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Abstract

We studythe capacityof multi-carriertransmissionthrougha slow frequeng-selectve fadingchannewith limited
feedbackwhich is usedto specifychannelstateinformation.Our resultsare asymptoticin the numberof carriers,or
channelsN. We first assumad.i.d. channelgains,and shaw that, for a large classof fadingdistributions,a uniform
power distribution over anoptimizedsubsebf carriersor on-of power allocation,givesthe sameasymptoticgrowth in
capacityasoptimalwaterfilling, e.g.,O(log N) with Rayleighfading.Furthermorethe O(log N) growth in datarate
canbe achieed with a feedbackrate,which grows as O(log® N). If the numberof active channelss boundedthen
the feedbackrate decreaseto O(log V), but the capacitygrows only as O(log log V). We then considercorrelated
channelsmodeledas a Markov processand study the sasings in feedbackrelative to i.i.d. channels Assuminga
fixed ratio of coherencéandwidthto the total available bandwidth,the ratio betweenminimum feedbackrateswith
correlatecandi.i.d. sub-channelsonvergesto zerowith N. For a sequencef Rayleighfadingchannelsyhich satisfy
a first-orderautorgressie processthe ratio goesto zeroas O \/@ . We alsoshawv that adaptve modulation,
or rate control schemesin which the transmitterselectsthe rate on eachsubchannefrom a quantizedset, achieves
the sameasymptoticgrowth ratesin capacity and requiredfeedback.Finally, our resultsare extendedto cellular
uplink and downlink channelmodels.

|. INTRODUCTION

The capacityof a slowly varying frequeng-selectve fading channelcan generally be increasedby relaying
channelinformation from the recever back to the transmitter In the caseof multi-carrier communicationsthis
feedbaclkallows the transmitterto optimizethe allocationof power anddataratesover the carriers,or sub-channels
[1]. Given accuratechannelestimatesand sufficient feedback,a substantialincreasein capacitycan be obtained
relative to the analogousschemewithout feedback(e.g., OrthogonalFrequeng Division Multiplexing (OFDM)).

We considermulti-carrier transmissionover a frequeng-selectve channelwith limited feedback.We assume
perfectchannelknowledgeat the recever, and an errorfree, finite-rate feedbacklink. The channelis assumedo
be stationaryfor the durationof a codevord. Our objective is to characterizehe asymptoticgrownth in capacityas
a function of the numberof sub-channelgv for a given feedbackrate and finite transmittedpower. This problem
is analogousto the problem of evaluatingthe performance(e.g., achiezable rate) of a Multi-Input/Multi-Output
(MIMO) fading channelwith limited feedbackwhich hasrecentlyattractedmuchinterest(e.g.,see[12-21]). For
the OFDM channelmodel consideredhowever, the relation betweenthe growth in capacityand feedbackrate is
significantly different from the capacityscalingfor MIMO channelswith limited feedback[16]. (Seealso [22],
which considersquantizedsignaturefor Code-Dvision Multiple Access.)

We startwith ananalysisof i.i.d. sub-channelseforeconsideringdependensub-channelsTo limit the feedback
rate,we first considerthe capacitywith an optimal on-of power allocation,in which the transmitterallocategpower
uniformly over an optimizedsetof sub-channeld,e., with gainsexceedinga threshold Previous studieshave shavn
that for fixed channelsthe capacityachiezed with this schemeis closeto the capacitywith the optimal (water
filling) power allocation[23-25]. Herewe shaw thatfor a generaklassof fadingdistributions,bothwaterfilling and

the optimal on-off power allocationachieve the sameasymptoticgrowth in capacity For example,with Rayleigh



fading, both the optimizedthreshold which maximizesthe on-off capacity andthe capacity(bits per channeluse)
grow asO(log N). In contrast,the capacityfor OFDM cornvergesto a constantas N becomedarge. Furthermore,
the feedbackneededo identify the optimal subsetof sub-channelgrows as O(log® N) bits per codeword.

We also considerfinite-precisionrate control in which the rate for eachactive sub-channels quantized,i.e.,
choserfrom a discreteset,dependingon the sub-channegjain. This is motivated,in part, by bit-loading,or adaptve
modulationschemege.g., see[8]), in which the constellationsizeis varied acrosssub-channelsin practice,this
enablesthe use of shortercode wordsto achiee a given outageprobability (i.e., comparedwith coding across
sub-channels)The optimal quantizedsetof sub-channetatesis determinedandit is shavn thatasymptoticallythe
total datarateincreasest the samerateasthe capacity(e.g.,O(log N) for Rayleighfading given a feedbackrate,
which grows as O(log® N)). However, as N — oo, the absolutelossin achiesable datarate with finite-precision
rate control, relative to the optimal power and rate allocation, corvergesto a constant,which is proportionalto
the transmittedpower. We also considera feedbackschemein which the numberof active sub-channelss fixed
at K < N. In that case the feedbackrate increasess O(log N), andthe capacityincreasesas O(loglog N). The
feedbackrate can be varied betweenO (log N) and O(log® N) by changingthe rate at which the on-off threshold
tendsto infinity with IV, andwe characterizehe correspondingasymptoticgrowth in capacity

In practice,the sub-channefjainsare generallycorrelated Assumingthat the sequencef channelgainsis an
ergodic processas N — oo, the channelcapacitydependsonly on the first-orderdistribution of the sub-channel
gains,hencecorrelationamongsub-channeldoesnot affect the asymptotiogrowth in capacity However, correlation
amongsub-channelgan be exploited to reducethe amountof feedbackwhich is neededo achieve this growth.

An on-off power allocationis specifiedby a binary sequenceindicating whetherthe sub-channelfave gains
exceedingthe threshold.The feedbackrate,in bits per sub-dhanne] is given by the entropy rate of the sequence,
which is a function of the activation threshold We modelthe sequencef sub-channefjainsasa Markov process.
With an optimal (rate-maximizing}hresholdwhich increasesvith vV, the minimumfeedback(bits per subchannel)
requiredto achieve the asymptoticcapacitycanbe determinedandcorvergesto zeroas N — oo. Theratio between
the feedbackratesfor correlatedandi.i.d. sub-channelsilso corvergesto zero, andwe specify the corresponding
corvergencerate with V. As an example,we considera first-orderautorgressie sequencef complex Gaussian
sub-channeldn orderto modela wirelesssystemwhich occupiesa fixed total bandwidth we constrainthe number
of coheencebands which are containedwithin the N sub-channelsln that case,when the activation threshold
grows as O(log N), which allows the achievable rate to increaseas O(log N), the savings in feedbackrelative
to i.i.d. sub-channelss O \/@) With finite-precisionrate control, additionalbits per active sub-channehre
neededio choosefrom a discreteset of rates.We shaw that addingthesebits doesnot increasethe order of the
feedbackrate with N.

We also extend our single-useresultsto multi-useruplink (multiple accessland downlink (broadcastchannel
models.If the numberof usersK is finite, thenas N — oo, the sum capacityin both scenariosimply scalesas
K timesthe single-useresults.This is becausehe probability that multiple userswant to transmiton the same

sub-channei.e., with gain that exceedsthe correspondinghresholds)goesto zero.If K alsotendsto infinity in



proportionwith N, thenwe shaw thatwith Rayleighfadingthe capacitypersub-channegrons asO(log log K) with
the watekfilling power allocation,andwith the optimal on-off power allocationwith finite-precisionrate control.

Relatedwork on multi-user OFDM systemswith limited feedbackis presentedn [26]. Thereit is also shovn
that the on-off power allocationachiezesthe samegrowth rate as the waterfilling capacity Resultsanalogougo
someof thosepresentechere are presentedn [6] for randomaccessading models.Namely throughputscaling
is characterizeds a function of userswhenthe randomaccessschemeexploits multiuserdiversity (analogougo
transmittingon the bestsub-channel our model). Thatwork, however, is not explicitly concernedwith finite-rate
feedback.Capacityscaling resultsfor Multi-input/Multi-output (MIMO) fading channelshave beenpresentedn
[2—4] without feedback,and with the optimal power allocation,correspondingo infinite-ratefeedback.(Seealso
[31], which considersthe OFDM downlink with multiple transmitantennas.ther relatedwork on OFDM with
partial channelknowledgeat the transmitterhasbeenpresentedn [10], [11]. Namely [10] discusseshe benefits
of long-termstatisticalchannelknowledgeat the transmitterin a MIMO OFDM system,and[11] discussepower
allocationin the presencef channelestimationerror andthe associatediegradationin achievablerate.

In the next sectionwe characterizehe asymptoticcapacityof a single link with waterfilling and on-off power
allocations,as well asthe achievable rate with finite-precisionrate control. The minimum feedbackrequiredfor
i.i.d. andcorrelatedsub-channelsre alsocomparedn this section.In sectionlll the resultsare extendedto uplink
and downlink multi-userchannelmodels.We first considerthe scenariowith a finite numberof users,andthenan
infinite numberof users.Numericalresultsare presentedn the correspondingections.SectionlV concludeshe

paper and proofs of the main resultsare givenin the appendices.

Il. SINGLE-USER LINK
A. SystenModel and ChannelCapacity

Referringto Fig. 1, which shavs the systemblock diagramfor a single-usemulti-carrierlink with N carriers,

or sub-channelshe N x 1 vectorof receved symbolscorrespondindo the m‘” transmittedmulti-carrier symbol

is given by
r(m) = W (HW's(m)+n(m))
= Hs(m) + a(m)
wheres(m) = [s1(m),---,sn(m)]T is the vector of sourcesymbols(in the frequeny domain), W (W) is

the DFT (IDFT) matrix, H is the time-domainchannelmatrix, assumedo be circulant,and H is the associated
diagonalchannelmatrix with (random)diagonalelementshy,--- , hx. The noisen(m) is circularly symmetric,
white Gaussianwith varianceIy, hencethe noise fi(m) is also white Gaussian.The total transmit power is

constrainedo be at most P, i.e., trace{ E[ss']} < P, where(-) is Hermitian transposeThe transmitpower on

sub-channel is P; = E[|s;|?], sothat Y, P, < P.
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Fig. 1. Systemdiagramof a single-usemulti-carrierlink.

Conditionedon the sub-channebains,the channelcapacityis given by [27]
N
Cn =Y log(1 + Pip) 1)

i=1
where u; = |h;|?. We assumethat the y;’s are identically distributed, and denotethe probability densityfunction
(pdf) of u; as f,(-). Furthermorewe assumethat the channelis static, and is known perfectly at the recever,
which hasaccesdo an errorfree, finite-ratefeedbackchannel.This model approximates slowly-varying channel
in which the transmittercodesacrosssub-channelsand the feedbackspecifiesthe power allocationand coderate
during a coherencdime *

We alsoconsiderquantizedatecontrol,which appliesto the scenaridan which theinformationbits arepartitioned
into sub-stream$or the sub-channelsand are codedindependentlyFor example,this corresponds$o adaptingthe
modulationformat acrosssub-channelsas discussedn [8]. The rate for eachsub-channels then selectedfrom
a finite set of rates(perhapsonly one), and the total rate is the sum of the ratesacrosssub-channelswith this
schemean outageon one sub-channe{e.g.,dueto a finite-lengthcodevord) doesnot affect the othersub-channels.
This may be attractive for delay-sensitie applications.

Supposeéhat no feedbackis available,sothatthe transmittethasno knowledgeof the randomsub-channegjains.
In that case the transmittershouldspreadthe available power uniformly over all sub-channelsasin OFDM, i.e.,
P, = %. As the numberof sub-channelgor bandwidth)N — oo, Cxy — P E[u] nats,which is finite. In contrast,
with unlimited feedback the transmittercan obtain perfectchannelknowledge,and the capacitywith the optimal

waterfilling power allocationis

N
1
o =3 tog (14 (- L) @
i=1 v
wherethe waterlevel X is determinedby
ol 1 |
P=) (A- u_)+ — N/ (A — E)“'fu(x)dx (3)
i=1 i 0

as N — oo, with probability one (w.p.1).

*For the asymptotic(large N) analysiswe implicitly assumehatthe numberof coherencdandsincreasedinearly with N. Justificationfor
this assumptiorfor indoor widebandchannelss given by the measuremengtudyin [9].



Let Cwn,n, denotethe capacitysubjectto the constraintthat no more than a finite numberof sub-channels,
N,, are actvated(i.e., P; > 0). The following Lemmastatesthat as N — oo, the optimal numberof activated
sub-channelgV, — oc.

Lemmal: If the p.d.f. f,(-) hasinfinite support,thenfor ary finite N,, thereexistsan Ny > 0 and M > N,
suchthatfor all N > Ny, Cy,n, is achiered by activating N, sub-channelsand Cn,n, < Cn;m-

Proof: To achiere C,n,, We mustclearly activate a subsetof IV, sub-channelsvith the N, largestchannel

gains,denotedas;&) > > ug\],\"‘). Let

n
Cr = log(1+ PipR)) (4)
i=1
wherel <n < N, andP; >0fori=1,--- ,n, sothatCy,n, = max,, Cp,. As N — oo, p%v“) — o00. hence
from (4) we have that
N n i n . n
Cn= Zlog (Piu%)) +0(1) = Zlog ,ug\z,) + Zlog P; +o0(1). (5)
i=1 i=1 i=1
—00 <oo

The secondterm on the far right must be boundedsinceas N — oo, we can assumethat eachP; > ¢ > 0.
This is becausdetting P; — 0 decreaseshe capacityon sub-channef, and allocatingthe extra power to other
sub-channelsloesnot increasethe asymptoticcapacity sincethe first channel-gairterm dominatesThereforeas
N = 0, C,, increasesvith n, sothatall of the bestN, sub-channelshouldbe activated.This alsoimplies that
Cn,n, increasewith N, for large enoughN. Note thatthe power assignmenticrossactive sub-channelsloesnot

affect the asymptoticgrowth rate of the capacity ]

B. AsymptoticCapacityWth On-Of Power Allocation

To reducethe amountof requiredfeedbackfor power and rate optimization,we considera specificfeedback
method,in which the transmitterallocatesequal power P acrossa subsetof sub-channelsvith gainsthat ex-
ceeda threshold ug. We refer to this as “on-off” feedback.The power constraintthen becomest\;1 P, =
Zé\; p 1>0, =P, 0r

j NL_
Ez’:l 1> po
Optimizing the thresholdgivesthe correspondingn-off capacityfor finite N,
" N
CJ(\(Im_O ) = %%XEIOg (1 + P:“i) 1pi>po (6)
As N — oo, the power per active sub-channetonvergesto P = %(#0) w.p.1,where F,(z) = 1 — F,(z), and
®

E,(-) is the c.d.f. of channelgain .
The capacitiescorrespondingo both optimal on-off and waterfilling power allocationsapproachinfinity as

N — oo. To studythe rateat which the capacitygoesto infinity in eachcase we definetwo sequencesjay } and



{bn}, asbeingasymptoticallyequivalentif the ratio anx /by corvergesto oneas N — oo. We denotethis as

ay X by = Z—JJ\\; -1 w.p.l @)

Theoem1: If 0 <

]::((;”)) < oo for all z > 0, thenCW" =< ™" < Puz, wherethe optimal thresholdy

satisfies

P * * *
WEZ[MH > pg) =2 (Elplp > pgl — po) (8)
LA\MO
The proofis givenin AppendixA. Theoreml statesthat on-off feedbackis asymptoticallyoptimalin the sense

thatit achiezesthe sameasymptoticgrowth in capacityas waterfilling.

C. Finite-PrecisionRate Contol

We now considera feedbackschemewhich specifiesatesfor eachsub-channelAs previously discussedthis is
motivatedby bit loading schemeswhich have beenusedwith multi-carrier modulation.Here we assumehat the
dataratesacrosssub-channelarechosenfrom a small setof rates.Specifically we definethe n channelthresholds
0 < wpo <vp1 <+ < Vpp1 < 00, Wherev, g = po anduy,,,, = oo. If the kth sub-channebain satisfies

Uni < i, < Un,it1, thenthe power P, = P = ") (independenbf ) andthe rate assignedo sub-channek,

P
NF,(p
R, = R; =log (1 + ﬁ%u”,,-). If pur < po, then P, = Ry = 0. The total datarateis then Rgp) = 2,1:’:1 Ry.

The following theoremgivesthe optimal quantizatiorthresholddor a classof fadingdistributions.In whatfollows,

we let R{® denotethe value of E[R”] maximizedover vy, g, , Vnn—1.
Theoem2: If 0 < ?:((;)) < oo for all z, then R\ < E[R{] with the thresholdsdlefinedas
Un,0 = Mo
Vni = Vni-1t % 1<i<n-—2 9)
Vn,n—l = Vn,n—Z + %

Furthermorewith this setof thresholdghe increasen rate obtainedby addingquantizationlevels is boundedas

E[R(P — R{P] < P max ?:((j)) (10)

The proofis givenin AppendixB.

D. Example:RayleighChannel

In this section,we assumehat f,(x) = e~?, which correspondgo Rayleighfading. The condition (8) for the

optimal thresholdthenbecomes

P *
oo (ug + 12 =2 (11)

and ug =< log N. We restateTheoreml asthe following corollary.
Corollary 1: With Rayleigh sub-channeIsCJ(VM) = Cj(f,’”'o'f) < Plog N. Furthermore the optimal number of

active sub-channelsV, =< Plog” N.



We remarkthat this resultis analogousto the asymptoticgrowth in downlink capacitywith multiuser diversity
presentedn [7].t
Using (11), for finite N the capacityandthe optimal numberof active sub-channelsV,, canbe moreaccurately

approximateds

C](\;Jn—oif)

Q

2N 2N 2N
P (log 5 2log (log 5 2loglog ?>> (12)
2N 2N oN oN 2
log — — 21 log — — 21 log — — 2loglog — .
P(og 7 og<0g 7 og(og 7 oglog ’P))) (13)

We notethatwith both watekfilling andoptimal on-off power allocations the numberof active channelsV, — oo

N,

Q

with IV, but the fraction of active sub-channelslecrease$o zero,i.e., % — 0.

For comparisonwe now considerthe casein which only a finite number N, sub-channelgan be activated.
Let CJ(VN“) denotethis capacity Accordingto Lemmal andthe associatedliscussionthis capacityis achieved by
activating the N, largestsub-channels.

Theoem3: For fixed N,, imn— 00 (CJ(VN“) — N, loglog N) < N, log (N%)

Theproofis in AppendixC. Thatis, if we boundthe numberof channelghatcanbeactivated,thentheachievable
rate grows as O(loglog N), andthe associatedjapto capacityincreasesith the Signal-to-NoiseRatio (SNR).

Given the on-off thresholdyg, the channelthresholdswhich maximizeEM[Rgp)] with E[u] = 1, satisfy the

following recursion,

Un,0 = o
Uni = Unjo1+1—e (Umitimvni) 1<i<n-2 (14)
Unn—1 = Vnn-—2 +1

Note thatthe incrementy,, ; — v, ;—1 dependsnly on n, andnot on yg. In whatfollows, we will assumehat the
thresholddor the precedingdfinite-precisionrate control schemeare chosenaccordingto (14).

Let By denotethetotal numberof feedbackbits, whichis a functionof N. For the precedingon-off schemewith
n levels per sub-channellog N bits are neededo specify eachactive channelhenceBy = N,(logn +log N) <
Plog® N. To reducethe amountof feedbackfurther, we can activate a finite numberof sub-channelsV,. The
numberof feedbackbits in that caseis By = N, log N. The following theoremspecifiesthe asymptoticgrowth
in the achievable dataratesfor eachof the precedingschemeswith E[u] = 1.

Theoem4: 1) If By =0 (no feedback)then

Cn—P w.p.1 (15)

TThe capacitygrows without boundin this casebecausehe Rayleigh distritution has unboundedsupport. Although the Rayleigh fading
modelis appropriatefor widebandchannelsof interest(e.g.,see[9]), for purposeof characterizinghe maximumof N sub-channelgains,it
mustbreakdown for large enoughN. It follows from resultsin extremestatistics(e.g.,[29, Theorem2.3.1]) thatthe log N growth in capacity
holdsfor N < Ng provided that the Rayleighpdf is accurateup to channelgainsof log, No. For example,to claim that the log N growth
appliesfor N < 1000, the Rayleighpdf shouldbe accuratefor sub-channegainsup to log, 1000, or approximatelynine timesthe mean.



2) If By = N,logN (N, active sub-channelskthenlimy_; oo (pr’N“) — C,(VN“)) =0, WhereRgfp’N“) is the
achievablefinite-precisionrate, andthe samerateis assignedo N, active sub-channels.
3) If By = N,log(nN) < Plog® N (N, < Plog? N actve sub-channelsvith optimizedratethresholds)then

R{P — ¢lonof) Eyrthermore,

comof) _ RP) 5 9p(1 — e~ (rna-ro))  wp.1 (16)

The proof is givenin AppendixD. With fixed N,, as N — oo, the differencebetweenthe achievable rate with
guantizedratesacrosssub-channelsand the expectedcapacity (coding acrosssub-channelsjendsto zero. With
O(log® N) feedback(16) statesthatthis differencecorvergesto a constant(In (16), Un,1 — o dependnly onn.)
This is strongerthanasymptoticequivalence As an example,referringto the third item in Theorend, the average
lossin datarateis boundedby P natswhenthe sub-channelsire assignedequalrates(n = 1). With 6 bits/active
sub-channelthis averagelossdecreaseto 0.03P nats.lt is easyto shav thatasn — oo, RSF’) — ¢nof) wp.1.

Figure 2 shows plots of meandatarate vs. Signal-to-NoiseRatio (SNR) P for a multi-carrier systemwith 512
Rayleighsub-channelsvith E[u] = 1. Curves are shavn for waterfilling, optimal on-off power allocationwith
codingacrosssub-channelsandfinite-precisionrate control with 0, 1 and2 bits per sub-channelThe figure shovs
that the capacityof the optimal on-off power allocationis very closeto the waterfilling capacity As indicatedin
(16), the gap betweenthe achievable finite-precisiondatarate and watekfilling capacityincreaseswith power. As
expected the gapbetweenthe ratewith finite-ratecontrol andthe optimal on-off capacitydecreaseasn increases.

Figure 3 shavs meanachievable datarate vs. total numberof sub-channelsvith an SNR of 10 dB. The results
are averagedover the channeldistribution. Simulatedresultsare comparedwith the asymptoticexpression(12),
which appliesto waterfilling and optimal on-off power allocations.The achiezable datarateswith finite-precision
ratecontrolarecloseto the asymptoticestimatesThe figure shavs thatthe capacitiesncreaseoughlyaslog N. As
predictedby Theoremd, the gapbetweerthe achievableratewith quantizedsub-channelatesandthe corresponding
capacityconvergesto a constantFigure 3 also shaws that the capacitywith ten active sub-channelés accurately
approximatedoy the asymptoticresultsin Theorem3.

Figure 4 shavs the meandatarate vs. numberof actvatedsub-channelsgV, with the on-off power allocation,
assuminginfinite- and finite-precisionrate control. Thereare N = 1000 sub-channelsand the SNR= 10 dB.
Accordingto (13), the optimal numberof active channelsV, = 63, which is consistentwith the plot. This is not
very closeto P log? N in Corollary 1 becauseN is not large enough.Thereis a substantialdifferencebetween
the peakachiezable rate and the OFDM capacity which corresponddo zerofeedback.The latter is given by the
optimal on-off rate with N, = N. We obsene that as the numberof sub-channeléncreaseseyond the optimal
value, the dataratesdecreasdogarithmically with N,. Finite-precisionrate control performsworse than OFDM
for large N, sincethe rate setwith feedbackis determinedby the worst active channel.This is clearly suboptimal

whennearlyall sub-channelgre activated.
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Fig. 2. Meanchannelcapacitywith watekfilling andon-of power allocations,and achieable rateswith finite-precisionrate control vs. SNR.

E. Achievable RateversusFeedbak with RayleighFading

Theoremd4 characterizethe growth in achievableratewith threespecificfeedbackates:Bx = 0 (no feedback),
By = O(log N), and By =< O(log® N). More generally we would like to characterizethe growth in achiezable
rate given an arbitrary feedbackrate. We cando this by varying the rate at which the on-off thresholdug tendsto
infinity. This rate controlsthe feedbackrate,and we candeterminethe associatedncreasen achiezabledatarate.

Motived by the optimal thresholdconditionin (11), we definethe growth rate for the thresholdu, by choosing

differentvaluesof «y in the relation
%e“oug =K 17

where k is a constant.The optimal threshold,which maximizesthe growth in achievable rate, correspondgo
v = 2,k = 2. In that case,y, increasesas O(log N — 2loglog N), the feedbackrate is O(log® N), and the
datarate grows as O(log N). For generaly > 0, ug increasesas O(log N — vloglog N), and the feedbackrate
increasesas O(log' t” N). Define the capacity correspondingo a specific choice of v as C](J). The following
theoremcharacterizeshe growth in capacitywithin differentfeedbackregionscharacterizedy the choiceof « in

(17).
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Fig. 3. Meanchannelcapacityvs. numberof sub-channelsvith waterpouring and on-of power allocations.Resultscorrespondingo both
simulatedsystemsand asymptoticestimatesare shavn. The SNRis 10 dB.

Theoem5: If thefeedbackB growsasO (log”’Jrl N), thenthefollowing asymptotiomeanratesareachievable:

I=2Plog” NloglogN 0<v< 1
E I:C](\’IY)] = W?logN y=1 (18)
Plog N v>1
Furthermorea finite absolutelossin achiezablerateis incurredwith finite-precisionrate control.

The proofis givenin AppendixE. Accordingto (18), if the feedbackincreasegasterthan O (log2 N), thenthe
O(log N) growth in capacitycan be achieved. This appeardo be inconsistentwith Theorem4, which statesthat
the feedbackrate O(log® N) achievesthe optimal on-off capacity However, the proof of Theorem5 shaws that for
1 < v < 2 thereis an absolutelossin capacity which increasesas O(log?~ N).

The differencesn achievablerate shovn aroundy = 1 canbe explainedasfollows. If v = 1+ ¢ for smalle > 0,
then the achievable rate is the sameas that obtainedby taking v = 1 and choosinga sufficiently small x > 0.
In that senseE CJ(\}“) ~ F [Cﬁ)]. Also, if ¥ = 1 — ¢, then by choosingan appropriatex for v = 1, we still
have E [CI(\}_G)] ~ FE [C](\})]. Hencethereis a continuoustransition betweenthe different capacityexpressions
correspondingo the different regions of v shavn in (18). The scenarioin which only a finite numberof sub-
channelsP/k are activatedcorrespondso v = 0. Settingy = 0 in (18) givesan achievable rate, which grows as

O(loglog N), asstatedin Theorem3.
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F. CorrelatedSub-Channels

In the precedingsectionsjt hasbeenshavn that for a classof fadingdistributions,an achievablerate, which is
asymptoticallyequivalentto the waterfilling capacity canbe obtainedby feedingbackan optimizedsubsetf sub-
channeldo activate.Sincethe channelcapacitydepend®only on thefirst-orderdistribution of the sub-channegains,
that resultdoesnot dependon whetherthe sub-channegjainsare independenbr correlated.However, correlation
amongsub-channelsan be exploited to reducethe amountof feedbackneededto representhe subsetof sub-
channelsto activate. In this sectionwe comparethe feedbackneededto achieve the orderoptimal growth in
capacitywith correlatedand uncorrelatedsub-channels.

Assumingon-off feedbackwith thresholdug, we let

1 it pi > po
Xi = )
0 if pi < o
wherel < i < N, anddefinethe correspondingequence(™ = (x1, X2, -+ , x~). Thatis, x; = 1 if sub-channel
i is active, and V' specifiesthe sequenceof active sub-channelsDefine the minimum feedbackrate neededto
representy’™ as By, measuredn bits per sub-thannel If the sequenceof sub-channelss a stationaryprocess,
thenas N — oo, By convergesto the entropy rate of the sequencey’. If the sub-channelsirei.i.d., thenthe

correspondingeedbaclqateBj(\i,id) — H(y) = —ylogy — (1 — ) log(1 —v), wherey = F,,(uo). If 1o — oo with

11



N, theny — 0, in which case—vlog~y > —(1 — v) log(1 — ), sothat

" 1
By (o) < ylog ., (19)
which goesto zerowith N.
Supposéhat the sequencef sub-channebains{u,,-- -, un} is a Markov processwith joint second-ordepdf
(i, pi—1). Clearly {x1, x2, - - , xn} is atwo-stateMarkov chain,asshavn in Fig. 5, with transitionprobabilities

1 o0 o0
¢ = Prixi=lpui=1}=~ / / oz, y) do dy
v Ko Mo

(20)
1-(2-
p = Pr{xi=0[xi-1 =0} = l(f’th (21)
The asymptoticon-off feedbackrateis thengiven by [27]
1p
D q
1-q
Fig. 5. Two-stateMarkov chaincorrespondingdo the sequence” .
1-p)H(q)+ (1 —q)H

2-p—gq

Now supposethat the datarate on each sub-channeis chosenfrom one of n possiblerates. According to
Theorem2, the maximumachievablerateis asymptoticallyequivalentto the capacity althoughthereis an absolute
lossin rate. Given a setof n thresholds? = {v,, 0,¥n,1," - ,Vn,n—1}, the gain of eachsub-channels quantized

asxx, Wherex; € {0,1,--- ,n}. Thatis, for the k** sub-channeWwith gain jy,

0 k< po
Xk = )
i+ 1 v < g < Vpyr

wherev,, , = co. The correspondingate for sub-channek is thenR;, = R,, 1 for 1 < x; <n, andR; = 0 for
Xk = 0.

The sequencey™ = (x1,---,xw), Which is fed back to the transmittey is an (n + 1)-stateMarkov chain, as
shavn in Fig 6. Let B](\f,p’") (1o) denotethe minimum feedbackrate with n-level finite-precisionrate control, which
is given by

n
BYP™ (1o) = Z mipijlog

1
$,7=0 Pij

12



Fig. 6. (n + 1)-stateMarkov chaincorrespondingo feedbackwith finite-precisionrate control.

wherep;; is the transitionprobability from state; to statej, and{w;} is the steady-statelistribution. Generalizing
g from (20) to the (n + 1)-stateMarkov chaingives
1 [ oo
q = Pr{xi # 0lxi-1 # 0} = Pr{p; > polpi—1 > pro} = S /HO /#0 9(z,y)dxdy.

We now considerthe minimumfeedbacl«ateB](\?O") asN — oo. An objectiveis to usethis analysisto predictthe
correspondingamountof feedbackneededor a given widebandsystemthat containsa finite numberof coherence
bands.In what follows, we will thereforeassumethat the ratio of coherencebandwidthto the total available
bandwidthis fixed. In that caseas N increasesthe correlationbetweenneighboringsub-channeléncreasesi.e.,
J\flij}nooq = 1. This limit can be interpretedas keepingthe total bandwidthfixed, and letting the sub-channelvidth

tendto zero.Let

Pr{p; > po} 2l
0 = = . 23
(ko) = {mi < polpi—1 > po}  1-—gq @3)
The asymptoticfeedbackratesfor the optimal on-off power allocationand finite-precisionrate control schemes,
relative to the feedbackratesfor i.i.d. sub-channelsare givenin the following theorem.
Theoem®6: If the thresholduy — oo with N, andé(u) < oo, then
(corr) (fp,n)
A;im szfiid) (1o) _ Nim B]\([iid) (1o) _
% By " (po) % By (ko)
Furthermorejf 8(uo) — 0 with N, then
n 1
B (o) < BP™ = (1 - g)ylog > (24)
The proof is givenin Appendix F. The conditionf(ue) — 0 is neededo give the expressionfor the feedback
ratein (24), andis satisfiedin mary situationsof interest.With this conditionit is shavn in the proof that
B (o) _ B (o)
By (o)~ BR" (o)
We also concludethat given the samesequencef thresholdswith N, the growth in feedbackversusN for finite-

=<1—gq.

precisionrate control with a finite numberof ratelevelsn doesnot dependon n andthe setof thresholdsHence
for large N the additionaloverheadneededto specify one of n datarate levels is negligible comparedwith the
feedbackneededto specify the binary on-off sequenceFurthermore by choosingthe optimal thresholdset, the

correspondingachievable rateis asymptoticallyequivalentto the capacity
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As anexample,considerRayleighfadingfor which f,(z) = e~*. To modelthe correlationamongsub-channels,

we assumehat the sequencegh;} is generatedrom a first-orderautorgressie model,
hi = ahi 1+ & (25)

where0 < a < 1, and{¢;} is sequencef i.i.d. complex Gaussiamandomvariables.eachwith variancel — a2, so
that E[|h;|?] = 1. The parameter determineghe correlationsbetweerthe sub-channel$.Assumingthat the total
bandwidthis fixed,as N — oo, with fixed coherencédandwidththe correlationbetweenneighboringsub-channels
increasessothata — 1.

It is straightforvardto shav that (25) impliesthat {u1,-- - , un} is @ Markov processConditionedon h;_1, h;

is Rician distributed,andit is easyto obtainthe second-ordedistribution for the sub-channels,

1 M1t 2 Thi—1 i

whereIy(-) is the modified Besselfunction of the first kind and zero-orderlf the thresholdug — co as N — oo,
thenthe Rician distribution can be approximatedas a Gaussiardistribution, andthe transitionprobability ¢ canbe

approximateds

o0 2 [ 1 _ (y—az)?
q = e‘“’/ 2xe_w/ e =% dydx

VAo vie L —a?)m
= (1+a)Q< 1132%) (27)

where Q(z) = f;’o \/%—ﬁefédm. Substituting(27) into (24) gives the respectre asymptoticon-off and finite-
precisionfeedbackrates.For example,if limy_,o, @ = 1, then choosingthe (sub-optimal)thresholdyuy = =

11—

givesthe relative feedbackgain B /BWY — 0.68. If (1 — a)ue — 0, then(27) canbe further approximatedas

2(1 — a)po
m

g~1-— (28)

andtheratio of minimumfeedbackatesfor correlatecandi.i.d. sub-channelsorvergesto zeroasO (\/m) :

Thereductionin feedbackobtainedby exploiting thesub-channetorrelationsclearlydepend®n therateat which
a — 1 with N. Herewe considera specialcase,motivatedby a specificdefinition of coherencebandwidth.Let
W bethetotal bandwidthof the channeland W, be the coherencérandwidth.We definethe coherencédandwidth
W.= MAf, where Af is the width of the sub-channelsand

M = max {k : cov(pi, pirk) > p} (29)

wherep is the correlationbetweensub-channelseparatedy W,, and0 < p < 1. The numberof coherencdands

spannedy thechanneis assumedo befixed,i.e., VV“’, = % = 3 whereg is aconstantSincecov(u;, tiyr) = o2F,
we canwrite
1 log 5
a=pTN = TN, (30)

fAn autogressie modelis proposedor Ultra-Widebandchannelsn [39]. This modelis statisticallyequivalentto a paver-delayprofile model,
which gives the samesecond-ordestatisticsfor the sub-channeprocess{h; }.
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which increasedo one exponentiallywith V.
Comollary 2: If limy_ oo ;Iﬁﬁ > 1, thenthe on-off feedbackrate with i.i.d. sub-channelss
2

BUY < emmoy. (31)

Furthermorethe on-off andfinite-precisionfeedbackratesfor the autorgjressve sequencef sub-channelsatisfy

B » P o P o 3 32
N N JN o (32)
1
wherefg; = lofﬁf’ .
Comparingthe feedbackratesfor the autorgressve andi.i.d caseggives
f ’
BE BEV .
— T X g X .
BJ(\',' ) Bl(\g ) N
Specifically if o =< blog N, whereb > 1/2 is a constantthen
BS"  B{P™ log N
N N

The conditiond > 1/2 is neededso that (28) is valid.
Given the total bandwidthW and coherencebandwidthW,, the minimum feedbackrate for on-off and finite-
precisionrate control can be estimatedfrom (32). For example, choosingthe optimal thresholdyg for Rayleigh

fading(i.e., 4§ < log N) givesaminimumfeedbackateof O (lﬁgjf,—N) for i.i.d. sub-channeld-or theautorgressie

model,the minimum feedbackrate, relative to thei.i.d. case,is reducedby the factorO (@) In both cases,
the maximumachievablerate is asymptoticallyequivalentto the capacity

Here we give a numericalexample motivatedby a cellular system.The channelbandwidthis 5 MHz, and the
coherencébandwidthwith p = 0.5 is 146 kHz [30]. We take the thresholduy = %log N. (Taking po > %logN
complicateghe generatiorof simulatedresults,sincefor finite IV, active sub-channelsccurrelatively infrequently)
Figure 7 shows the feedbackrate vs. N computedfrom Corollary 1, and by generatingsamplesequencesf sub-
channelgains accordingto (25), and encodingthe on-off sequencewith an arithmetic code. Resultsare shavn
for bothi.i.d. and correlatedsub-channelsvith the samethresholdu,. We obsere that the asymptoticboundsfor
both i.i.d. and correlatedsub-channelslecreasdogarithmically with N, i.e., log B](\?O") decreasess —log N and
log Bl(gd) decreasess —% log N. As N increasescorrelatedsub-channelgreatly reducethe requiredfeedback,
relative to i.i.d. sub-channelsasindicatedin (33). The varianceof the simulatedresultswith correlatedchannels
increasewith N, andthe asymptoticresultspredictthe meanbehaior.

Figure 8 shaws the feedbackrate vs. o? with N = 5000. The feedbackrate for simulatedsub-channelsvith
arithmeticencodingaveragedover mary realizationsis alsoshovn. The optimal thresholdyg for Rayleighfading,
givenby (8), is usedhere.As « increasesthe feedbackrate decreaseslowvly whena is small, and dropsrapidly
whena > 0.9. Hencefor fixed «, correlatedsub-channelgnablea significantdecreasén the feedbackrate only
when« is closeto one. The meanfeedbackrate for the simulatedresultsfollows the asymptoticcurve, although

the varianceof the simulatedresultsincreasewith o.
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Fig. 7. Feedbackate vs. numberof sub-channelsv.

I1l. MULTIPLE USERS

In this section,the previous analysisfor a single-usetink is extendedto multiple accesandbroadcasthannels.
Pawer allocationschemedor multi-user OFDM (or OrthogonalFrequeng Division Multiple Access(OFDMA))
have beendiscussedn [8], [23], [24]. Herewe characterizehe asymptoticgrowth of the sumcapacitywith perfect
channelknowledgeat the transmittersassumingeachsub-channetanbe assignedo at mostone user andpresent
a limited feedbackschemehat achievesthis orderoptimal growth. We considertwo limits: in thefirst, the number
of usersK is fixedas N — oo, andin the second, K’ — oo in proportionwith N. Also, in the first limit ratesare

summedover sub-channelsyhereasn the secondimit ratesare normalizedby 1/N.

A. Finite Numberof Usels

1) Multiple Access:The K userstransmitmulti-carriersignalsto a singlerecever. We assumeN sub-channels,
wherethe ith sub-channebain for userk is u ;. The sub-channegainsfor eachuserk are assumedo bei.i.d.
with c.d.f. F} (i), andareindependenacrossusers Althoughwe initially assumehat Fy, () canvary acrossusers,
our main resultsassumehat the usershave identical c.d.f!s. For eachuserthe total transmitpower is constrained
to be no morethan?y, i.e., Zé\il Py,; <Py, whereP, ; is the power assignedo the it* sub-channefor userk.

The optimal power allocation, which maximizesthe total (sum) capacity is multiuserwaterfilling [23], [32].

16



1

10

I I

—— Theoretical Bound ]
— — Average Arthemetic Encoding |
x  Arthmetic Encoding

Feedback Rate (bits/sub—channel)

-3 I I I I I I I
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

a2, N=5000

10

Fig. 8. Feedbackatevs. channelcorrelation,representedby the autogressie parameter?. Thereare 5000 sub-channels.

Namely
()\k - L)+ if Appir,i = maxi<j<ix Ajfhj
Pk,i — ki »t RSVAS J 143, (35)
0 otherwise
where )\, is the waterlevel for userk, definedby
Py 1\*
N~ E (Ak - Lk ) L pn i=max; e Ajw,i‘| (36)
,
andthe sum capacityis given by
K N
Ct%lf’K) = Z Z E I:(log(/\kﬂk,i))-i_ lkkuk,i:maxj Aj,iuj,i] . (37)
k=1 i=1

Note that hereandthroughoutthis section,the capacityexpressionsare averagedover the channeldistribution, and
arethereforedeterministic.

As for the singlelink, we consideron-off power allocationto limit the feedbackrate,assuminghe basestation
knows all channelgains. For eachuser k, the basestation setsa thresholdu o and determinesthe subsetof
sub-channelsvith gainsthat exceedthe threshold.If a sub-channebain exceedsthe thresholdfor multiple users,
thenthe basestationexclusively assignghe subchanneto a single user which providesthe largestachiezablerate

associatedvith that sub-channel(Note that the rate dependson the power assignedo that sub-channel.J'he set
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of assignedsub-channelsire thenfed backto eachuser Eachuserk allocatesequalpower P, acrossthe subset

of active sub-channelsThereforethe power for the i** sub-channelassumedo be assignedo userk, is

Pk7i = PklukJZHk,olPkuk,i:maxJ- Pjuj,,' (38)

where P, is determinedby the power constraint

Pe _ 5
F = PkE I:]'P'k,izuk,o ]'Pkpk,,-:man Pjﬂj,,’]

The correspondingiplink on-off sumcapacityis given by

K N
-off =
Clggn ° 7K) = Z Z E [log(l + Pkl'l’k,i)lllzk,i >p/k,0 115;cpk),-:max1- Pj[.l/j,i] °
k=1 i=1

As before,the rate per usercanbe quantizedby quantizingthe ratesacrosssub-channelsderewe only consider
assigningthe samerateto all sub-channelgone-level rate control). The achievablerate is then

K N
Rl(JfFEJ’K) = Z Z log(l + Pk/'l/kyo)E I:lﬂk,i>ﬂk,olpkuk,¢=max]' Pjuj’,' - (39)
k=1 i=1

For thefollowing theoremwe assumehatthe usershave the samechannelgain distribution andthe samepower
constraint.
Theoem7: Given K users,as N — oo, the sum capacitiescorrespondingo the multiuserwaterfilling and

on-off power allocationsare asymptoticallyequivalent,and scalelinearly with the numberof users,i.e.,

C[(Jgn—oif,K) =~ CL(J\S/T,K) = KPN’S (40)

whereyg is the optimal thresholdfor a singlelink in (8). FurthermoreCSS"'o'f’K) — RSE)’K) corvergesto a finite

constant.

The proof is givenin AppendixG. The uplink sum capacitywith K usersthereforebehaesasymptoticallyas
if the userswere transmittingover non-overlappingchannels.This is becauseas N — oo, the probability that a
particularsub-channeis requestedy a usertendsto zero, hencethe probability that more than one userrequests

the samesub-channehlsotendsto zero$ For large N, finite-precisionrate control givesa constaniossin capacity

2) Broadcast: The basestationnow transmitsmulti-carriersignalsto the K users.We againlet u;, ; denotethe
ith channelainfor userk, andassumehatthe sub-channelfor userk arei.i.d. with c.d.f. Fj, (). The sub-channels
acrossusersare againindependentThe total transmitpower is constrainedo be no morethan KP.

To maximizethe sumcapacity the basestationassignsachsub-channelo the userwith the largestsub-channel

gain, andthenwaterfills over thosesub-channel§31]. The power assignedo sub-channel is therefore

1 +
P = ()\ _ )
Hk; i

wheresub-channel is assignedo k;, px, ; = maxy, pi ;, andX is thewaterlevel choserto satisfyzjf\;1 P, < KP.

§The proof mustshawv thatthe increasein sumrate dueto multi-userdiversity goesto zero.

18



Let G(z) = Hszl Fy(z) denotethe c.d.f. for puy, ;. AS N — oo, the power constraintbecomes

méw(x—%)+mxm::§$ (a1)

andthe waterfilling capacityper sub-channeis given by
Q%P:Nfl%QMWQ@. (42)
0

To limit feedbackwe considerthe on-off power allocationwith a single thresholdy, for all users.Eachuser
informs the basestationthe indices of sub-channelswhich have gainsexceedingthe threshold.The basestation
thenallocatesuniform power acrossall active sub-channeldf morethanoneuserrequestshe samesub-channel,
then the basestation randomly selectsone of those usersto transmit! Hencethe power on sub-channel is

P; = Pl,, >4, AS N = oo, we have

~ Kp
P= —"— 43
NI - Glro) “
andthe on-off capacityper sub-channeis given by
Cham ™™ = NEIC; | |IMi] > 1] Pr{|M| > 1} (44)

where M; = {k: pr,i; > po}-
We againconsiderfinite-precisionrate control with equalrateson all active sub-channelsThe achievable rate

per sub-channeis then

RUPK) _ Nlog (1+ Ppuo) Pr{|M;| > 1}.

down
The following theoremcompareghe asymptoticbehaior of the downlink capacitywith watekfilling and on-off

power allocations,and the achiezable rate with finite-precisionrate control.

Theoem8: Given K userswith identical channelgain distributions,as N — oo, the waterfilling and on-off

capacitiessatisfy
LK) _ (on-of K) _
Cloun < Clamn ) < KPpi. (45)
Furthermore C{omoF5) _ R(P-K) convergesto finite constant.

The proof is given in Appendix H. Theorems7 and 8 statethat the uplink and downlink capacitieshave the

sameasymptoticbehaior, althoughthe assignmenbf sub-channelso usersis accomplishedn differentways.

B. Infinite Numberof Users

1) Downlink: Now we extendthe resultsin sectionlll-A.2 for finite numberof usersto the limit in which the
numberof usersK — oo with fixed numberof usersper sub-channepp = % That is, the systemsize grows

with fixed load. For simplicity, in this sectionthe sub-channetainsacrossusersare assumedo be i.i.d., andthe

THere we ignore fairnessissueswhich mustbe consideredn schedulingalgorithms.
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sub-channebain distribution F(z) = F,(z) = 1 — e~ *, correspondingo Rayleighfading. The following results

rely on the limiting behaior of the extremal distribution F,f‘(-). Namely from [29, Theorem2.3.1]
lim Ff(aK + brx) = exp(—e™%) (46)
K—oo

We remarkthat the extensionof the following resultsto the more generalclassof sub-channedlistributions,which
satisfy the extremal relation (46) with the appropriatesequenceax and bk (see[29, Theorem?2.3.1]), doesnot
appeatro be straightforvard. Herewe simply notethatif the resultscanbe extendedin this way, thenax is given
by F~1(1 — 1/K) insteadof log K [29, Theorem2.3.1].

Theoem9: Thedownlink sumcapacitiesvith waterfilling andon-off power allocations,andthe achievablerate

with finite-precisionrate control satisfy

. wi, K -off, K . -off, K fp, K
Kh_r)r(l)o chcwn ) égxno )= Kh_rfloo Cc(!gzno ) - Rc(!g/vn )
= lim REGY —log(1 + BPax) = 0. (47)
—00

The proof is given in Appendix|. The downlink capacityincreasesas O(log log K), which is consistentwith

analogougesultsin [31]./

2) Uplink: We now considerthe uplink modeldiscussedn sectionlll-A.1, andlet K — oo with fixed % = 4.
The usershave the samepower constraint?, and the samefading distribution, i.e., F(z) = F,(z), so that
G(z) = FE(x).

With the waterfilling power allocationit is easyto showv thatall usershave the samewaterlevel, i.e., Ax = A,

ap = /0 ” (/\ - %>+ dG(z). (48)

Similarly, we canshaw that the asymptoticuplink capacityper sub-channeis given by

and (70) becomes

C o) = / [log(Az)]T dG(z). (49)
0
From the downlink analysisin the precedingsectionit follows that
C{#"e) —log(1 + fPak) — 0. (50)

With the on-off power allocation,all usershave the samethresholdug, so that the power constraintbecomes

(see(75) in AppendixF)

BP = P[1 — G(po)]

A more precisecharacterizatiomf the asymptoticbehaior of the downlink on-of sum capacityhasbeenrecentlypresentedn [33].
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andthe capacityper sub-channeis given by (see(77) in AppendixF)

o

0
> (1-G(uo))log(1 + Puo) = R
From the analysisin the precedingsectionit follows that

Ot > O™ = R{p= &1

and Rﬂf,?’oo) —log(1 + fPak) — 0. We restatethis asthe following theorem.
Theoem 10: The uplink sum capacitieswith watekfilling and on-off power allocations,andthe achiezable rate

with finite-precisionrate control satisfy

: wf, K of [ K) __ . -of , K fp, K
i G - GRTE = fim G - R
= lim R —log(1 + BPak) =0. (52)
K—oo

C. NumericalResults

Figure 9 compareshe precedingasymptoticresultsfor the downlink with the analogousresultsobtainedby
numerically averagingthe correspondingate expressionsover different channelrealizations.For the finite-size
systemthereare N = 500 i.i.d. sub-channelsand the power per useris 10 dB. Curves are shavn for water
filling and optimized on-off power allocations,and also for equal ratesassignedo active sub-channelgone-bit
rate control). The capacityper useris shavn, and as predictedby Theorem8, is approximatelyconstantwhenthe
numberof usersis small (e.g., < 10). (Of course the insensitvity to the systemload when K is small becomes
more pronouncedas NV increases.ps K increasesthe curvesconverge,anddecreasas (loglog K)/ K, asstated

in Theorem9.

IV. CONCLUSIONS

We have studiedthe benefitsof relaying quantizedchannelgainsto the transmittey assumingmulti-carrier
modulationthrough a frequeng-selectve fading channel.Our resultsrelate the asymptoticgrowth in capacity
with numberof sub-channeldo the numberof feedbackbits per transmittedcodevord. Specifically with i.i.d.
Rayleighfading sub-channelsQ (log® N) feedbackbits per codavord can achieve the optimal O(log N) growth
in capacity correspondindo waterpouringwith exact channelinformationat the transmitter The absolutelossin
achievableratedueto quantizationis on the orderof a constantwhich increasesvith SNR. Reducingthe feedback
to O(log N) bits per codevord reducesthe growth in capacityto O(loglog V). Theseresultsapply to adaptve
modulationschemesin which eachactive sub-channels assigneda quantizedrate with the samepower, aswell
ascoding schemeswhich are appliedacrosssub-channels.

With correlatedsub-channebains, less feedbackis neededto achiere the optimal growth in achievable rate,

relative to i.i.d. sub-channelsFor the first-order autorgyressie Rayleigh fading model consideredthe ratio of
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Fig. 9. Averagedownlink sumcapacityper userversusnumberof userswith on-of andwaterfilling power allocations.Numericalresultsfor

finite-size systemsand asymptotic(large system)resultsare shavn.

feedbackfor the two casestendsto zero as O @) assumingoptimized thresholds,and that the ratio
of coherencebandwidthto the total available bandwidthis fixed. It is easyto verify that this order reduction
in feedbackalso appliesto a higherorder autorgressie model, althoughthe associatedconstantbecomesmore
difficult to compute.

We have also extendedthe precedingresultsto multi-useruplink and downlink channelswhereeachuserfeeds
backthe setof sub-channelsiith gainsthatexceeda thresholdlIf K is smallrelative to the numberof sub-channels
N, thenthe sum capacityscaledinearly with the numberof usersK. If K and N tendto infinity with fixed ratio,
thenfor Rayleighfadingthe sumcapacityper sub-channefwith limited feedbackjncreasesasO(log log K). These
resultsapply to both the uplink and downlink.

All of theseresultsassumehat the feedbackis usedto specify an on-off power allocation,which achievesthe
optimal growth in capacityfor a classof channelgain distributions of interest. Although this type of feedback
schemeis relatively simple and practical,we have not shavn that other feedbackschemesannotperform better
Namely in generala quantizedversionof the recevved signal could be fed backto the transmitter The capacityof

sucha channelmodelis unknown.**

**The classicalinformationtheoreticmodel with feedbackassumeghat the transmitterknows the channel(e.g., see[36], [37]).
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We have also assumedhat the recever has perfectknowledge of the channel.Of course,the feedbackmust
be determinedfrom channelestimates!f the channelcoherenceime is sufficiently long, then accuratechannel
estimatescan be obtainedwith a relatively small expenditureof transmittedresourcesso that the resultspresented
here apply However, with a short coherencdime, both the amountof transmittedresourcedevoted to channel
estimationandthe channelestimationerror mustbe takeninto accountwhencomputingthe achievablerate.Related
resultsfor a block fading channelmodelare presentedn [34], [35].

Finally, a naturalextensionof the modelandresultspresentedhereis to add multiple antennasandalsomultiple
userswith differentrate requestsin thosescenariosthe multi-carrier thresholdfeedbackschemeconsiderechere
canbe combinedwith the vectorquantizationschemegor MIMO channelsdescribedn [15], [38]. (Sucha scheme
for downlink beamformings analyzedin [40].) The benefitsof limited feedbackwith differentuserconfigurations

(e.g.,uplink anddownlink) remainto be determined.

Acknowledgment: The authorsghankRandallBerry andJieying Chenfor helpful discussiongoncerninghis work,

and Jieying Chenfor her assistancavith the proof of Theorem9.

APPENDIX
A. Proof of Theoem1

1) On-Of Power Allocation: We first determinethe asymptoticbehaior of the capacitywith on-off feedback.
With someakuseof notation,herewe let C; denotethe capacityfor theit* sub-channelGiven a thresholdu,, we

have

P
i =1 14+ ———u; | 1,
C’l Og ( + NFH (/J,O)'U/z> i >0 9

which is a randomvariable.We first shav that C3°f < E[C;] as N — co. We have

m@]:ﬁﬂ@0+—£—ah@m

o NF;L(,U/O)
_ P

P _ 2P [* Fu(2) NF )"

< log? (1+—7N0>F(N0)+—/ = P dz

NF,(uo)") " N Juo Fulpo) 1+ mplye

P _ 2P

< log® {1+ —=—puo | F, ~

o8 ( +NFu(N0)NO> u(ﬂo)"‘ N “

where ¢; is a finite constant.The first inequality is obtainedby integrating by parts and by using the bound

P
log(1 + az) < az. The secondinequality follows from the obsenationsthatfor ary z > 0, ——£%e)__ < 1 and

! 1+mw
* y Jju(y)
Fu(y)

Elplp>z] -z = /

o Fu(y)
xr

dy — x

x FN()

* ¢y fu(y)
A Fua) W<

wherec, is afinite constant.
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We alsohave

ElC;] = Oolog( _P(#O):E) fu(z)dx

P _
log (1 + Wﬂo) Fu(po)-

Since the capacitiesacrosssub-channelare i.i.d., accordingto the centrallimit theorem,the on-off capacityis

=

\Y%
‘6

J.
/.

Gaussianj.e., C ~ N(NE|[C;], No?) whereo? < E[C?]. From the Chebyshe inequalitywe have that

C 2 No? 1 1
‘ = m] < m (NE[C;))*  NEFu(po)m O (u_%> ' 53)

E[C]
From Lemmal, to achiee the capacitythe expectednumberof active sub-channelsV F), (1) — co as N — oo.

Pr -1

Furthermorethe thresholduy — oo with IV, sinceotherwisethe capacityper sub-channelvould remainbounded.
Hencethe right side of (53) tendsto zerowith N, andC < E[C].

We now characterizeéhe optimizedthresholduy as N — oo. The meancapacityis upperboundedas

E[lC] = N/M:O log <1+ ﬁm) fu(z)dz

_ oo P
= NF,(uo) /MO log (1 + Wﬂﬂ) Fuluspo (2)dx

C = Nlog (1 + ﬁM(“OO Fyu(po)

where M (uo) = E[u|p > uo]. After somemanipulationwe can calculate

IA

= P
ac qu(ﬂo)@M(Mo)—ﬂo)_Nl ( ) o )
dpg B 1+m (uo) og {1+ NFu(uo) (10) fu(ﬂo)
Pfu(ﬂo)
= F (NO) M . _ ELM2 ) 17)]\?2(”0) PM(,U/O)
L 7, Gy M (1) K (o) =10 = 3 NF Gy ™))+ 2 N (o) NE (o)

+

0 <N (%Mw)g fu(uo)>

whereg(N) = O (¢g(N)) denotesa term for which limy_,., g(N)/g(N) is afinite constant.

If ug satisfies(8), then

S fﬂ(ﬂ*)
ac _ ) 2AM() P (47) Fulas) (M (1) — u3)2>
TR 1 Al M (pg Fulps) M)

)
fulpg) 1 ) 1 )
@) ( 2 =0|——=
Fu(pg) M(pg) M ()
where the secondequality follows from noting that M (ug) — pg < oo from (53) and M (ug) > u§ — oo as
N — co. To shaw that| max, C'(u) — C(ug)| = 0 asN — oo, it is sufficient to shawv that |d?C/du?| is bounded

).

away from zeroin a neighborhoof p*. We then have

max E[C] < maXC Nlog (1 + NFZD(MS)M(MS)) F”(MS) +0 <M(1p(’;)> =P +0 (M(lﬂ*)

Ko 0
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Furthermore,

= P
maxF[C] > N /H log(1+ L :v) ful@)dz

P2H*2
= pugro ()
’ NE,(up)
= P+ O0(1),

sothatlimy_, 00 m;if%[c] — 1, or COmof) < Py
2) Water-Filling: As for the on-off power allocation,we first show that C' < E[C], andthenshaw that E[C] <
Pug. The capacityfor the ith sub-channeis

Ci =log(Api)1, 51
Sincelog®(az) is a concare function for > L we have

E[C?] = / OologQ()\a:)fu(a:)dxglogz (AM(I/A))FN(

|
s 5)'5 () -o (1)

E[C;] = / log(\z) f,,()dzx = /1/A F“afw)dm

/ constant f,L x)

= 0 (J\%/X;)) |

As for the on-off case the total capacitysummedover sub-channelss Gaussianand the Chebyshe inequality

>| =

IN
>

and

dx

implies that

2 No? (\E)
Zm] < m(NE[Ci])"’ O(NF (%))

From Lemmal, the expectednumberof active sub-channeISVFu(i) — oo as N — oo. HenceC;/E[C;] — 1
with probability one,sothat C; < E[C;].

To determinethe asymptoticmeancapacitywe first write the power constraint(3) as

2 [ (=) o (3 - [l

Denotet = M (1/)\) — 1/\. From Jensers inequality we have f°° 1) gy > F, w(1/X)/M(1/X), sothat

P 1.~ (1 A% -
NS(A_E)FN<X)=H—MFN< )<t,\F ( ) (54)
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Let J(z) = W and notethat

dJ(@) _ Fu()

2
o - 2 —EJ(a:)<0,

i.e., J(z) is a decreasindunction. From (8) and (54), for large N we have

P P P 1
) P - —<J(=
T5) = o5 +0 (NE[ulu>u3]) v’ (A)

sothat + < pg.

Now let L(\) = W F.(%) f°° f"w(w) dz, where0 < a < 1. Thenwe cancalculate
dL(\)  1-a 7 1 at’\ _atA (1
. Otang “\X) T Ararng’*
and since £+(&) >m > 0, we have

f,u(w)

dL()\) S (1 —a)m — at?) 1\ 0
dx T (I+ath)2 A

P Fu(y) > [, 222 dg,

for0</\<M SinceL(0) =0, asN — oo, A = 0 anda — 1, andwe have T

P _ (1 A - (1 A2 _ (1
N—’\ ”(A) 1+tA “(A) 1+tA ”(A)

The capacityis thenupperboundedas

1+t)\
Hence,for large enoughN

o0

N/00 log(Az) fu(z)dz < N (Az — 1) fu(z)dx
1/A /A

_ 1 _ 1 _ 1
= N [AM(I/)\)FH (X) - F, (X)] = NtAR, (X) .
E[C]
)
which follows becauseboth  and y5 — oo with & < uj, andt < oo (from (53)). Therefore, E[C™"0] < Pp;.

E[C]

Hencewe have

<5 +t<pg,

> =

Sincewaterfilling is optimal, we have E[C™)] > E[C(™°N]. Therefore,C") < C©™f) < Pys. where g is

the solutionto (8). m

B. Proof of Theoem?2

We have

n—1
P _ _
E[Rgp)] =N E log (1 + NE () Vnﬂ) ( w(Wn,i) — Ey(vn, Z+1))
i=0 K
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wherev,, , = co and F, (v, ,) = 0. We cancalculate

P
M = Nmmf“(”"’"‘l) [F”(V"’”l) — (Vnjn1 = Vnn2)
fuWnn-1) - o

__Pr
6Vn,n—l 1+ NFH(IJO)Vn’n_l

N (v )\

NF, Vn,n—1 n,n—2

0 Nfuo(’/n,n—l)< 1(‘:_) )
NF (UO) Vnmn—1

= 2
Fu(l/n,n—l) — (Vn,n—l — I/n’n_g):| +0 (]Vfu0 (Vn,n—l) (M) )

B 1+ %(uo)l/n,n—l |:fu(l/n,n—1) Vn,n—1

%fp(yn,nfl)

Fu(Vnm
If Unn—1 — Vnn—2 = 7.” ((::n n—11))’ then

OE[RN] Fy(wnn1))? 1
Onn 1 0<Nf“(yn’n_1)<fu(l/n,n1)) Vfb,n1>
V n—1 (Vnn 1)

provided that the thresholdy, is chosenso that the averagenumberof active sub-channelsVF), () — oo as

N — 0.

Similarly, for 1 < i < n — 2, we cancalculate

P , £ 7
8E[Rgp)] _ mfu( Vn,i) |:FM(Vn,i) — Fy(Wnit1) (Vnyi — Vnyi- 1)]
aVn,i 14+ m fH(Vn,i)

P (Upi— Vnio1) 2
+0 [ Nfu(vns) (NFI(“‘” )
+ N Gy Vi

N ﬁfﬂ( n’i) [FM(V”J) - FH(VR’H_I) - (Vnai - ani_l):| +0 (Nfllr(ymi) (Vn’i ; Vn’i_1>2>

1+ WVn,i fu(Vn,i) n,i

andletting vy, ; — vp,i—1 = ”(""’})zf”,()""”'“), it is easyto shaw that
o (Vn i

Fy(vn,i1)) Fy(vni) = Fu<vn,i+1)> Lo

V’r2l i Ju(Vny)
We canthenshaw that| max,, , R4 (v,,))— R4 (v7 ;)| — 0, wherev;, ; satisfieg9), by shaving that|8” R4 /v2 ;
is boundedaway from zeroin a neighborhoodf vy, ;. HenceR\P = E[Rgp)].

OE[R)] _ o <N(Fu(yw)

61/”7,'
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Furthermorewe have

E[R(P - R{")

n—1
N Z (log(l + LVM) —log(1 + 77)
i=1

__P L .
W5 R i =it

P

n—1
_ _ P
N log(1+ —=——n,i) (Fu(Vn;i) — Fu(¥n,it1)) —log(l + —=——
(; g g i NFM(,UO)

NFy(po)

Vn,i—l)) Fu(vny)

NF,(po) W

1+

n—1 —L(l/ . — U ._1) _
NZlog <1 + NE, (o) \" ™ "™t > Fy(vn,i)

P
i=1 NE,(uo) i1

n—1

< (Vns)
~ P u\¥n,:
i AL
n—1
P _
< ~7 7 Wni = Vnic1)Fu(vn i)
P NFH(/},()) n,t n,? 143 n,?
n—1 =
P = = F (Vn z)
= e F VU, i _F Uy i u
s NFN(HO)( u( nﬂ) u( n,Z—i—l)) fu(Vn,z')
< Fg(”n,l) max Fu(m)
Fulpo) = fulx)
< Pmax Fy(2)
z fu(m)
[ |
C. Proof of Theoem3
Sinceus\l,) = max{y1,- -, un}, andthe sub-channedainsareassumedo bei.i.d.,

Priuy’ <z} = [Prip <z} -0,

o) _u(lio)>

(55)

i.e., the distribution is degenerateas N — oo. Accordingto [28, Theorems3.3and7.1], asN — oo,

Since

Pr{us\l,) —logN <z} — exp{—e "}
k—1

Pr{u(Nk) —logN <z} — exp{—e“”}z
=0

e—iw

!

d —kzx

k=1 i
o (exp {-e7"} ; eT> =exp{—e "} ﬁ,
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as N — oo, we have

o] —m efk:z
E{H(Nk)—logN} — / xexp{—e }mdx

dz
=e T dr=—
(z=e"",dx z)

zk*l

= —/Ooo(logz) eizi(k—l)! dz

~————
T distribution

S Sk—1
_1 -z
og (/0 ze (k—l)!dz>

= —log(k—1). (56)

v

wherethe inequality comesfrom the Jensers Inequality sincelog(z) is a concae function. Also, we have
o0
E{,u(k) logN} < E{p(l) logN} — / zexp{—e "}te %dr =¢ (57)
—0o0

wherec is the EulerMascheroniconstantCombining(56) and (57) implies E(/,L(Nk)) < log N.
It is easyto shaw thatfor 2 > 1, 0 < logz < /2, or (log2)> < z. Thenletting y =  gives (logy)® < 5 for

0 < y < 1. Thereforefor k£ > 2 we have

B{u —log N2} - / 2% exp{—e m}(_7k:)‘da:

k—1
_ 2 —z %
= / (log 2)“e _1)!dz
1 © 2kt
/0' ; dZ"l‘[ ze mdz

) Sh—1
< e *dz +/ ze ? dz
/0 0 (k=1

= l—e'+k, (58)

IA

andfor k =1, E{[p( —log NJ?} = 2¢? + Z. Therefore var( ) — 0, and

log N

utk) utk)
lim = lim FE =1
N—ooologN N—oco |logN

in the meansquaresensewhich implies that

(k)
log(ut¥)) — loglog N = log | £ : 59
og(uy’) — loglog og <1 g N -0 (59)
Thereforefrom Lemmal
(Na) (Na) - P
Na (k) Na < —
Cy glogu —+CN * — Nyloglog N = ZzllogP +0(1) < N, log (Na) + o(1). (60)
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D. Proof of Theoem4

channelsso that

1) Whenno channelinformationis available at the transmittey the power is spreaduniformly acrossall sub-
N N
P P
Cn = ;:1 log (1 + N'ui) = ;:1 it 0 (

I )
N2~
As N — oo, CN—>PE[/,L]+O<%”2]) - P.
2) As shown in Theorem3, we have limy_, (C( a) — N, loglogN) N,1 g(Nﬂ) Also, we have

R(pr)—Nlog(1+]7\; “”) Nlog( ( “))+Nlog<§)+o(l).

e

From (59), it is easyto shav that
pr’N“) — Ny loglog N — N, log <N£> ,
a

hencelimy_, o0 (C\Ne) — R{PNe)y —

3) With Rayleighfadingandthe optimal thresholdy,, o = g, which satisfies(11), (55) becomes

n—1 P _
~No=rg \Un,i — Vn,i— Ne Vnii
ERP -RP] = N ¥ i = Vi) ”’“+0< ‘ )
i=1 + Ne—ro Vn,i—1 n,i—1

n—1
P L 1
= N - No—po Wni = Unji—1)e”"™" + 0 (%)

—  Pe (wni1—po)
Since C(omof) — R(fp), correspondingo infinite-precisionrate control, and v1 — po, it follows that

E[clonoh _ RP)] = p(1 — e=(»1=k0)). We now shaw thatvar(C©™o" — r®) _, 0 as N — co. Namely

we have

P Pe—(na—ho)\
2[pP) = —p
NE°R)”] = N (log (1 + Ne—ro Ho) e Ho 4+ N )

—(Vn,l—uo) 2
_ (P(N0+€N ) S0
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and

P . .
NERP?] = N Z log*(1 + m’/n,i)(e_""” — e Vmitt)

— P ? —Vn,i —(Vn,i41—Vn,i) 1
= N g (Ne_uo Vn,i) (1 — € ’ ’ ) + O (/J/_%)

2 2 N— 1

Mo
n—1
- 2P Z(Vn,i - Vn’z._l)elto—vn,,- +2P(1 — ehomVni1)
i=1
[ n—3
= 2P |l-efommt s Z(V":i — Un,i—1)€M0 TV 4+ (U 1 — Vg o )el0Vmom=1
o =1

+(Vn,n72 - Vn,n73)em)7un’n_2]
[ n—3

= 2P (1 —etoVn1 E (Vn,i — I/n,z'_l)e”oi"""'

L i=1

+el‘l/07V'n,n—2 (1 . gVnm—27"Vn,n-1 + Unn—2 — Vn,n—S)]

n—3

= 27) 1 — 6”07‘/’"’1 + Z(V’n,l _ Vn,z._l)elf’/ofun,i + eﬂ'O*"'n,n—2
L i=1
Continuingto remove eachtermin the sum successiely, correspondingo i = n — 3,n — 2,---, andusing

(11), we can evaluateNE[Rgp)Q] = 2P. Therefore,Nvar(R,gp)) = 2P, and since the secondmomentis
independentf the numberof quantizationlevels, Nvar(C(©"°)) = 2P,

We alsoneedto evaluate

Vn,it+1
NE[RPP D] = NZ/ log(1 + Be’“J ) log(1 + %e“oyn,i)e”dm
n—1 P
= v g1+ P g(emrne — emeni
=0

P om0

+N”Z_11 1+ 2o )/WH1 14 X)) oy
O, =€ " VUn 0} - | € XL
2 log(l+ e v g T+ Temun

Vn,i

n—1

Vn, i+l
= 2P+ N ; log(1 + %e““ Uni) /n’i %e“o (z — vp,i)e "dx
1
— 20 ()
Ho
and
P P P Pe=(Vn1—ho)
(fp) (on-of)y —wo o o L -
E[R,P|E|C ] = N (log (1 + Vo= Mo) e M0+ N) (log (1 t Voo Mo) e M0+ N

— 0
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Combiningthis gives
o2 = Nvar(R™) 4+ Nvar(c©on) — an (E[RSWC(‘J"'O“)] - E[Rgm]E[C(O“'O“)]) -0,

hencethe lossin achievablerate convergesto a constantP (1 — e~(*».1=#0)) w.p.1.m

E. Proof of Theoem5

Before looking at the three different regions, we first boundthe capacityfor a given thresholdue. The mean

capacitycanbe written as
o P
— —T
E[Cn] = /HO N log (1—|— Ne—mx) e “dx

P . Peto—®
= Nlog (1 + — p,o) e ko —+—/ ————dx
Nem#o Ho I+ ﬁ.’ﬂ

From Jensers inequality we have

P P
E[C > Nlog(1+ e Mo 4
[Cn] 2 g ( NeoHo Mo) - _HO P Elw > o]
P P
= Nlo 14+ — e Ho 4 61
’ ( Ne~#o NO) 1 + —uo (P’O + 1) ( )
Furthermore,
E [CN] < NlOg (1 + 7) 'u,0> eflJO + L /Oo 6“07Ed$
- Neho 1+ %NO o
P P
= Nlo 1+ L S — 62
g( Ne—uom) 1+ w2 fio (62)

Casel. v < 1: Since 7’#0 uy = &, we have from (61-62)

P 1
E[c{)] = Nlog (1 + o uo) e 10 (ul 7)
0

Therefore
E [C’J(\',Y)] log (1 + kg 7) o
PO i tog e logpg '
Furthermorewe canexpand(17) as
pozlog%—'ylog <log%—'ylog <log%—--->> (63)
which gives
[0(7)]

lim = > =
N—oco =—1Plog’ N loglog N
Case2. vy = 1: Now we have

») _ P o P 1
E[CN ] = Nlog (1+ Ne—uo“o) O (uo -

_ log(1+4 k) P 1
= . PM0+1+KZ+O< 1—7)

Mo
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sothat

. E[c{]
lim ———————— =1
N—oo logU40) p 166
Case3. v > 1: In this case,
P _ 1
E [C](\'TY)] = Nlog (1+ muo) e ML PO <M3—1>

7 1
k K K
= Puo+0(1137)

Therefore,

B[R] B[R]
Ngnoo pr,o - Ngnoo PlOgN o
Given the thresholdu,, the averagenumberof active sub-channelés

N, = Ne™#0 = E,ug.
K
If the rateson all active sub-channelsransmitare equal,thenfrom (61) the lossin the achievable datarate from
the capacityis boundedby
P P

E[Cc\) - Ry] < < <P.
[Cn ] < 1+—Ne72”0u0 - 1—|—/<au(1)_7 -

The feedbackrequiredfor equal-ratetransmissioris thereforeN, log N = O (log' ™" N). m

F. Proof of Theoem 6
With the on-off power allocation,as pg — oo, v — 0, andfrom (21), we have

"
p=1-——-(1-¢q) =1
I—v

sothat
H(p) = —(1 —p)log(1 — p) — plogp — —(1 — p)log(1 — p) + p(1 — p).

Combiningthis with (19) and (22) gives

By _ H( N (1 —q)log(:%5(1 —q)) +py(1 —q)
B{®  — logy ~logy
logq + (1 — q)log(1 — log(1 — 1—q)(—log(l—7)+
_ gqlogg (1 q) log( q)+1_q+(1_q)ogl( 9, (1—g)(=log(1 =) +p)
0og7 0g "y log v
log(1 — 1— 1
S 1—g+2(1—g) og(l-¢q)  (1=a)(p+7) +qlogg
log~y logy
If 6 —— then les(l—a) ng\?om 0. si 1
(o) = 125 < oo, then 24T-4) < oo and ~Xg- — 0, sinceq — 1.
N
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If 6(u0) — 0, then 10%(5;7") -0, and

B](\(]:orr) . 210g(1 —9 (l—q)(Pl-(i)'g%-i-qlogq
(1-¢q)BW log 1—g¢
— qppolesl-a)  ptytae
log~y log~y
which implies
B (o) _
G, <14
By (ko)
wheregq, definedin (20), is a function of y,. ThereforeB™ < (1 — q)log L x.
With n-level rate control
Bj(\flp,n) - Z g z —o Pij Ingz]
BUY prd vlogy
>0 Mopoj logpoj + Diy i D25 Pij log i
a vlogy

Applying the log suminequality[27, Thm 2.7.1] gives

p
zpz] logpij > zpz] log Sk = (1 - pio) 10g pio )

andsincevylog~y < 0,

>_j—0 MoPo; log po; < MoPoo log poo + o (1 — poo) log[(1 — poo)/(n — 1)]

vlogy - vlogy
As for the binary case we have pgy = % =p,mo=1—1,and
Z?:o moPoj lng()]' < (1—¢q)(p+log(l1—p) —log(n—1))
7vlogy - logy '

Also,

> mi Y pijlogp; = Y m Y pijlogpi; + Y mipiologpi

#0 g 20 j£0 i£0
> Z (1 = pio) log 1 © 4+ mipio log pio
i#0 i#0
= - ZmH(pio) - Zm(l — pio) log(n — 1)
i#0 i#0
iy
> —(1- Wo)H(Z 1 ——pio) = ((1 = mo) = (o — opoo)) log(n — 1)
iz0 - M0
s
= —yH()  —pi) — vqlog(n — 1)

i#0
= —vH(1 - g)logy — vqlog(n —1).
Similar to the derivation of (64), combining(65)-(69) assumingd(uo) — 0, we have
By™ _ (l—q@(p+logl-p) H(l-gq) logn—1)
BiY  — logy log logy

1—g+20-BL=D

34

p+gq+v  logn—1)
+ .
log~y logy logy

(64)

(65)

(66)

(67)

(68)
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This impli —TB(fp") < 1, and BP S B L weh —T,—B(fp") 1-
IS |mp les < and since > — we have =

(1-0)BY (1-9BY? = (1-9BJ?Y >
(1-g)ylog;.m

g, or BP™ <

G. Proof of Theoem7

First, we characterizéhe asymptoticcapacitywith the waterfilling power allocation.We rewrite (36) as

L 2 (e

(70)
° 1
— Ak/ (1--> HF]-()\ ) dFk()\ )
! Y7 \jgn N
As N — oo, A\; = 0, sothat F; (%) — 1 with finite usersK. Therefore
I &
F; (—) < <1 (71)
Xi)] T oo +
jk il (Ak - L) dF (zx)
so that
P — 1. (72)
o0 1
NfO ()\k — zk) dFk(.'Ek)
Denotethe sum capacitywith watekfilling as(J(Wf 0 = Zk 1 CSﬁ'ka WhereCL(j‘F’)kaK) is the capacityfor user
k. We have
f,K
ngk b= Z E [(log(/\kuk,i))+ 1, pe s =max; Aj i ]
i=1
= N 1 F( dFy(
k/l ogy(H ]> k)\k)
J#k
Following the sameargumentfor (72) gives
f,K
Cupi”

-1
N [ (log(Akar))t dFy ()
Given (72) and(73), we cansimply apply the resultsfor a singlelink to the multi-useruplink channel,.e

K
Ci™™ =D Pettio
k=1

wherepy, 4 is the optimalthresholdfor the on-off power allocationfor userk, assumingio otherusersarepresentlf
the usershave identicalchannelgain distributionsandpower constraints Fj, (x)

(73)

z) = F,(z) andP, =P, 1<k < K,
then

CWRE) < KCWD, (74)
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With the on-off power allocation,we have

Py f
W = EI:Pkluk,izuk,oll_’kuk,iZma-xj Pjuj,i]
00 0o K
- /0 /0 Pilayspns H1Ej<p,}%i d | [[ Fi=))
i#k ’ =1
_ o0 Pk.'L'k
R0\ Gtk !

It is difficult to solve for the power analytically so herewe only considerthe casewherethe usershave the
samechanneldistribution and power constraint,i.e., Fy(z) = F,(z) andP, = P, 1 < k < K. From symmetry

we musthave P, = P; = P and py.,0 = pj,0 = Ho-

As N — oo, pig — 00, andsinceFu(%) = Fu(po), we have [, FH(P’“gf"°) = FX"(uo) — 1, and
from (75) we have

P

— 1. (76)
NF/-L(I-LO)
The sum capacitywith the on-off power allocationis thengiven by
K N
C[Sgn—oif,K) = Z Z E [log(l + P#k,i)luk,i>uk,o lpkuk,i:maxj Piuji

k=1 i=1

= KN [ log(l+ Pz)F; *(z)dF,(z). (77)
Ho
Hence

Cl(jgn—oif,K)

KN f;: log(1 + Pxz)dF,(z)

-1, (78)
and combiningwith (76) and (77) gives
Cl(jgn—olf,K) = Kc(on—oﬁ) = KP,u(’;.

If all active sub-channelsire assignedhe samerate,thenthe achievablerateis

K N

RS;'.E),K) = Z Z log(l + PI’I‘O)E I:]'Il/k,i >I“c,0 ]‘Pkuk,,-:ma)cj Pjﬂj,i]
k=1 i=1

KNlog(1+ Ppuo) / b F =Y (z)dF,(z).

Mo

Thelossin the datarate dueto rate quantizationis thereforeboundedas
KF:{_I(HO) (CJ(\?n—olf) . Rgfp)) < C[(Jgn—oif,K) _ RSfFE),K) <K (C](\?n—oif) _ Rgfp)) 7

which implies that

CSgn—oﬁ,K) _ R[(Jfg,K) - K (CJ(\(;n—oﬁ) _ Rgp)) < KP mzax f“((;c)) .
u
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H. Proof of Theoem8

If all usershave the samechannelgaindistribution F),(z), thenG(z) = F,{((x). Substitutingin (41), andnoting

that F,,(3) — 1 gives
P o 1\ *

Clit™ < KN [ (10g ()" dF, (@) = K1

and

whereuf is the solutionto (8), so that the capacityscaledinearly with numberof usersK.

With the on-off power allocation,from (44) we have that

As po — oo and F, (uo) — 1, we have
Cc(jon—olf,K) B 1 _Flf((uo)

ovn

C’J(\?n'oﬂ 11— F,(po)

so that

CMNE) o glonobK) o Kpye,

down

With one-level rate control the achievablerateis given by

RWPE)  — Nlog (1+ Ppo) Pr{px,; > po for somek}

down
= N[1—FX(uo)]log (1 + Ppuo)

1- F;f((NO)R(fp)
1— Fu(po)
Thereforethe lossincurredis

- 1— F¥ (o) -
C(on of,K) _ R(fp,K) _ I C(on of) _ R(fp) — 0(1).
down down 1— Fp(,UO) ( N 1 ) ( )

For Rayleighfadingthis lossis C{onoPX) _ p(PK) — gp m

down

|. Proof of Theoem9

From (81), the on-off capacityper sub-channeis given by

1— FK (&) _
glomof.co) _ o M / log(1 + Px) fy(z)dx
7

down K—o0 1—Fu(,u,0) o
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The total transmitpower satisfiesP; < KP, and

o = T = Pl - Gluo)l. 82

The actiation thresholdyu, shouldbe no lessthanthe thresholdwith a singleuser sothat ug — oo as N — oo.

Let G(z) = F)X (). It is straightforvard to shav that

ClomdtK) = [1 — G (uo)] log(1 + Ppo) + O ([1 — G(uo)] (Bululn > po) — Mo)) : (83)

1 + P/,LO
andletting K — oo, we define

C = Clom > = [1 ~ G(uo)] log(1 + Ppo). (84)
We thereforehave

1—G(u)"™
= 1= G(uo))log[1 — Glo) + BPpo) — (1 — G (uo)) log(1 — G(o)]

c = [1—G(uo)]log<1+L )

1-G
— (1~ Gl Tow(5Pse) + 1~ Glaa)og (1+ 22200 ) 1 — Gl ot = G
~ ~ ~ fi;irte
o(1)
(85)
Maximizing C is thereforeequivalentto maximizing[1 — G(ug)] log(8Puo)-
We first shav that
i — <
Klgnoo loglog K — ! (86)
by following the approachin [33]. Namely we write the thresholdas
pr =0’ log K + ok, (87)
andobsenre that
0, if tx = —o0,
Kli_f>noo G(po) = { exp(—e ), if T — o,
1, if xg — o00.

To maximize(C, we thereforewantzx — —oo with zx = o(log K), sothat ux grows as O(log K). This choice
of xx achieresequalityin (86), whereadf theseconditionsare not satisfied thenthe inequalityis strict.

We now show thatthe sequence: in (87) canbe chosenso that

|[1 — G(0)]10g(BPpo) — log(BPo? log K)| — 0. (88)

From (85) and (86) this choiceof zx maximizesC. We first write

[1 — G(10)]log(BP o) — log(BPo” log K) = log (02 llf)og K) — G(po) log(BP) — G (ko) log o, (89)

38



and note that po /(02 log K) — 1 to achieve the boundin (86), and G(u) log(8P) — 0. Hencewe must select
zx S0 that G(uo) log(Buo) = (1 — e #x/7")log(Bue) — 0. It canbe shawn that this is accomplishedy taking
rix = —o?loglog K.

With one-level rate control,

(1:00) _ i 17 — pP -

ThereforeRc(,f(’,’,’vﬁo) - Cégx,j"’), i.e., the asymptoticon-off capacitycanbe achieved with one-level rate control.
If all usershave linearrecevers,thenthe optimal power allocationis to waterfill overthe maximumsub-channel

gainsacrossusers.Thatis, the power constraint(41) becomes

m):/ooo (,\_%)*da(w):A(l—(;(%)) _/1:ng6($)'

For ary € > 0, we have

> dG(z) /2/6 dG(z) *® 4G(z)

N no 2 T

)\G<2>+£<e
€ 2

whenK > &723/)6), hence 7, %42} — 0, and 8P — A (1 - G (})). Furthermoresince) > P, G(%) = 0

and A — GP.

IN

Let X; = max{pu;;}, i.e., the maximumchannelgain over usersfor sub-channef. For large enoughk, the

capacitywith waterfilling power allocationis upperboundedas

o / " log(BP)dG (z) < log (BPEX.]) = .

1

BP

It is easyto shaw that C™) — log(1 + BPo%log K) — 0 as K — co. BecauseC (1> > ¢{omoh) e have

lim (Cémhm —log(1 + BPo?log K)) = lim (C(On'Oﬁ’K) —log(1 + BPo?log K))

K—oo K—oo down

—  Iim (R((,fc‘:;,f) —log(1 + BPo? log K)) - 0.

K—oo
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