown in Figure 6(a), the net has four pins, and the slacks
on the wires (b, c), (b, d) and (b, e) are much different, while
these slacks are all negative. If NetworkBIN finds a min-cut
through (b, c), (b, d) and (b, e), it will insert one buffer into
each wire. After that, their slacks might still be negative, so
more buffers might be required to be inserted. This solution
is shown in Figure 6(b). But we may find a better solution
by decreasing the delay of the wire (a, b) through decoupling
some critical branches: since the slacks of the branches are
different, we may only need to insert one buffer into the most
critical branch, and insert buffers into other branches to de-
couple them. This solution is shown in Figure 6(c). The
reason that NetworkBIN generates worse solutions is that the
sensitivity computation is based on the assumption that no
buffers will be inserted into all the other wires, but actually,
the sensitivities of wires might change when new buffers are
inserted into other wires. So when the relations between com-
ponent delays are considered, the exact sensitivity computa-
tion becomes difficult. An approach to avoid this problem is
to enforce that the min-cut contains at most one wire for each
net, and the capacity setting accomplishes this. Thus, in each
iteration, for each net, we set the capacity of the most crit-
ical branch to be its delay sensitivity, and set the capacities
of other branches to be 0. In the example of Figure 6(a), we
first insert buffers into the most critical branch b → e, and



decouple the branches b→ c and b→ d, so we get the solution
as shown in Figure 6(c).
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Figure 6: The sensitivity computation problem.

Although the general flows of the min-cost flow based and
the min-cut based algorithms are the same, they have some
important differences.

We first present our min-cost flow based buffering algo-
rithm called CostBIN. The algorithm works as follows. First,
we compute the slacks and timing information in Compute-
TimingAndSlack. We use the timing constraint as the re-
quired time at sink t to compute slacks. Then we set the
capacities of edges. For any edge e, if Se ≥ 0, it should be
excluded from the network, so we set its capacity 0. As men-
tioned before, the found min-cut contains at most one wire
for each net in each iteration, and we need to consider the
influence of the decoupling buffers on the delay of the fanin
edge of wire e. So when we compute the delay sensitivity of
wire (u, v), we assume that all the other wire branches con-
necting from u are decoupled. Let output(e) represent the
set containing all the fanout edges of e. Then the maximal
change of the sum of the delays of e and its fanin edge e′ is

Te = δe + R̂e′(number(output(e′))Cb + Cpe − Ĉe′),

where function number(S) represents the number of elements
in set S. If Te < 0, the capacity of wire e with Se < 0
is set −1/Te − fe; otherwise, it is set infinity. Since the δe

is -0 for any edge e ∈ EF , its capacity is equal to infinity.
The procedures followed are the same with the corresponding
procedures in NetworkBIN.

We next present our min-cut based buffering algorithm
called CutBIN. When we perform maximal flow algorithm to
find a min-cut in MinCut-Buffering, the sub-network that the
flow might flow through contains all the parts with negative
slacks in a circuit, and this sub-network might be very large.
An approach to speed up the algorithm is to restrict the flow
at a sub-network that contains only the most critical paths.
We use the current maximal delay from s to t as the required
time at sink t, and compute the slacks of components. A sub-
graph containing only the components with slacks less than
Sth is called the critical subgraph of the circuit. Besides the
speeding up effect, Sth can also avoid the sensitivity compu-
tation problem in MinCut-Buffering. We use the following
adaptive determination approach to select Sth: for each com-
ponent, the difference between the slacks of the most critical
and the second most critical fanout edges is computed, then
select the minimal difference for all the components as Sth; if
Sth is less than a specified lower bound, it is set to be the lower
bound. The lower bound is used to speed up the algorithm.
This step is performed once before the capacity setting step in
each iteration, so the Sth may change for different iterations.

The CutBIN works as follows. First, we compute the
slacks and timing information in ComputeTimingAndSlack.
We use the current maximal delay from s to t as the required
time at sink t to compute slacks, so all the slacks are non-
negative. Then we set the capacities of edges. For any edge

e, if Se ≥ Sth, it should be excluded from the critical sub-
graph, so we set its capacity 0. As mentioned before, we need
to consider the influence of decoupling buffers on the wire
delay, so if Te < 0, the capacity of wire e with Se < Sth is
set −1/Te, otherwise, it is set infinity. Since the δe is equal
to −0 for any edge e ∈ EF , its capacity is equal to infinity.
The procedures followed are the same with the corresponding
procedures in NetworkBIN.

4 Experimental results

We have implemented the CostBIN and CutBIN algorithms in
C. We use the parameters from 100-nanometer technology [7].
We got four test cases from Liu, and generated additional four
cases using the case generator in [16]. All experiments are
run on a Linux PC with a 2.4 GHz Xeon CPU and 2.0 GB
memory.
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Figure 7: The influence of the tightness of timing constraint
on the number of inserted buffers.

In order to test the benefit of the network flow based buffer
insertion, we got the source code of the algorithm in [16] from
Liu for comparison. The comparison results of CutBIN, Cost-
BIN and [16] are shown in Table 2. We set the timing con-
straints to be 0.2 times larger than the minimal delays from
s to t that can be achieved by buffering, which are computed
by the min-delay buffering algorithm in [16]. The four sub-
columns under “CutBIN” column show the number of buffers
inserted by CutBIN, the running time of CutBIN, the reduc-
tion percentage of the number of buffers inserted by CutBIN
compared with the number of buffers inserted by [16], and
the speed-up of CutBIN over [16], respectively. The three
sub-columns under “CostBIN” column show the number of in-
serted buffers by CostBIN, the running time of CostBIN, and
the reduction percentage of the number of buffers inserted
by CostBIN compared with the number of buffers inserted
by [16], respectively.

We can see that CutBIN achieves 39% reduction of the
number of inserted buffers on average compared with [16] and
is much more efficient than [16], and CostBIN even achieves
45% reduction of the number of inserted buffers on average
compared with [16]. We can also see that CostBIN always
inserts less buffers than CutBIN. The reason behind this is
that CostBIN considers the relations of different iterations by
incremental flows, but CutBIN is only a greedy algorithm.

Using the case with 505 modules and 2,039 wires as an
example, we test the influence of the tightness of timing con-
straint on the number of inserted buffers. As shown in Fig-
ure 7, both CostBIN and CutBIN save even more buffers
than [16] when the timing constraints are looser, which means



Table 2: Comparison results of CutBIN, CostBIN and [16].
circuit [16] CutBIN CostBIN

# Module # Wire # Buffer Time (s) # Buffer Time (s) Reduction Speed up # Buffer Time (s) Reduction
22 98 172 0 153 0 11% 1× 127 0 35%
44 197 305 5 175 0.02 43% 250× 150 0.03 51%
81 398 606 16 311 0.05 49% 320× 286 0.10 53%

159 799 887 10 499 0.15 44% 67× 474 0.23 47%

258 1037 1096 28 773 0.29 29% 97× 718 0.88 34%
505 2039 2140 20 1285 1.11 40% 18× 1211 3.73 43%

2514 10039 10297 170 5860 21 43% 8× 5515 96 46%
5034 20038 21201 344 10620 67 50% 5.13× 9803 348 54%

Average 39% 45%

that they are more effective buffering approaches. Especially,
CostBIN always inserts less buffers than CutBIN does under
the same timing constraint, and when the timing constraint is
tighter, CostBIN saves more buffers than CutBIN does. Dur-
ing our experiments, we observed that the results of [16] are
very sensitive to the selection of the weights in the objective
functions in the Lagrangian relaxation, and it is required to
select the weights manually in order to get a good result.

5 Conclusions and future work

With the development of VLSI technology, buffering becomes
an effective technique to the problem of growing interconnect
delays in modern designs. Most previous researches were fo-
cusing on the problem of buffer insertion in a single net, which
may introduce the over-buffering problem in a whole circuit.
In this paper, we relate the timing constrained minimal buffer
insertion problem to the min-cost flow dual problem, and pro-
pose two algorithms CostBIN and CutBIN based on min-cost
flow and min-cut techniques, respectively, to solve the buffer-
ing problem in large combinational circuits. We compare our
approaches to a Lagrangian relaxation based buffer insertion
algorithm proposed by Liu et al. [16]. Experimental results
demonstrate that our approaches are efficient and on the av-
erage, achieve 45% and 39% reduction, respectively, on the
number of buffers inserted in comparison to the latter. The
CostBIN algorithm always inserts less buffers than the Cut-
BIN algorithm does, which implies the relations between it-
erations should be considered.

Neither CostBIN nor CutBIN has considered residual back-
ward edges in the network. We plan to consider them to im-
prove the results. The introduction of backward edges will
make condition (10) satisfied for the convex integer min-cost
flow dual problem, and might also benefit our buffering algo-
rithms. But it might also lead to more iterations. Another
important future work is to improve the efficiency of the min-
cost flow based algorithms.
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