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ABSTRACT
We consider a weighted proportional allocation of resources
that allows providers to discriminate usage of resources by
users. This framework is a generalization of well-known
proportional allocation by accommodating allocation of re-
sources proportional to weighted bids or proportional to sub-
mitted bids but with weighted payments.

We study a competition game where everyone is selfish:
providers choose user discrimination weights aiming at max-
imizing their individual revenues while users choose their
bids aiming at maximizing their individual payoffs. We an-
alyze revenue and social welfare of this game. We find that
the revenue is lower bounded by k/(k+1) times the revenue
under standard price discrimination scheme, where a set of
k users is excluded. For users with linear utility functions,
we find that the social welfare is at least 1/(1+2/

√
3) of the

maximum social welfare (approx. 46%) and that this bound
is tight. We extend this efficiency result to a broad class of
utility functions and multiple competing providers. We also
describe an algorithm for adjusting discrimination weights
by providers without a prior knowledge of user utility func-
tions and establish convergence to equilibrium points of the
competition game.

Our results show that, in many cases, weighted propor-
tional sharing achieves competitive revenue and social wel-
fare, despite the fact that everyone is selfish.

Categories and Subject Descriptors
K.6.0 [Management of Computing and Information
Systems]: General—Economics; C.2.3 [Network Archi-
tecture Design]: Network Operations

General Terms
Algorithms, Economics, Theory
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1. INTRODUCTION

Auction-based Resource Allocation. Use of pay-per-
use pricing to offer communication and computer services
has much proliferated over recent years. For example, cloud
computing services are offered through using either fixed
pricing or auctions to sell compute instances. The two forms
of sales have their own advantages and disadvantages. While
fixed pricing schemes are simple to implement, in many sce-
narios they are neither robust nor flexible enough. For in-
stance, when the user demand is inelastic, a small change
in price can translate to a dramatic change in the demand,
which can cause congestion and system failure. Further-
more, in order to update prices, providers usually need to
gather enough data from sales and this inflexibility can cause
system inefficiency and result in low revenue. In recent
years, using auction-based schemes for allocating and sell-
ing resources in computing systems has become more pop-
ular. Sales using auctions are known to be more flexible
and can extract information from users. The fact that users
can adjust their bids and providers can change the auc-
tion parameters in a dynamic fashion yields tremendous im-
provements of the system efficiency or the revenue extracted
by providers. Moreover, the disadvantages of the auction-
based approaches such as the difficulty for users to find op-
timal strategies and for providers to change their platforms
have been greatly improved with availability of software that
helps users to optimize their bidding strategies and several
online services offering auction platforms.

Examples of using auctions for resource allocation include
selling of Amazon EC2 spot instances [1], selling of spon-
sored search ad slots to advertisers by major providers of
online services, and are of wide interest across engineering
systems, e.g. the electricity markets [23] that have been
of raising interest due to variable supply from renewable
energy sources. Furthermore, numerous auction-based al-
locations of system resources have been proposed such as
allocation of disk I/O in storage systems [6], allocation of
computational resources [3], and it was even showed that
sharing of the Internet bandwidth by TCP connections may
be seen as an auction [11, 9].

User Differentiation. In practice providers often apply
different prices to different users for selling identical goods or
services, which is commonly referred to as price discrimina-
tion. It is not surprising that similar discrimination schemes
are also extensively used in auction-based allocations. There
are two main reasons for using such a discriminative frame-
work. First, different users may require different subsets



of resources owned by the provider, e.g. bandwidth over
different paths in a communication network, and thus, the
provider may improve the system efficiency by differentiat-
ing users. Second, different users may have different val-
uations for the amount of resource received, e.g. different
valuation for the amount of network bandwidth received; in
this case, once having learned this information, the provider
may naturally try to take advantage to increase the revenue
by differentiating users.

The most well known example of an auction that differ-
entiates users is the generalized second price auction that
is in common use by search engines for allocating ads. In
this mechanism, providers (search engines) assign different
weights to different users (advertisers) and the mechanism
is run based on weighted bids.

The Framework. In this paper, we consider a class of
auctions that allows for user differentiation. Specifically,
we are interested in auctions that are simple in terms of
the information provided by users and are easy to describe
to users. We consider two natural instances of weighted
proportional allocation: (1) weighted bid auction where for
a user the allocation is proportional to the product of the bid
submitted by this user and the user-specific discrimination
weight selected by the provider, and the payment is equal to
the bid; (2) weighted payment auction where the allocation
to a user is proportional the bid of this user and the payment
is equal to the product of the bid of this user and the user-
specific discrimination weight selected by the provider. The
weighted bid auction is a novel proposal while the weighted
payment auction was previously considered in Ma et al [15].

As standard in the network pricing literature [18], we con-
sider these allocation mechanisms in the full information
setting. The justification lies in the fact that in practice al-
location auctions are run repeatedly and, thus, providers can
learn about the behavior and private information of users.
As discussed in the beginning of this section, even in this
setting there are advantages of using proportional sharing-
like auctions over fixed price schemes. Both auctions that
we consider are akin and natural generalizations of the well-
known proportional allocation (e.g. [11, 9, 7], see related
work discussed later in this section). Therefore, this class
of auctions inherits many natural properties of the tradi-
tional proportional sharing rule, making it easy and robust
to implement in practice. Specifically, these mechanisms are
simple for bidders as they only need to know the total of oth-
ers’ bids and the allocation is a continuous function of the
bids which facilitates robust implementation in a distributed
system as will show later in the paper.

Another important reason that motivates us to study the
weighted proportional allocation rules is the fact that in
settings where provider’s goal is to maximize revenue, the
weighted proportional sharing is preferred over traditional
proportional sharing. As it will be shown later, while weighted
proportional sharing can provide near-optimal revenue, this
is not guaranteed by traditional proportional sharing, which
in this regard can be arbitrarily bad.

We study the allocation in general convex environments
that capture many special cases of resource constraints in-
cluding those of communication networks, sponsored search,
and scheduling of computing resources (see Figure 1 for an
illustration).

We describe the weighted proportional schemes consid-

ered in this paper in more detail as follows. We consider a
single provider and a set of n ≥ 1 users and denote with
U = {1, 2, . . . , n} the set of users. The vectors of alloca-
tions and payments are denoted by ~x = (x1, x2, . . . , xn) and
~q = (q1, q2, . . . , qn), respectively. The resource owned by the
provider is an arbitrary infinitely divisible resource with the
constraints specified by the convex set P ∈ IRn

+. An alloca-
tion vector ~x is said to be feasible if and only if ~x ∈ P . The
provider assigns discrimination weight Ci ≥ 0 to each user
i. We denote with wi ≥ 0 the bid submitted by user i.

The weighted bid auction is specified by the following al-
location and payment rules:

Weighted Bid Auction

For user i with bid wi:

Allocation xi = Ci
wi∑

j∈U wj

Payment qi = wi

where the discrimination weights ~C are chosen such that ~x
is feasible. We may interpret the discrimination weight Ci

as the maximum allocation that is assigned by the provider
to user i and xi as the actual allocation that is the fraction
wi/

∑

j∈U wj of the user-specific maximum allocation Ci.
In turn, the weighted payment auction is specified by the

allocation and payment rules defined as follows:

Weighted Payment Auction

For user i with bid wi:

Allocation xi = C wi∑
j∈U wj

Payment qi = Ciwi

where C is the maximum allocation that is assigned to ev-
ery user and the discrimination weight Ci determines the
payment by user i.

Compared with the traditional proportional allocation,
the weighted bid auction is more suitable for general convex
resource constraints. This is not the case for the weighted
payment auction: while the relative allocation across users
can be arbitrary by appropriate choice of the user bids, the
implicit assumption of the allocation rule is that

∑

i xi = C,
i.e. the provider is required to a priori commit to allocate
the total amount of resource C. While this is not restrictive
for allocating an infinitely divisible resource of capacity C,
this allocation rule cannot accommodate more general poly-
hedral constraints. Thus, in this paper we will mainly focus
on the weighted bid auction but also consider some proper-
ties of the weighted payment auction, as it is an alternative
auction that allows for user discrimination, albeit for special
type of resource constraints.

Questions Studied in this Paper. We consider a com-
petitive setting with multiple providers and users where ev-
eryone is selfish: each provider aims at maximizing own
revenue and each user aims at maximizing own payoff. Ide-
ally, an allocation mechanism would guarantee high revenue
to the provider and high efficiency where by efficiency we
mean social welfare (i.e. the total utility across all users)
compared with the best possible social welfare. In the com-
petitive setting where everyone is selfish, it is rather unclear
whether the two goals could be achieved simultaneously. In-
tuitively, one would expect that selfishness of providers and
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Figure 1: Examples of polyhedron constraints: (left) single link, (middle) a network of links, (right) assign-
ment costs of a workflow to machines.

users may well result in either low revenue or efficiency. For
example, providers that aim at maximizing their revenue
may well have an incentive to misreport availability of their
resources1. The main questions that we consider in this pa-
per are:

Q1: How much of the revenue can be guaranteed using the
weighted proportional sharing?

Q2: What is the efficiency loss in competitive systems where
everyone is selfish?

Summary of Results. We summarize our results in the
following points:

• Revenue: We show that the revenue of weighted bid auc-
tion is at least k/(k + 1) times the revenue under standard
price discrimination scheme with a set of k users excluded,
which we describe in more detail in Section 3. The compar-
ison of the revenue of a mechanism with the maximum rev-
enue obtained under another mechanism where some users
are excluded is standard in the mechanism design literature
(e.g. [8]) and in this context, our revenue comparison re-
sult is novel and may be of general interest. The result
enables us to understand conditions under which the rev-
enue of weighted bid auction is competitive to that under
the benchmark pricing scheme, e.g. the case of many users.

• Efficiency : We establish that for linear user utility func-
tions, the social welfare under weighted bid auction is at
least 1/(1+2/

√
3) ≈ 0.46-factor of the maximum social wel-

fare and this bound is tight. We also show a tight efficiency
bound of 1/2 for the weighed payment auctions. We extend
our efficiency result of the weighed bid auction to a broad
class of utility functions, we call δ-utility functions, where
δ ≥ 0. We show that many utility functions found in liter-
ature are δ-utility functions, in many cases with δ ≤ 2, and
show that this class of utility functions is closed to addition
and multiplication with a positive constant. For the class
of δ-utility functions, we show that the social welfare is at
least 1/(1+2/

√
3+ δ)-factor of the maximum social welfare

and establish that this guarantee holds also for the case of
multiple competing providers. A similar extension for the
weighted payment auction is also shown.

1A famous example of such a market manipulation is Cal-
ifornia electricity crises where in 2000 and 2001 there was
a shortage of electricity because energy traders were gratu-
itously taking their plants offline at peak demand in order
to sell at higher prices [24].

• Convergence and distributed algorithms: We describe
how the provider can adjust discrimination weights in an
online fashion so that user allocations and payments con-
verge to equilibrium points of the underlying competition
game. This shows that the information about user utility
functions needed by the provider can be estimated from the
bids submitted by users in an online fashion. We describe a
distributed iterative scheme and prove convergence to Nash
equilibrium points for the case of linear user utility func-
tions.

Related Work. The allocation of resources in proportion
to user-specific weights has a long and rich history in the
context of computer systems and services. For example, it
underlies the objective of generalized processor sharing [19,
2], sharing of bandwidth in communication networks [11],
and has been considered for allocation of various types of
resources, including storage [6] and compute instances [3].
The weighted bid auction considered in this paper could be
seen as a generalization of traditional proportional allocation
to allow for user differentiation and general convex resource
constraints.

Previous work primarily focused on analyzing social ef-
ficiency of proportional allocation in competitive environ-
ments where only users are assumed to be selfish. Kelly [11]
showed that under price taking users, where each user sub-
mits a scalar bid for a set of resources of interest (e.g. allo-
cation of bandwidth at each link along the path of a network
connection), the proportional allocation guarantees 100%
efficiency. In subsequent work, Johari and Tsitsiklis [9]
showed that the social efficiency is at least 75% under so
called price anticipating users and assumption that each user
submits an individual bid for each individual resource of in-
terest (e.g. an individual bid submitted for each link along
the path of a network connection). The latter result was
extended by Nguyen and Tardos [16] to more general poly-
hedral constraints. Furthermore, Yang and Hajek [7] showed
that the worst-case efficiency is 0% if users are restricted to
submitting a scalar bid for the set of resources of interest.
Our work is different from all this work in that we consider
a competitive environment where everyone is selfish.

The weighted payment auction was considered by Ma et
al [15] where the focus was on the efficiency with respect to
the social welfare. Our work provides new results for this
type of auctions with regard to the revenue and efficiency in
competitive environments where everyone is selfish.

The setting of multiple providers considered in this paper
bears quite some similarity with that found in the context of



ISP multihoming, e.g. [5, 20], multi-path congestion control,
e.g. [4], and may also inform about the competition in time-
varying markets using the approach in [13].

Outline of the Paper. Section 2 introduces the resource
competition game. Section 3 presents our main revenue com-
parison result (Theorem 3.1). In Section 4, we present our
results on the efficiency guarantees for the case of a sin-
gle provider and users with linear utility functions (Theo-
rem 4.1). Section 5 extends the efficiency result to more
general class of user utility functions and more general set-
ting of multiple providers (Theorem 5.1). We discuss conver-
gence to Nash equilibrium points and distributed schemes in
Section 6. In Section 7, we conclude.

2. THE RESOURCE ALLOCATION GAME
WHERE EVERYONE IS SELFISH

We consider a system of n ≥ 1 users competing for re-
sources of a single provider; we introduce the setting with
multiple providers later in Section 5.1. Recall that ~x =
(x1, x2, . . . , xn) and ~q = (q1, q2, . . . , qn) denote the vectors
of allocations and payments by users, respectively. The al-
location vector ~x is feasible if and only if ~x ∈ P where P is

a convex set of the form P = {~x ∈ IRn
+ : A~x ≤ ~b} for some

matrix A and vector ~b with non-negative elements. (Note

that A and~b can have arbitrarily many rows, so we will often
refer to “convex” constraints instead to polyhedrons.)

Suppose that Ui(xi) is the utility of allocation xi to user i.
Throughout this paper we assume that for every i, Ui(x) is a
non-negative, non-decreasing and continuously differentiable
concave function. The payoffs for the provider and users are
defined as follows. The payoff of the provider is equal to
the revenue, i.e. the total payments received from all users,
R =

∑

i qi. The payoff for user i is equal to the utility minus
the payment, i.e. Ui(xi)− qi.

The competition game that we study can be seen as the
following two-stage Stackelberg game: in the first stage, the
provider announces the discrimination weights ~C and then,
in the second stage, users adjust their bids in a selfish way
aiming at maximizing their individual payoffs. In the first
stage, the provider anticipates how users would react to
given discrimination weights ~C and sets these weights in
a selfish way aiming at maximizing the revenue. In a dy-
namic setting, the two stages of this game would alternate
over time (we discuss this in Section 6).

In the reminder of this section, we characterize the Nash
equilibria for weighted-bid and weighted-payment auction.

Equilibrium of Weighted Bid Auction. We show a re-
lation between the revenue and the allocation of an outcome.
Given discrimination weight Ci and sum of the bids

∑

j wj ,
user i selects bid wi that maximizes his surplus, i.e. solves

USER: max
wi≥0

Ui

(

wi
∑

j 6=i wj + wi
Ci

)

− wi. (1)

Under the assumed user behavior, one can analyze the Nash
equilibrium of the game. It turns out that Nash equilibrium
exists and is unique, and at Nash equilibrium, the relation
between the revenue and allocation is captured by an im-
plicit function, which we show in the following lemma.

LEMMA 2.1. Given a vector of discrimination weights
~C, there is a unique allocation ~x corresponding to unique

Nash equilibrium. Conversely, given an equilibrium allo-
cation vector ~x, there is a unique vector of discrimination
weights ~C. Furthermore, the corresponding revenue R(~x) is
a function of the allocation vector ~x given by

∑

i

U ′
i(xi)xi

U ′
i(xi)xi +R(~x)

= 1, (2)

where U ′
i(xi) is the derivative of Ui at xi.

Given this result, we obtain the following optimization
problem for the provider.

PROVIDER: maximize R(~x) over ~x ∈ P . (3)

In the rest of this section we prove Lemma 2.1.

Proof of Lemma 2.1. We have

xi = Ci
wi

∑

j wj
(4)

and USER problem can be written as:

maximize Ui

(

wi
∑

j 6=i wj + wi
Ci

)

− wi over wi ≥ 0. (5)

Note that the objective function in (5) is concave in wi,
hence, at an optimum solution either wi = 0 or the deriva-
tive of the objective function is zero. Setting the derivative
to zero is equivalent to:

U ′
i(xi) · Ci

∑

j 6=i wj

(
∑

j wj)2
= 1, for xi > 0.

It follows

U ′
i(xi) =

(
∑

j wj)
2

Ci

∑

j 6=i wj
=

R2

Ci(R −wi)
(6)

where recall that the revenue is equal to the sum of payments
made by users, i.e. R =

∑

j wj . Combining with wi =

xiR/Ci, which follows from (4), we have

U ′
i(xi) =

R

Ci − xi
⇔ CiU

′
i(xi)

(

1− xi

Ci

)

= R. (7)

Now,
∑ xi

Ci
= 1, thus, condition (7) is exactly the optimality

condition for the following problem

maximize
∑

i

∫ xi

0

CiU
′
i(ti)

(

1− ti
Ci

)

dti

over ~x ∈ IRn
+

subject to
∑

i

xi

Ci
= 1.

Since
∫ xi

0
CiU

′
i(ti)

(

1− ti
Ci

)

dti is a strictly concave function

with respect to xi, there exists a unique Nash equilibrium.
It remains to show that for an equilibrium allocation ~x,

the revenue R is given by

∑

i

U ′
i(xi)xi

U ′
i(xi)xi +R

= 1. (8)

From (7), we have

U ′
i(xi) =

R

Ci − xi
⇒ Ci

xi
− 1 =

R

U ′
i(xi)xi



⇒ xi

Ci
=

U ′
i(xi)xi

U ′
i(xi)xi +R

.

Combining with
∑

i xi/Ci = 1, which follows from (4),
we obtain (8). Note that all the formulas above are applied
for the case xi > 0 only; nevertheless, if xi = 0, we have
U ′

i(xi)xi = 0, and therefore, the equation (8) holds for any
optimum allocation vector ~x.

Finally, we note that in equilibrium, the vector of discrim-
ination weights ~C and the vector of bids ~w are functions of
the equilibrium allocation ~x given as follows: for every i,

Ci = xi +
R(~x)

U ′
i(xi)

and wi =
R(~x)

U ′
i(xi)xi +R(~x)

U ′
i(xi)xi.

Equilibrium of Weighted Payment Auction. The anal-
ysis follows similar steps as for weighted bid auction. In this
case, the revenue in Nash equilibrium can be represented as
an explicit function of the allocation vector ~x. Given dis-
crimination weight Ci, user i solves the following surplus
maximization problem:

USER: max
wi≥0

Ui

(

wi
∑

j 6=i wj + wi
C

)

− Ciwi. (9)

LEMMA 2.2. Given a vector of discrimination weights
~C, there is a unique allocation ~x corresponding to the unique
Nash equilibrium. Conversely, given an allocation ~x, such
that

∑

i xi = C, there is a vector ~C of discrimination weights
such that ~x is an outcome. Furthermore, the corresponding
revenue R(~x) is given by

R(~x) =
∑

i

U ′
i(xi)

xi

C

(

1− xi

C

)

.

The proof of this lemma is provided in [17].

3. REVENUE

Revenue of Proportional Sharing. We provide an ex-
ample showing that traditional proportional sharing can per-
form poorly with respect to the revenue. The example is for
the parking-lot network scenario that has been extensively
used in the context of networking; see Figure 2 for an il-
lustration. The resource consists of a series of n ≥ 1 links,
each of capacity C > 0 (without loss of generality we as-
sume C = 1). The example consists of n + 1 users; user
0 is a multi-hop user that requires a connection through all
links 1, 2, . . . , n while user i is a single-hop user that requires
a connection through link i. User utility functions are as-
sumed to be α-fair, i.e. for α > 0 and α 6= 1, we have

Ui(x) =
γα
i

1−α
x1−α, and Ui(x) = γi log(x), for α = 1, where

γi > 0 (in our example, we consider symmetric case where
γi = 1, for every user i). The resource constraints in this
example are xi + x0 ≤ 1, for every link i.

Under proportional sharing mechanism, user 0 submits an
individual bid for each link while user i > 0 only bids for
link i. Using the known conditions for Nash equilibrium of
the underlying game (e.g. [9, 16]), one can show that there
is a unique equilibrium with the allocation vector, solution

x0

x1 x2 xn

· · ·

Figure 2: Parking-lot example.

of the following problem:

maximize
n
∑

i=0

∫ xi

0

U ′
i(y)(1− y)dy

over ~x ∈ IRn+1
+

subject to xi + x0 ≤ 1, i = 1, 2, . . . , n.

It is known that in Nash equilibrium, the sum of bids
submitted to link i is equal to U ′

i(xi)(1−xi) [16]. Therefore,
the revenue of proportional sharing in Nash equilibrium is
∑n

i=1 U
′
i(xi)(1 − xi). By straightforward calculations, one

can show that in Nash equilibrium, the allocation is x0 to
user 0 and 1−x0 to each user i > 1, where x0 = 1

1+n1/(α+1) ,

and the revenue is nx0
(1−x0)α

. For large network size n, the

revenue in Nash equilibrium is O(n
α

α+1 ), therefore, o(n), for
every fixed α > 0. The intuition behind why the revenue
is low is: for large network size n, user 0 competes against
many users and, therefore, the payment that this user can
afford at each link is small. Consequently, the competition
at each link is low which results in low revenue.

On the other hand, using fixed pricing, the provider can
charge the price per unit resource of 1 on each link and
receive the revenue of n.

The question that we investigate in this section is how
large revenue the weighted bid auction can achieve, in com-
parison with the best fixed pricing scheme (with price dis-
crimination). We will answer this question in the remainder
of this section.

Revenue of Weighted Bid Auction. We will compare
the revenue of weighted bid auction with that of a bench-
mark that consists of standard fixed price scheme [22]. In
this pricing scheme, the provider charges user-specific prices
per unit of resource for different users. Suppose that provider
charges user i, the price per unit resource pi. Then, user
i surplus maximization problem is maxUi(xi) − pixi over
xi ≥ 0. The solution of this problem is given by U ′

i(xi) = pi.
Therefore, the revenue of the provider is R =

∑

i pixi =
∑

i U
′
i(xi)xi. Hence, the optimal revenue is

R∗ = max

{

∑

i

U ′
i(xi)xi : ~x ∈ P

}

.

Comparing with such a benchmark would be too ambi-
tious because with auction-based allocation, the provider
cannot announce fixed prices, but instead prices are induced
from user demand. Thus, instead, we will compare with the
revenue R∗ where some users are excluded. That is, we will
compare the revenue achieved by an auction for n users with
the revenue achieved by the fixed pricing scheme for n − k
users, for 0 < k < n. Note that using as a benchmark a
scheme with some users excluded is standard in the theory
of auctions [8].

In the parking-lot example introduced above, if we con-



sider n large enough, then the optimal revenue is of the order
n, which can be achieved if the provider charges every single-
hop user the price per unit of resource of 1 and charges the
multi-hop user the price per unit of resource of n. Now, if
we exclude an arbitrary set of k < n users, then the optimal
revenue is n − k. Therefore, if k is much smaller compared
with n, then one can think of this as a large market regime
where the effect of removing a few users from the market is
negligible.

Having discussed the intuition, we can now state our main
result on the revenue guarantee of weighted bid auctions.
Let R∗

n−k be the optimal revenue under our benchmark, i.e.

R∗
n−k = min

S⊂{1,...,n}: |S|=n−k
max
~x∈P

∑

i∈S

U ′
i(xi)xi.

The revenue guarantee of weighted bid auctions is stated as
follows.

THEOREM 3.1. Suppose that for each user i, U ′
i(x)x

is a concave function. Let R be the optimum revenue of the
weighted bid allocation mechanism, then

for every 1 ≤ k < n : R ≥ k

k + 1
R∗

n−k.

The proof of the theorem is based on an induction argu-
ment over k and is provided in [17]. It is noteworthy that
the proof admits weak assumptions about the structure of
the underlying auction. For example, using an analogue
argument, we can also prove similar revenue guarantee for
weighted payment auctions, which is provided in [17].

Finally, note that the revenue guarantee of the theorem
above is rather strong. In particular, by taking as a bench-
mark the system with just one user excluded, we obtain that
the revenue under weighted bid auction is at least 1/2 of the
revenue under the price discrimination scheme with one user
excluded (whose exclusion reduces the revenue the most).
Informally, the result tells us that for systems with many
users with comparable utility functions, the revenue under
weighted bid auction is nearly the same as under standard
price discrimination. As discussed above, such a guarantee
cannot be provided by proportional sharing.

4. EFFICIENCY FOR LINEAR USER
UTILITY FUNCTIONS

In this section, we analyze the efficiency for the case of
single provider and linear user utility functions. The analysis
in this section provides us with basic techniques that are
applied to the more general setting in Section 5.

4.1 Efficiency of Weighted Bid Auction
We show the following theorem.

THEOREM 4.1. Assume that the provider maximizes
the revenue and for each user i the utility function is linear,
Ui(x) = vix, for some vi > 0. Then, the worst-case effi-
ciency is 1/(1 + 2/

√
3) (approx. 46%). Furthermore, this

bound is tight.

Remark Before proving the theorem, we note that the worst-
case efficiency can be achieved asymptotically as the number
of users n tends to infinity. An example is for the resource
constraint

∑

i xi ≤ 1 and the user valuations such that there
is a unique user with the largest marginal utility, say this is

user 1, and all other users with identical marginal utilities
equal to (2−

√
3)2v1 ≈ 0.0718v1 . In Nash equilibrium, user 1

obtains 42.26% of the resource and the rest is equally shared
by other users. One can show that with higher user compet-
itiveness, the efficiency increases. Specifically, if there are
at least k users with the largest marginal utility, then the
efficiency is at least 1− 1

2k
+ o(1/k). The proof of this result

is in [17].

We first need the following lemma about the quasi-concavity
of the objective function optimized by the provider. Recall
that R(~x) is the function given by (2). Let R∗ be the opti-
mum revenue, i.e. R∗ = max{R(~x) : ~x ∈ P}. We note the
following fact.

LEMMA 4.1. The set Lµ := {~x ∈ IRn
+ : R(~x) ≥ µ} is

convex, for every µ ∈ [0, R∗].

The proof of this lemma is straightforward and thus omit-
ted (see [17]). In the remainder of this section, we prove
Theorem 4.1.

Proof of Theorem 4.1. An example showing that the
bound is tight was already given in the remark above; it
remains to prove that the efficiency is at least 1/(1+2/

√
3).

Recall that R∗ is the optimal revenue, thus for every ~x ∈
P , R(~x) ≤ R∗. Consider the two convex sets LR∗ and P .
These two sets intersect at ~x where R(~x) = R∗ and do not
have common interior points. Let H be the hyperplane that
weakly separates these two sets, defined by γi ≥ 0, for every
i and

∑

i

γixi = 1. (10)

Consider the game where the provider has the feasible set
Q = {~x ∈ IRn

+ :
∑

i γixi ≤ 1}, then the allocation that maxi-
mizes the revenue over Q is the same as in the original game.
Since P ⊂ Q, the optimal social welfare of the new game is
at least the social welfare of the original game. Therefore,
it is enough to prove a lower bound on the efficiency for the
class of games where the provider has the feasible set Q. See
Figure 3 for an illustration.

H :
∑

i γixi = 1
P

Q LR∗

Figure 3: Reduction to a simpler constraint.

The observation above allows us to consider a simpler op-
timization problem. In particular, the optimal social welfare
in the new game is maxi vi/γi; the condition for Nash equi-
librium, as argued above, is the condition for ~x to maximize
R(~x) over ~x ∈ IRn

+ such that
∑

i γixi = 1, which we derive
in the following. Taking partial derivative with respect to
xj to both sides in (2), with Ui(xi) = vixi, we have

∂

∂xj

∑

i

vixi

vixi +R
= 0 ⇔

⇔ ∂

∂xj

vjxj

(vjxj +R)
−
∑

i6=j

∂R

∂xj

vjxi

(vixi +R)2
= 0.



Now, note that

∂

∂xj

vjxj

vjxj +R
=

Rvj
(vjxj +R)2

− ∂R

∂xj

vjxj

(vjxj +R)2
.

Thus, we have

Rvj
(vjxj +R)2

=
∂R

∂xj
·
∑

i

vixi

(vixi +R)2
.

Since R(~x) achieves the optimum value R∗ over the set {~x ∈
IRn

+ :
∑

i γixi ≤ 1}, we have either xj = 0 or ∂
∂xj

R = λγj

where λ ≥ 0 is the Lagrange multiplier associated to the
constraint

∑

i γixi ≤ 1. It follows that for p > 0,

either xi = 0

or
vi/γi

(vixi +R∗)2
=

λ

R∗

∑

i

vixi

(vixi +R∗)2
= p.

(11)

From this, we obtain that at in Nash equilibrium, if xi > 0,

then vi/γi
(vixi+R∗)2

is equal to p, for every i. Therefore, if vi/γi

is large, then the denominator (vixi+R∗)2 needs to be large
as well. At the same time, the optimal solution of social
welfare distributes all the resource to users with the highest
value of vi/γi. This is the intuition for the fact that the
efficiency is bounded by a constant.

First, we will use the change of variables to make equa-
tions easier to follow: zi = γixi and ai = vi/γi. One way
to think about these new variables is to think of another
game where the resource constraint is

∑

i zi = 1 and user
i’s utility is aizi. Without loss of generality, we assume that
a1 = maxi ai. The optimal social welfare is

WOPT = max
~x:

∑
i γixi=1

∑

i

vixi = max
~z:

∑
i zi=1

∑

i

aizi = a1.

We also introduce variables yi defined by

yi =
vixi

vixi +R∗ =
aizi

aizi +R∗ .

Because of (2), we have
∑

i yi = 1. The goal of introducing
these variables is to bound the optimal social welfare and the
social welfare in Nash equilibrium as functions of yi. From
yi = aizi/(aizi +R∗), we have

aizi = R∗ yi
1− yi

and zi = R∗ yi
ai(1− yi)

.

Next, we are going to bound the social welfare of Nash equi-
librium and the optimal solution.

The social welfare in Nash equilibrium, which we denote
as WNASH, can be bounded as follows

WNASH =
∑

i

aizi = R∗∑

i

yi
1− yi

≥ R∗





y1
1− y1

+
∑

i≥2

yi



 = R∗
(

y1
1− y1

+ 1− y1

)

≥ R∗ y
2
1 − y1 + 1

1− y1
. (12)

The optimal social welfare, as argued above, is

WOPT = max
i

ai = a1.

In order to bound a1 with a function of yi, we multiply a1

with
∑

i zi, which is 1, and use the relation between zi and

yi to have WOPT as a function of yi. Specifically,

WOPT = a1 = a1

(

∑

i

zi

)

= a1R
∗∑

i

yi
ai(1− yi)

. (13)

Now, we use the condition for Nash equilibrium. (Note that
this is the only place in the proof that uses (11).) First we
rewrite the condition for the variables zi and ai. Replacing
ai = vi/γi and vixi = aizi = R∗ yi

1−yi
in the condition for

Nash equilibrium (11), we derive

either yi = 0 or
ai(1− yi)

2

R∗2 = p > 0.

From this condition, we have ai(1−yi)
2 = a1(1−y1)

2 when-

ever y1, yi > 0, hence ai(1− yi) =
a1(1−y1)

2

1−yi
. Replacing this

equality in the optimal social welfare (13), we have

WOPT = a1R
∗∑

i

yi
ai(1− yi)

=
R∗

(1− y1)2

∑

i

yi(1− yi)

≤ R∗

(1− y1)2



y1(1− y1) +
∑

i≥2

yi



 .

Using this and replacing
∑

i≥2 yi = 1− y1, we obtain

WOPT ≤ R∗

(1− y1)2
(y1(1−y1)+1−y1) = R∗ 1− y2

1

(1− y1)2
. (14)

From (12) and (14), we have the following lower bound for
the efficiency

WNASH

WOPT
≥ y2

1 − y1 + 1

y1 + 1
.

By simple calculus, one can show that the right-hand side is
at least 1/(1+2/

√
3), which is what we needed to prove.

4.2 Efficiency of Weighted Payment Auction
For weighted payment auction, we have the following re-

sult.

THEOREM 4.2. Assuming that the provider maximizes
the revenue, the efficiency is at least 1/2 for weighted pay-
ment auction and this bound is tight.

The proof of this theorem is provided in [17]. We note that
the weighted payment auction admits much simpler resource
constraint and, therefore, the proof of this theorem is much
simpler than that for weighted bid auctions, which we pre-
sented above.

5. EXTENSION TO MULTIPLE PROVIDERS
AND GENERAL USER UTILITIES

In this section, we will extend the efficiency result of the
previous section to the more general setting that consists of
multiple competing providers and more general class of util-
ity functions. Perhaps surprisingly, we will show that even in
such more complex competitive environments, the efficiency
can be bounded by a positive constant that is independent
of the number of providers and the number of users. We
first define the framework in Section 5.1 and Section 5.2,
and then present our main result in Section 5.3.



5.1 Multiple Providers
We consider a system of multiple providers where each

provider allocates resources according to the weighted pro-
portional allocation. We assume that each provider k is
endowed with resource constraints specified by the convex
set Pk. We assume that each user can receive resources from
any provider and is concerned only about the total amount
of resource received across all providers. We will use the fol-
lowing notation. We denote with xk

i the allocation to user
i by provider k. Let xi =

∑

k x
k
i denote the total alloca-

tion to user i over all providers. For each user i, the utility
of allocation (xk

i , k = 1, . . . ,m) is Ui(xi). We denote with
x−k
i = xi−xk

i , the total allocation to user i over all providers
except provider k. See Fig. 4 for an illustration.

1 2 provider k m

1 2 user i n

xk
i

Figure 4: The setting of multiple providers.

Let ~x = (xk
i , i = 1, . . . , n, k = 1, . . . ,m) be an allocation

under weighted proportional sharing mechanism. By same
arguments as in Section 2, we note that each provider k
can find discrimination weights (Ck

1 , C
k
2 , . . . , C

k
n) such that

~x is the equilibrium of the weighted proportional sharing
in the multiple provider setting. We denote with wk

i the
bid of user i to provider k and this is the payment from
user i to provider k. The user i goal is to maximize the
payoff Ui(

∑

k x
k
i ) −

∑

k w
k
i , where xk

i = Ck
i w

k
i /
∑

i w
k
i . On

the other hand, provider k obtains the revenue Rk, which
satisfies the following

n
∑

i=1

U ′
i(x

−k
i + xk

i )x
k
i

U ′
i(x

−k
i + xk

i )x
k
i +Rk

= 1. (15)

In order to gain some intuition, note that if for every user
i, Ui(x) is a strictly concave function, then U ′

i(x
−k
i + xk

i )
decreases with x−k

i . In other words, the larger the amount
of resource allocated to user i from providers other than k,
the smaller the marginal utility for user i to receive an allo-
cation from provider k. As a result, provider k may extract
smaller revenue due to competition with other providers.
With this in mind, we now define the equilibrium for the
case of multiple providers.

DEFINITION 1. We call ~x an equilibrium allocation if
for every provider k, the allocation vector ~xk = (xk

1 , . . . , x
k
n)

maximizes Rk given by (15) over the set Pk.

We note that in the multiple provider setting, we can think
of the game as the provider k’s strategy set is Pk. The dis-
crimination weights and the revenue then can be calculated
according to the allocation vector ~x of all providers. With
these discrimination weights, under users’ selfish behavior,
~x will be an outcome of the game. From the providers’ per-
spective, an equilibrium allocation is an allocation ~x where

no provider has an incentive to unilaterally change its allo-
cation vector. Note that if there is only one provider, the
game boils down to the same two-stage Stackelberg game
considered in Section 2.

5.2 A Class of Utility Functions
We introduce the class of δ-utility functions in the follow-

ing definition.

DEFINITION 2. Let U(x) be a non-negative, increas-
ing, and concave utility function and let x0 ≥ 0 be the value
maximizing U ′(x)x. We say U(x) is a δ-utility, if in addi-
tion the following two conditions hold:

(i) U ′(x)x is a concave function over [0, x0], and

(ii) there exists δ ∈ [0,∞), such that, for every a ∈ [0, x0],

U(b)− [U ′(a)a]′b ≤ δU(a)

where b ≥ 0 is such that U ′(b) = [U ′(a)a]′ = U ′(a) +
U ′′(a)a ≥ 0.

The class of δ-utility functions is intimately related with
the theory of price discrimination [22], which we discuss
in [17]. Furthermore, the class accommodates many util-
ity functions considered in literature. For example, we can
show that a linear or a truncated linear function is a 0-
utility function, polynomial (c+ x)α, for c ≥ 0 is a e

2
-utility

function, for any 0 ≤ α ≤ 1, and a logarithmic utility func-
tion is a 2-utility function; we provide a detailed list and
proofs in [17]. We remark that truncated linear utility func-
tions or logarithmic functions were considered representative
of real-time traffic sources in communication networks [21],
polynomial utility functions were widely used in economic
theory [22], α-fair utility functions were widely used in the
context of communication networks [12, 10].

Finally, we note the following result whose proof is pro-
vided in [17].

LEMMA 5.1. If f and g are δ-utility functions, then so
are: c · f , for c > 0 and f + g.

Consequently, every polynomial of the form
∑

i aix
αi where

ai > 0 and 0 ≤ αi ≤ 1 is a e
2
-utility function.

5.3 Efficiency Bound
We now state and then prove our main theorem on the

efficiency of weighted bid auctions.

THEOREM 5.1. Assume that for every user i and ev-
ery a ≥ 0, U ′

i(x + a)x is a continuous and concave func-
tion. Then, there exists an equilibrium in the case of multi-
ple providers defined as above. Furthermore, if Ui(a+x) are
δ-utility functions, then the efficiency at any equilibrium is
at least 1/(1 + 2/

√
3 + δ).

For the special case of linear utility functions δ = 0 and
the above theorem yields the same bound as in Theorem 4.1.
The result of Theorem 5.1 is perhaps surprising as it is not a
priori clear that in complex competitive environments where
both providers and users are selfish in trying to maximize
their individual payoffs (objectives which often conflict with
each other), the efficiency would be bounded by a positive
constant that is independent of the number of providers and
the number of users.



Before going into the proof of Theorem 5.1, we outline the
main ideas. The key idea of the proof is to bound the social
welfare of the system, which is a complicated optimization
problem over allocations in the Minkowski sum of the sets
Pk. If the utility functions are linear, then this optimization
problem can be separated into optimization problems for
individual providers, and the optimal value is the sum of
these optimal values. Using this idea, we will bound the
utility function by an affine function that is a tangent to
the concave utility function at particular allocation in Nash
equilibrium. This idea is illustrated in Figure 5. It will be
shown that because of the property of δ-utility functions,
the value ai in the figure is at most δUi(xi), which will be
the key inequality of the proof.2

ai

xi yi

Ui(x)

Vi(x)

Figure 5: The key bounding of Ui(x) with the
affine function Vi(x) such that V ′

i (yi) = U ′
i(xi) +

U ′′
i (xi)maxk x

k
i and Vi(yi) = Ui(yi).

Proof of Theorem 5.1. The proof of the first part of
the theorem about existence of Nash equilibrium is based on
standard fixed point theorem and is provided in [17].

For the second part, the key idea of the proof is to bound
the social welfare by an affine function which allows sepa-
rating the maximization over (~x1, . . . , ~xm) ∈∑k Pk to max-
imizations over sets Pk, where

∑

k Pk is the Minkowski sum

defined by {~z1 + · · · + ~zm : ~zk ∈ Pk, k = 1, . . . ,m}. Once
the optimization problem is separated, we can use similar
bound as in Section 4 (see Lemma 5.2 below) as a subrou-
tine to prove the theorem.

Let us define

vki = U ′
i(xi) + U ′′

i (xi)x
k
i and vi = min

k
vki .

Since for every i, Ui(x) is a concave function, we have

vi = U ′
i(xi) + U ′′

i (xi)(max
k

xk
i ) ≥ U ′

i(xi) + U ′′
i (xi)xi.

Now, let us define Vi(x) = ai + vix where ai is chosen
such that Vi(x) is a tangent to Ui(x). Let yi be the point
at Vi(x) and Ui(x) intersect. We will use Vi(x) as an upper
bound for Ui(x), for every x ≥ 0. Notice that ai = Ui(yi)−
(U ′

i(xi) + U ′′
i (xi)xi)yi.

By definition of δ-utility functions, ai ≤ δUi(xi). There-
fore,

∑

i

ai ≤ δ
∑

i

Ui(xi). (16)

2We note that our proof technique is rather general and
that similar result for weighted payment auctions can also
be obtained using this framework. However, we omit details
as our focus is on weighted bid auctions, which allow for
much more general resource constraints.

Since Ui(x) is a non-negative concave function, we have
Ui(x) ≤ Vi(x). Hence,

max
~z∈∑

k Pk

∑

i

Ui(zi) ≤ max
~z∈∑

k Pk

∑

i

Vi(zi) =

=
∑

i

ai + max
~z∈

∑
k Pk

∑

i

vizi

=
∑

i

ai +
∑

k

max
~z∈Pk

∑

i

vizi. (17)

The last inequality enables us to use the fact that vizi are
linear functions, therefore, instead of considering the max-
imization over the set

∑

k Pk, we can bound
∑

i vizi over
each Pk.

By similar arguments as in the proof of Theorem 4.1,
we can prove the following lemma whose proof is provided
in [17].

LEMMA 5.2. For ever k,
∑

i

U ′
i(xi)x

k
i ≥ 1

1 + 2/
√
3
max
z∈Pk

∑

i

vki zi. (18)

We use this lemma to prove our main result. On the one
hand, if we sum the left-hand side of (18) over all k, we have

∑

k,i

U ′
i(xi)x

k
i =

∑

i

U ′
i(xi)xi ≤

∑

i

Ui(xi) (19)

where the last inequality is true because Ui(x) is a non-
negative and concave function for every i. On the other
hand, if we sum the right-hand side of (18) over all k, we
obtain

∑

k maxz∈Pk

∑

i v
k
i zi

1 + 2/
√
3

≥
∑

k maxz∈Pk

∑

i vizi

1 + 2/
√
3

(20)

where in the last inequality, vki are replaced by vi, which
recall is equal to mink v

k
i .

Combining (18)–(20), we derive

∑

i

Ui(xi) ≥ 1

1 + 2/
√
3

∑

k

max
z∈Pk

∑

i

vizi

⇒ (1 + 2/
√
3)
∑

i

Ui(xi) ≥
∑

k

max
z∈Pk

∑

i

vizi. (21)

Finally, from (16), (17) and (21), we have

max
~z∈∑

k Pk

∑

i

Ui(zi) ≤ (δ + 1 + 2/
√
3)
∑

i

Ui(xi)

which establishes the asserted result.

6. CONVERGENCE AND DISTRIBUTED
ALGORITHMS

In this section, we show how a provider may adjust user
discrimination weights by an iterative algorithm whose limit
points are Nash equilibrium points of the resource competi-
tion game studied in earlier sections. We focus on weighted
bid auctions but note that similar type of analysis can be
carried out for weighted payment auctions. Our aim in this
section is to show how such iterative algorithms can be de-
signed in principle.3

3It is beyond the scope of this paper to fully specify imple-
mentation details such as online estimation of the elasticity
of user utility functions and address the stability in presence
of feedback delays.



We replace the polyhedron constraints by incorporating
penalty function P (~x) in the objective function, which is cho-
sen to confine the allocation vector ~x in the feasible set speci-
fied by the polyhedron constraints. Informally, the function
P (~x) would assume small values for every feasible alloca-
tion vector ~x that is sufficiently away from the boundary
of the feasible set and would grow large as the allocation
vector ~x approaches the boundary of the feasible set. We
assume that P (~x) is a continuously differentiable and con-
vex function. Specifically, we assume that for a collection of
functions Pl, one for each of the constraints, we have

P (~x) =
∑

l

Pl

(

∑

j

al,jxj

)

.

Indeed, if Pl is a continuously differentiable and convex func-
tion for every l, then so is P . We define V (~x) = R(~x)−P (~x)
where R(~x) is the revenue given by (2). The provider prob-
lem is redefined to

PROVIDER′ : maximize V (~x) over ~x ∈ IRn
+.

We first show how the provider may adjust the user dis-
crimination weights, assuming that the provider knows user
utility functions and establish convergence to the Nash equi-
librium points in this case. This provides a baseline dynam-
ics that we then approximate as follows. We consider a
provider who a priori does not know user utility functions
but estimates the needed information in an online fashion
while adjusting the discrimination weights. The main idea
here is to use an argument based on separation of timescales
where the provider adjusts the discrimination weights at a
slow timescale in comparison with the rate at which bids
are received from users, allowing the provider to estimate
the needed information about the user utility functions for
every given set of discrimination weights. We will formu-
late iterative algorithms as dynamical systems in continuous
time as this is standard in previous work, e.g. [11], and it
readily suggests practical distributed algorithms.

User Utility Functions a Priori Known. Suppose that
user utility functions are a priori known by the provider (this
may be the case if profiles of users are known to the provider,
e.g. from the history of previous interactions). The provider

announces discrimination weights ~C(t) at every time t ≥ 0
that are adjusted as follows. The provider computes the
allocation vector ~x(t) according to the following system of
ordinary differential equations, for some α > 0,

d

dt
xi(t) = αxi(t)

∂

∂xi
V (~x(t)), i = 1, 2, . . . , n. (22)

For every time t ≥ 0, the provider announces to users the
discrimination weights ~C(t) where the discrimination weight
for user i is:

Ci(t) = xi(t) +
R(~x(t))

U ′
i(xi(t))

.

Notice that the right-hand side in (22) requires knowledge
of the gradient of the revenue function R(~x), which is given
by

∂

∂xi
R(~x) = φ(~x)

[U ′
i(xi)xi]

′

(U ′
i(xi)xi +R(~x))2

(23)

where

φ(~x) =
R(~x)

∑

j

U′

j(xj)xj

(U′

j
(xj)xj+R(~x))2

.

The convergence to optimal solution of PROVIDER’ is
showed in the following theorem.

THEOREM 6.1. Suppose that for every user i, U ′
i(x)x

is a continuously differentiable and concave function and
that P (~x) is a strictly convex function. Then, every tra-
jectory (~x(t), t ≥ 0) of the system (22) converges to the
maximizer of function V (~x).

The proof is based on standard application of Lyapunov
stability theorem and is thus omitted. It amounts to show-
ing that the function V is a Lyapunov function for system
(22), which increases along every trajectory ~x(t), and thus
implying convergence to unique maximizer of V .

User Utility Functions a Priori Unknown. We dis-
cuss how the user discrimination weights may be adjusted
by provider who does not a priori know the user utility
functions. The key idea is to use separation of timescales:
the provider adjusts the discrimination weights at a slower
timescale than the timescale at which bids are adjusted by
users. Informally speaking, this allows the provider to act as
if for every fixed set of discrimination weights, users adjust
their bids instantly to the Nash equilibrium bids.

From (6) and the allocation rule xi = Ciwi/
∑

j wj , we
readily observe that the following identities hold in Nash
equilibrium:

U ′
i(xi)xi =

Rwi

R −wi
and U ′

i(xi)xi +R =
R2

R − wi

where R =
∑

j wj . Using these identities, we note that the

gradient in (23) can be expressed as follows

∂

∂xi
R = R

wi
R

(

1− wi
R

)

1
xi

+
(

1− wi
R

)2 U′′

i (xi)xi

R
∑

j

wj

R

(

1− wj

R

) . (24)

Notice that the gradient is fully expressed as a function of
the vector of bids ~w except for the term that involves the
second derivative of the user utility function. For the case
of linear user utility functions, we have U ′′

i (xi) = 0 for every
i, and thus, in this case the gradient of the revenue R(~x) is
fully described by the vector of bids ~w.

In general, we assume that at every time t ≥ 0, the
provider sets the user discrimination weight for user i as
follows

Ci(t) =
R(~w(t))

wi(t)
xi(t).

For the case of linear utility function, ~x(t) is assumed to
evolve according to the following system of ordinary differ-
ential equations, for α > 0 and every i = 1, 2, . . . , n,

d

dt
xi(t) = α [vi(wi(t),R(~w(t)))− xi(t)pi(~x(t))] (25)

where

vi(wi, R) = R
wi
R

(

1− wi
R

)

∑

j

wj

R

(

1− wj

R

)

pi(~x) =
∑

l

al,iP
′
l

(

∑

j

al,jxj(t)

)

.



Furthermore, we assume natural dynamics for solving USER
problem that amounts to adjusting bid wi(t) by user i ac-
cording to the following system

d

dt
wi(t) = U ′

i(xi(t))xi(t)−R(~w(t))

wi(t)
R(~w(t))

1− wi(t)
R(~w(t))

. (26)

The convergence for the case of linear user utility functions
is established in the following theorem.

THEOREM 6.2. Suppose that user utility functions are
linear. For every sufficiently small α > 0, the allocation vec-
tor under system (25)-(26) approximates that of the system
(22) with an approximation error that diminishes with α.

The proof is based on applying the averaging theory of
non-linear dynamical systems [14] and is provided in [17].
It is noteworthy that part of the proof establishes global
asymptotic stability of system (26), for the allocation vector
~x(t) fixed to an arbitrary feasible allocation vector ~x for
every t ≥ 0, which is of independent interest as it applies to
more general class of utility functions.

Same approach applies more generally to non-linear user
utility functions, but the second derivative of the utility
function in (24) would need to be estimated in an online
fashion from the observed bids submitted by users.4 In prin-
ciple, this can be done by observing the effect of perturb-
ing the allocation for a user on the bid submitted by this
user, which we briefly discuss in the following. From (6)
and the allocation rule xi = Ciwi/

∑

j wj , we have U ′
i(xi) =

R
xi

wi
R
/(1− wi

R
). Taking the derivative with respect to xi, we

obtain

U ′′
i (xi)xi =

wi
R

1− wi
R

(

∂

∂xi
R − 1

xi
R

)

+R
1

(

1− wi
R

)2

∂

∂xi

(wi

R

)

.

Plugging this in (24), we have

∂

∂xi
R =

R
∑

j

wj

R

(

1− wj

R

)

− wi
R

(

1− wi
R

)

∂

∂xi

(wi

R

)

.

Therefore, the gradient of the revenue can be fully expressed
in terms of the bids ~w and (∂/∂xi)(wi/R), where the latter
term can be estimated in an online fashion by perturbing
the allocation of user i and observing the resulting change
of wi/R.

Parking-Lot Example. We demonstrate convergence of
the iterative scheme (25)-(26) for the example of parking-lot
network that we introduced in Section 3 (Figure 2). Recall
that the resource consists of n ≥ 1 links, each of capacity 1,
with a multi-hop user 0 with allocation x0 at each link and
a single-hop user with allocation xi at link i. User utility
functions are assumed to be linear Ui(x) = vix, for x ≥ 0,
where vi = v1, for i = 1, 2, . . . , n, and v0, v1 > 0.

The Nash equilibrium allocation and the corresponding
revenue are specified by the following lemma whose proof is
simple and thus omitted.

LEMMA 6.1. Let η = n−1
2
√

n

√

v1
v0
. For the parking-lot

scenario, the Nash equilibrium allocation is 1 − x1 for user

4Notice that the need to infer the second derivatives of util-
ity functions is intrinsic to the revenue maximization objec-
tive and is not an artifact of our auction scheme.
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Figure 6: Convergence to equilibrium points for the
parking-lot example: (Left) a priori known utility
functions and (Right) a priori unknown utility func-
tions.
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Figure 7: Another example for the convergence to
equilibrium points for the parking-lot: (Left) a pri-
ori known utility functions and (Right) a priori un-
known utility functions.

0 and x1 for each user i = 1, 2, . . . , n, where

x1 =

{ 1
2(1−η)

, for η < 1/2

1, for η ≥ 1/2
. (27)

The revenue in Nash equilibrium is given by

R =

{

1
4η(1−η)

(n− 1)v1, for η < 1/2

(n− 1)v1, for η ≥ 1/2.

We note that in Nash equilibrium, the allocation to any
single-hop user is increasing with the ratio of the valuations
v1/v0, from 1/2 for v1/v0 = 0 to 1 for v1/v0 = n/(n − 1)2

and beyond this the single-hop user is allocated the entire
link capacity.
Numerical examples. We illustrate convergence for two par-
ticular cases. In either case, we consider the parking-lot
network with n = 5 links and linear utility functions speci-
fied by v0 = 5 and v1 = v2 = · · · = vn = 1. The link cost
functions are defined as

P ′
l (x) =

{

0, 0 ≤ x ≤ ρ0,
(

1
x
− 1

1−ρ0

)p

, ρ0 < x ≤ 1

where p > 0 and, in particular, we use p = 2 and ρ0 =
0.8. We show results for initial allocation ~x(0) such that
x1(0) = x2(0) = · · · = xn(0), so that due to symmetry
x1(t) = x2(t) = · · · = xn(t), for every t ≥ 0. This simplifies
the exposition. We validated convergence for various other
choices for initial values and other parameters, but for space
reasons we confine to the above asserted setting.

In our first case, we consider a closed system with a fixed
set of users. In Figure 6, we show trajectories of the allo-
cations x0(t) and x1(t) for both a priori known utility func-
tions (left) and a priori unknown utility functions (right),



with α set to 0.1. The results indeed validate convergence
to the Nash equilibrium allocation, which are indicated with
dashed lines.

Finally, in our second case, we consider an open system
where at time t1 ≥ 0, a single-hop user departs the system
and then another such user arrives at time t2 > t1. In
particular, we use the values t1 = 30, t2 = 70, and α = 0.8.
Figure 6 well validates convergence to the Nash equilibrium
allocation in this case.

7. CONCLUSION
We considered a simple mechanism for allocation of re-

sources that allows for user differentiation and general con-
vex resource constraints. We showed that in a competi-
tive framework where everyone is selfish, the mechanism can
guarantee nearly optimal revenue to the provider and com-
petitive social efficiency (including a setting with multiple
providers). Besides analysis of equilibrium points of the un-
derlying competition game, we showed how one would design
an iterative algorithm that converges to equilibrium points.

The work suggests several interesting directions for future
research. First, it would be of interest to study revenue and
efficiency properties for classes of user utility functions that
are not accommodated in our work. Second, it would be
of interest to further explore the space of iterative schemes
that are practical and converge to equilibrium points. Fi-
nally, one may consider more general settings of multiple
competing providers where each user can receive the service
only from a subset of providers.
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