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Abstract

Westudythecapacityof multi-carriertransmissionthroughaslow frequency-selective fadingchannelwith limited

feedback,which is usedto specifychannelstateinformation.Our resultsareasymptoticin thenumberof carriers,or

channels� . We first assumei.i.d. channelgains,andshow that, for a large classof fadingdistributions,a uniform

powerdistributionoveranoptimizedsubsetof carriers,or on-off powerallocation,givesthesameasymptoticgrowth in

capacityasoptimalwaterfilling, e.g., �����	��
��� with Rayleighfading.Furthermore,the �����	��
��� growth in datarate
canbeachievedwith a feedbackrate,which grows as �����	��
����� . If thenumberof active channelsis bounded,then
the feedbackratedecreasesto �����	��
��� , but the capacitygrows only as �����	��
��	��
��� . We thenconsidercorrelated

channelsmodeledas a Markov process,and study the savings in feedbackrelative to i.i.d. channels.Assuminga

fixed ratio of coherencebandwidthto the total availablebandwidth,the ratio betweenminimum feedbackrateswith

correlatedandi.i.d. sub-channelsconvergesto zerowith � . For a sequenceof Rayleighfadingchannels,which satisfy
a first-orderautoregressive process,the ratio goesto zeroas � ��� � ������ � . We alsoshow that adaptive modulation,

or ratecontrol schemes,in which the transmitterselectsthe rateon eachsubchannelfrom a quantizedset,achieves

the sameasymptoticgrowth ratesin capacityand requiredfeedback.Finally, our resultsare extendedto cellular

uplink anddownlink channelmodels.

I . INTRODUCTION

The capacityof a slowly varying frequency-selective fading channelcan generallybe increasedby relaying

channelinformation from the receiver back to the transmitter. In the caseof multi-carrier communications,this

feedbackallows the transmitterto optimizetheallocationof power anddataratesover thecarriers,or sub-channels

[1]. Given accuratechannelestimatesand sufficient feedback,a substantialincreasein capacitycan be obtained

relative to the analogousschemewithout feedback(e.g.,OrthogonalFrequency Division Multiplexing (OFDM)).

We considermulti-carrier transmissionover a frequency-selective channelwith limited feedback.We assume

perfectchannelknowledgeat the receiver, andan error-free, finite-ratefeedbacklink. The channelis assumedto

be stationaryfor the durationof a codeword. Our objective is to characterizetheasymptoticgrowth in capacityas

a function of the numberof sub-channels! for a given feedbackrateandfinite transmittedpower. This problem

is analogousto the problemof evaluating the performance(e.g., achievable rate) of a Multi-Input/Multi-Output

(MIMO) fadingchannelwith limited feedback,which hasrecentlyattractedmuch interest(e.g.,see[12–21]). For

the OFDM channelmodel considered,however, the relationbetweenthe growth in capacityand feedbackrate is

significantly different from the capacityscaling for MIMO channelswith limited feedback[16]. (Seealso [22],

which considersquantizedsignaturesfor Code-Division Multiple Access.)

We startwith ananalysisof i.i.d. sub-channels,beforeconsideringdependentsub-channels.To limit thefeedback

rate,we first considerthecapacitywith anoptimalon-off power allocation,in which the transmitterallocatespower

uniformly overanoptimizedsetof sub-channels,i.e.,with gainsexceedinga threshold.Previousstudieshaveshown

that for fixed channels,the capacityachieved with this schemeis close to the capacitywith the optimal (water-

filling) powerallocation[23–25]. Hereweshow thatfor ageneralclassof fadingdistributions,bothwater-filling and

the optimal on-off power allocationachieve the sameasymptoticgrowth in capacity. For example,with Rayleigh
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fading,both theoptimizedthreshold,which maximizesthe on-off capacity, andthe capacity(bits per channeluse)

grow as "�#%$'&)(*!,+ . In contrast,the capacityfor OFDM convergesto a constantas ! becomeslarge.Furthermore,

the feedbackneededto identify the optimal subsetof sub-channelsgrows as "�#%$'&)(.-/!,+ bits per codeword.
We also considerfinite-precisionrate control in which the rate for eachactive sub-channelis quantized,i.e.,

chosenfrom adiscreteset,dependingon thesub-channelgain.This is motivated,in part,by bit-loading,or adaptive

modulationschemes(e.g.,see[8]), in which the constellationsize is variedacrosssub-channels.In practice,this

enablesthe useof shortercodewords to achieve a given outageprobability (i.e., comparedwith coding across

sub-channels).Theoptimalquantizedsetof sub-channelratesis determined,andit is shown thatasymptoticallythe

total datarateincreasesat the samerateasthe capacity(e.g., "�#0$1&�(2!,+ for Rayleighfadinggivena feedbackrate,
which grows as "�#0$1&�(3-4!,+ ). However, as !6587 , the absoluteloss in achievabledataratewith finite-precision

rate control, relative to the optimal power and rate allocation,convergesto a constant,which is proportionalto

the transmittedpower. We also considera feedbackschemein which the numberof active sub-channelsis fixed

at 9;:<! . In that case,the feedbackrate increasesas "�#%$'&)(*!,+ , andthe capacityincreasesas "�#%$'&)(2$1&�(=!,+ . The
feedbackratecanbe variedbetween"�#%$'&)(*!,+ and "�#0$1&�( - !>+ by changingthe rateat which the on-off threshold
tendsto infinity with ! , andwe characterizethe correspondingasymptoticgrowth in capacity.

In practice,the sub-channelgainsare generallycorrelated.Assumingthat the sequenceof channelgainsis an

ergodic process,as !?587 , the channelcapacitydependsonly on the first-orderdistribution of the sub-channel
gains,hencecorrelationamongsub-channelsdoesnot affect theasymptoticgrowth in capacity. However, correlation

amongsub-channelscanbe exploited to reducethe amountof feedback,which is neededto achieve this growth.

An on-off power allocationis specifiedby a binary sequence,indicatingwhetherthe sub-channelshave gains

exceedingthe threshold.The feedbackrate, in bits per sub-channel, is given by the entropy rateof the sequence,

which is a functionof theactivation threshold.We modelthe sequenceof sub-channelgainsasa Markov process.

With anoptimal (rate-maximizing)threshold,which increaseswith ! , theminimumfeedback(bits persubchannel)

requiredto achieve theasymptoticcapacitycanbedetermined,andconvergesto zeroas !@567 . Theratiobetween
the feedbackratesfor correlatedand i.i.d. sub-channelsalsoconvergesto zero,andwe specify the corresponding

convergenceratewith ! . As an example,we considera first-orderautoregressive sequenceof complex Gaussian

sub-channels.In orderto modelawirelesssystem,whichoccupiesa fixedtotal bandwidth,we constrainthenumber

of coherencebands, which are containedwithin the ! sub-channels.In that case,when the activation threshold

grows as "�#0$1&�(2!,+ , which allows the achievable rate to increaseas "�#%$'&)(*!,+ , the savings in feedbackrelative

to i.i.d. sub-channelsis "BA/C D EGFIHHKJ . With finite-precisionratecontrol, additionalbits per active sub-channelare

neededto choosefrom a discreteset of rates.We show that addingthesebits doesnot increasethe order of the

feedbackratewith ! .
We alsoextendour single-userresultsto multi-useruplink (multiple access)anddownlink (broadcast)channel

models.If the numberof users 9 is finite, thenas !L5M7 , the sumcapacityin both scenariossimply scalesas9 times the single-userresults.This is becausethe probability that multiple userswant to transmiton the same

sub-channel(i.e., with gain that exceedsthe correspondingthresholds)goesto zero.If 9 also tendsto infinity in
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proportionwith ! , thenweshow thatwith Rayleighfadingthecapacitypersub-channelgrowsas "�#%$'&)(=$'&)(29>+ with
thewater-filling power allocation,andwith the optimal on-off power allocationwith finite-precisionratecontrol.

Relatedwork on multi-userOFDM systemswith limited feedbackis presentedin [26]. Thereit is alsoshown

that the on-off power allocationachieves the samegrowth rateas the water-filling capacity. Resultsanalogousto

someof thosepresentedhereare presentedin [6] for randomaccessfadingmodels.Namely, throughputscaling

is characterizedasa function of userswhen the randomaccessschemeexploits multiuserdiversity (analogousto

transmittingon thebestsub-channelsin ourmodel).Thatwork, however, is not explicitly concernedwith finite-rate

feedback.Capacityscaling resultsfor Multi-input/Multi-output (MIMO) fading channelshave beenpresentedin

[2–4] without feedback,andwith the optimal power allocation,correspondingto infinite-ratefeedback.(Seealso

[31], which considersthe OFDM downlink with multiple transmitantennas.)Other relatedwork on OFDM with

partial channelknowledgeat the transmitterhasbeenpresentedin [10], [11]. Namely, [10] discussesthe benefits

of long-termstatisticalchannelknowledgeat the transmitterin a MIMO OFDM system,and[11] discussespower

allocationin the presenceof channelestimationerror andthe associateddegradationin achievablerate.

In the next sectionwe characterizethe asymptoticcapacityof a single link with water-filling andon-off power

allocations,aswell as the achievable ratewith finite-precisionrate control. The minimum feedbackrequiredfor

i.i.d. andcorrelatedsub-channelsarealsocomparedin this section.In sectionIII the resultsareextendedto uplink

anddownlink multi-userchannelmodels.We first considerthe scenariowith a finite numberof users,andthenan

infinite numberof users.Numericalresultsarepresentedin the correspondingsections.SectionIV concludesthe

paper, andproofsof themain resultsaregiven in the appendices.

I I . SINGLE-USER L INK

A. SystemModel and ChannelCapacity

Referringto Fig. 1, which shows the systemblock diagramfor a single-usermulti-carrier link with ! carriers,

or sub-channels,the !ONQP vectorof received symbolscorrespondingto the RTS0U transmittedmulti-carriersymbol
is given by V #%RW+YX Z\[^]_Za`cb3#%RW+/dfe*#%RW+hgX i]_b�#0R_+4d ie*#%RW+
where b3#%RW+TXkj lnmn#%RW+po�qrq�q/osl H #%RW+ut�v is the vector of sourcesymbols(in the frequency domain), Z ( Z ` ) is
the DFT (IDFT) matrix, ] is the time-domainchannelmatrix, assumedto be circulant,and i] is the associated

diagonalchannelmatrix with (random)diagonalelementsw�mnorq�qrq/ocw H . The noise e*#%RW+ is circularly symmetric,

white Gaussianwith variance x H , hencethe noise ie2#0R_+ is also white Gaussian.The total transmit power is

constrainedto be at most y , i.e., tracez|{}j b�b ` t^~T:�y , where #hq + ` is Hermitian transpose.The transmitpower on

sub-channel� is ����X�{}j�� l��c� ��t , so that � H�'� m ����:fy .
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b3#%RW+ � IDFTZ ` �
Channel] �h� � e2#0R_+ �

DFTZ �V #%RW+
Fig. 1. Systemdiagramof a single-usermulti-carrier link.

Conditionedon the sub-channelgains,the channelcapacityis givenby [27]� H X H� �1� m $'&)(�#�P2d�� ���/� + (1)

where �/� X�� w � � � . We assumethat the �/� ’s are identically distributed,anddenotethe probability densityfunction
(pdf) of � � as �n��#�q�+ . Furthermore,we assumethat the channelis static, and is known perfectly at the receiver,

which hasaccessto anerror-free,finite-ratefeedbackchannel.This modelapproximatesa slowly-varyingchannel

in which the transmittercodesacrosssub-channels,andthe feedbackspecifiesthe power allocationandcoderate

during a coherencetime.�
Wealsoconsiderquantizedratecontrol,whichappliesto thescenarioin which theinformationbitsarepartitioned

into sub-streamsfor the sub-channels,andarecodedindependently. For example,this correspondsto adaptingthe

modulationformat acrosssub-channels,as discussedin [8]. The rate for eachsub-channelis then selectedfrom

a finite set of rates(perhapsonly one), and the total rate is the sum of the ratesacrosssub-channels.With this

schemeanoutageon onesub-channel(e.g.,dueto a finite-lengthcodeword) doesnot affect theothersub-channels.

This may be attractive for delay-sensitive applications.

Supposethatno feedbackis available,so that the transmitterhasno knowledgeof therandomsub-channelgains.

In that case,the transmittershouldspreadthe availablepower uniformly over all sub-channels,as in OFDM, i.e.,� � X��H . As the numberof sub-channels(or bandwidth) !�5 7 , � H 5Ly�{}j � t nats,which is finite. In contrast,

with unlimited feedback,the transmittercanobtainperfectchannelknowledge,and the capacitywith the optimal

water-filling power allocationis ��� wf  H X H� �1� m $'&)( A P2d¡#^¢�£ P� � +h¤ �/� J (2)

wherethewater level ¢ is determinedbyy¥X H� �'� m #^¢�£ P�/� + ¤ 5;!§¦<¨© #�¢}£ Pª + ¤ ����# ª +h« ª (3)

as !@5 7 , with probability one(w.p.1).¬
For theasymptotic(large  ) analysis,we implicitly assumethat thenumberof coherencebandsincreaseslinearly with  . Justificationfor

this assumptionfor indoorwidebandchannelsis given by themeasurementstudy in [9].

4



Let
� H¯® H�° denotethe capacitysubject to the constraintthat no more than a finite numberof sub-channels,!�± , are activated(i.e., � ��²´³ ). The following Lemmastatesthat as !85µ7 , the optimal numberof activated

sub-channels!�±¶5·7 .
Lemma1: If the p.d.f. � � #�q�+ hasinfinite support,then for any finite !¸± , thereexists an ! © ²�³ and ¹ ² !�±

suchthat for all ! ² ! © , � H¯® H ° is achievedby activating ! ± sub-channels,and � H¯® H °�º � H¯® » .
Proof: To achieve

� H¯® H ° , we mustclearly activatea subsetof ! ± sub-channelswith the ! ± largestchannel
gains,denotedas � � m  HK¼ qrq�q ¼ � � H °  H . Let i�2½ X ½� �1� m $'&)(�#�P2d�� ��� � �  H + (4)

where P}:�¾¿:À!�± and � �¯²À³ for �¯XÁP)o�qrqrqÂoG¾ , so that � H¯® H�° X¥Ã�ÄnÅ ½ i�*½ . As ! 5Æ7 , � � H�°  H 5Æ7 . hence
from (4) we have that i�*½ X ½� �'� m $'&)(¸Ç�� �0� � �  HÉÈ dfÊË#hP�+ÌX ½� �'� m $1&�( � � �  HÍ ÎpÏ ÐÑ ¨

d ½� �'� m $1&�(=� �Í Î�Ï ÐÒ ¨
dÓÊË#�P|+pÔ (5)

The secondterm on the far right must be boundedsinceas !µ5Õ7 , we can assumethat each ��� ²×ÖØ²×³ .
This is becauseletting ���¯5 ³ decreasesthe capacityon sub-channel� , and allocatingthe extra power to other

sub-channelsdoesnot increasethe asymptoticcapacity, sincethe first channel-gainterm dominates.Thereforeas!a5 7 , i�*½ increaseswith ¾ , so that all of the best !�± sub-channelsshouldbe activated.This also implies that� H¯® H�° increaseswith !¸± for largeenough! . Note that thepower assignmentacrossactive sub-channelsdoesnot
affect the asymptoticgrowth rateof the capacity.

B. AsymptoticCapacityWith On-Off Power Allocation

To reducethe amountof requiredfeedbackfor power and rate optimization,we considera specific feedback

method,in which the transmitterallocatesequal power Ù� acrossa subsetof sub-channelswith gains that ex-

ceeda threshold � © . We refer to this as “on-off ” feedback.The power constraintthen becomes� H�'� m � � X� H�1� m Ù�ÛÚ �nÜuÝ��nÞ X¿y , or Ù�ßX y� H�'� m Ú �nÜ�Ý��nÞ Ô
Optimizing the thresholdgivesthe correspondingon-off capacityfor finite ! ,��� on-off  H XàÃ�Ä�Å� Þ H� �'� m $1&�( [ P2dOÙ� �/�ug Ú �nÜuÝ��nÞ (6)

As !O5M7 , the power per active sub-channelconvergesto Ù�´X �Hâáã�ä � �nÞ   w.p.1, where Ùå � # ª +æXBP¯£ å � # ª + , andå � #�q�+ is the c.d.f. of channelgain � .
The capacitiescorrespondingto both optimal on-off and water-filling power allocationsapproachinfinity as!�567 . To studythe rateat which thecapacitygoesto infinity in eachcase,we definetwo sequences,z�ç H ~ and
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z|è H ~ , asbeingasymptoticallyequivalentif the ratio ç Hêé è H convergesto oneas !�567 . We denotethis asç Hìë è Hìí�î ç Hè H 5kP w.p.P (7)

Theorem1: If ³ º áã ä �1ï  ðhä �1ï   º 7 for all ª ²¥³ , then � � wf  H ë � � on-off  H ë � ���© , wherethe optimal threshold ���©
satisfies y!ÛÙå � # � �© + { � j � � �>²<� �© tÂX¡ñæ#�{}j � � �Q²<� �© t�£ � �© + (8)

Theproof is given in AppendixA. Theorem1 statesthat on-off feedbackis asymptoticallyoptimal in the sense

that it achievesthe sameasymptoticgrowth in capacityaswater-filling.

C. Finite-PrecisionRateControl

We now considera feedbackscheme,which specifiesratesfor eachsub-channel.As previously discussed,this is

motivatedby bit loadingschemes,which have beenusedwith multi-carriermodulation.Herewe assumethat the

dataratesacrosssub-channelsarechosenfrom a small setof rates.Specifically, we definethe ¾ channelthresholds³ ºóò ½.ô © ºóò ½.ô m º qrq�q ºóò ½.ô ½.õ m º 7 , where ò ½.ô © X � © and ò ½Ëô ½ X×7 . If the ö.S0U sub-channelgain satisfiesò ½.ô � : �4÷ º¿ò ½.ô � ¤ m , thenthepower � ÷ X Ù�ÀX �HWáã)ä � �nÞ   (independentof � ) andthe rateassignedto sub-channelö ,ø ÷�XMÙø ��X¡$1&�(¸Ç�P2d �H_áã�ä � �nÞ   ò ½.ô � È . If � ÷ º � © , then ��÷ùX ø ÷ùX ³ . The total datarate is then ø � fp  ½ Xß� H÷�� m ø ÷ .
The following theoremgivestheoptimalquantizationthresholdsfor a classof fadingdistributions.In what follows,

we let Ùø � fp  ½ denotethe valueof {}j ø � fp  ½ t maximizedover ò ½.ô © o�qrq�qÂo ò ½.ô ½Ëõ m .
Theorem2: If ³ º áã ä �1ï  ðhä �1ï   º 7 for all ª , then Ùø � fp  ½ ë {}j ø � fp  ½ t with the thresholdsdefinedasò ½Ëô © X � ©ò ½Ëô � X ò ½.ô � õ m d áã � �nÜ   õ áã � �nÜ'ú3û  ð � � Ü   Pê:<�=:ü¾T£Éñò ½.ô ½Ëõ mýX ò ½.ô ½.õ � d áã � �nþnÿ û  ð � �nþ�ÿ û   (9)

Furthermore,with this setof thresholdsthe increasein rateobtainedby addingquantizationlevels is boundedas{}j ø � fp  ½ £ ø � fp  m t4:�y Ã�ÄnÅï Ùå �Â# ª +� � # ª + (10)

The proof is given in AppendixB.

D. Example:RayleighChannel

In this section,we assumethat � � # ª +¯X � õ ï , which correspondsto Rayleighfading.The condition (8) for the

optimal thresholdthenbecomes �! � ���Þ # � �© dàP|+ � Xìñ (11)

and � �© ë $1&�(=! . We restateTheorem1 asthe following corollary.

Corollary 1: With Rayleigh sub-channels,
��� wf  H ë ��� on-off  H ë �Q$1&�(=! . Furthermore,the optimal numberof

active sub-channelsÙ!¸± ë �Q$1&�( � ! .
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We remark that this result is analogousto the asymptoticgrowth in downlink capacitywith multiuserdiversity

presentedin [7]. `
Using (11), for finite ! thecapacityandtheoptimalnumberof active sub-channels,Ù!�± , canbemoreaccurately

approximatedas��� on-off  H � yóAË$1&�( ñ�!y £Éñ�$'&)( AË$'&)( ñ�!y £ ñ�$'&)(=$1&�( ñ�!y J¯J (12)Ù! ± � y A $1&�( ñ�!y £Éñ�$'&)( A $'&)( ñ�!y £ ñ�$'&)( A $1&�( ñ�!y £Éñ�$'&)(�$'&)( ñ)!y J¯J J � Ô (13)

We notethatwith bothwater-filling andoptimalon-off power allocations,thenumberof active channels Ù! ± 567
with ! , but the fraction of active sub-channelsdecreasesto zero, i.e., áH °H 5 ³ .
For comparison,we now considerthe casein which only a finite number ! ± sub-channelscan be activated.

Let
� � H�°  H denotethis capacity. Accordingto Lemma1 andthe associateddiscussion,this capacityis achievedby

activating the !�± largestsub-channels.
Theorem3: For fixed !¸± , $ � Ã H Ñ ¨ Ç ��� H�°  H £ !�±�$'&)(Ì$'&)(=! È :¿!�±�$1&�( Çù�H ° È .
Theproof is in AppendixC. Thatis, if weboundthenumberof channelsthatcanbeactivated,thentheachievable

rategrows as "�#0$1&�(=$'&)(=!>+ , andthe associatedgapto capacityincreaseswith the Signal-to-NoiseRatio (SNR).

Given the on-off threshold � © , the channelthresholds,which maximize { � j ø � fp  ½ t with { j � t XLP , satisfy the
following recursion, ò ½Ëô © X � ©ò ½.ô � X ò ½.ô � õ mÌd¡Pæ£ � õ ��� þ	� Ü'ú3û õ � þ
� Ü   P�:ü�Ì:ü¾T£Éñò ½.ô ½.õ mýX ò ½.ô ½.õ � d¡P (14)

Note that the incrementò ½.ô ��£ ò ½Ëô � õ m dependsonly on ¾ , andnot on � © . In what follows, we will assumethat the

thresholdsfor the precedingfinite-precisionratecontrol schemearechosenaccordingto (14).

Let � H denotethe total numberof feedbackbits,which is a functionof ! . For theprecedingon-off schemewith¾ levels per sub-channel,$'&)(=! bits areneededto specifyeachactive channel,hence� H X Ù! ± #0$1&�(=¾¸d $1&�(=!,+ ëy $1&�( - ! . To reducethe amountof feedbackfurther, we can activate a finite numberof sub-channels!¸± . The
numberof feedbackbits in that caseis � H X§!¸±/$'&)(*! . The following theoremspecifiesthe asymptoticgrowth

in the achievabledataratesfor eachof the precedingschemeswith {}j � tÂXÀP .
Theorem4: 1) If � H X ³ (no feedback)then� H 5Ly w.p.1Ô (15)�
The capacitygrows without bound in this casebecausethe Rayleighdistribution hasunboundedsupport.Although the Rayleigh fading

model is appropriatefor widebandchannelsof interest(e.g.,see[9]), for purposesof characterizingthemaximumof  sub-channelsgains,it

mustbreakdown for large enough . It follows from resultsin extremestatistics(e.g.,[29, Theorem2.3.1]) that the ����Â growth in capacity

holds for ��>�� provided that the Rayleighpdf is accurateup to channelgainsof ������c�� . For example,to claim that the ����Â growth

appliesfor ���������� , the Rayleighpdf shouldbe accuratefor sub-channelgainsup to ���� � ������� , or approximatelynine timesthemean.
7



2) If � H Xß!�±�$'&)(=! ( !�± active sub-channels),then $ � Ã H Ñ ¨ Ç ø � fp ô H�°  m £ ��� H�°  H È X ³ , where ø � fp ô H�°  m is the

achievablefinite-precisionrate,andthe samerate is assignedto !�± active sub-channels.
3) If � H X Ù!¸±/$'&)(�#%¾/!,+ ë �>$1&�(�-4! ( Ù!¸± ë yÉ$1&�( � ! active sub-channelswith optimizedratethresholds),thenø � fp  ½ ë � � on-off   . Furthermore,� � on-off   £ ø � fp  ½ 5?ñny #�Pæ£ � õ ��� þ
� û õ � Þ   + w.p.1 (16)

The proof is given in AppendixD. With fixed !�± , as !@5·7 , the differencebetweenthe achievableratewith
quantizedratesacrosssub-channelsand the expectedcapacity(coding acrosssub-channels)tendsto zero.With"�#%$'&)(.-/!,+ feedback,(16) statesthat this differenceconvergesto a constant.(In (16), ò ½.ô m £ � © dependsonly on ¾ .)
This is strongerthanasymptoticequivalence.As anexample,referringto the third item in Theorem4, theaverage

loss in datarate is boundedby y natswhenthe sub-channelsareassignedequalrates( ¾WX§P ). With � bits/active
sub-channel,this averagelossdecreasesto ³ Ô ³� y nats.It is easyto show that as ¾W5 7 , ø � fp  ½ 5 � � on-off   w.p.1.
Figure2 shows plots of meandataratevs. Signal-to-NoiseRatio (SNR) y for a multi-carriersystemwith 512

Rayleighsub-channelswith {}j � tæX�P . Curves are shown for water-filling, optimal on-off power allocationwith

codingacrosssub-channels,andfinite-precisionratecontrolwith ³ , 1 and2 bits persub-channel.Thefigureshows
that the capacityof the optimal on-off power allocationis very closeto thewater-filling capacity. As indicatedin

(16), the gapbetweenthe achievablefinite-precisiondatarateandwater-filling capacityincreaseswith power. As

expected,thegapbetweenthe ratewith finite-ratecontrolandtheoptimalon-off capacitydecreasesas ¾ increases.
Figure3 shows meanachievabledataratevs. total numberof sub-channelswith an SNRof 10 dB. The results

are averagedover the channeldistribution. Simulatedresultsare comparedwith the asymptoticexpression(12),

which appliesto water-filling andoptimal on-off power allocations.The achievabledatarateswith finite-precision

ratecontrolarecloseto theasymptoticestimates.Thefigureshows that thecapacitiesincreaseroughlyas $'&)(2! . As
predictedby Theorem4, thegapbetweentheachievableratewith quantizedsub-channelratesandthecorresponding

capacityconvergesto a constant.Figure3 alsoshows that the capacitywith ten active sub-channelsis accurately

approximatedby the asymptoticresultsin Theorem3.

Figure4 shows the meandatarate vs. numberof activatedsub-channels! ± with the on-off power allocation,

assuminginfinite- and finite-precisionrate control. There are ! X·P ³)³)³ sub-channels,and the SNRX·P ³ dB.
Accordingto (13), the optimal numberof active channels Ù! ± X!�  , which is consistentwith the plot. This is not

very closeto yÉ$'&)( � ! in Corollary 1 because! is not large enough.There is a substantialdifferencebetween

the peakachievable rateand the OFDM capacity, which correspondsto zero feedback.The latter is given by the

optimal on-off ratewith !¸±�X¥! . We observe that as the numberof sub-channelsincreasesbeyond the optimal

value, the dataratesdecreaselogarithmicallywith !¸± . Finite-precisionrate control performsworsethanOFDM
for large !¸± sincethe ratesetwith feedbackis determinedby theworst active channel.This is clearly suboptimal

whennearlyall sub-channelsareactivated.
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E. AchievableRateversusFeedback with RayleighFading

Theorem4 characterizesthegrowth in achievableratewith threespecificfeedbackrates:� H X ³ (no feedback),� H X¥"�#0$1&�(2!,+ , and � H´ë "�#0$1&�( - !,+ . More generally, we would like to characterizethe growth in achievable

rategivenan arbitraryfeedbackrate.We cando this by varying the rateat which the on-off threshold� © tendsto
infinity. This ratecontrolsthe feedbackrate,andwe candeterminetheassociatedincreasein achievabledatarate.

Motivedby the optimal thresholdcondition in (11), we definethe growth rate for the threshold� © by choosing
differentvaluesof " in the relation y! � �nÞ �$#© X&% (17)

where % is a constant.The optimal threshold,which maximizesthe growth in achievable rate, correspondsto"ÀX;ñIo'%ßX;ñ . In that case, � © increasesas "�#%$'&)(*!?£¡ñ�$'&)(Ì$'&)(=!>+ , the feedbackrate is "�#0$1&�( - !,+ , and the
datarate grows as "�#%$'&)(2!>+ . For general" ²À³ , � © increasesas "�#0$1&�(2!�£("Ó$1&�(Ì$'&)(=!,+ , and the feedbackrate
increasesas "�#0$1&�( m ¤ # !,+ . Define the capacitycorrespondingto a specific choiceof " as

� � #  H . The following

theoremcharacterizesthe growth in capacitywithin different feedbackregionscharacterizedby the choiceof " in

(17).
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Theorem5: If thefeedback� H growsas "�[�$'&)( # ¤ m !>g , thenthefollowing asymptoticmeanratesareachievable:
{ ) � � #  H+* ë

,---. ---/ m
õ #0 yQ$'&)( # !ß$'&)(=$'&)(2! ³ :1" º PD EGF � m ¤ 0  0 y $1&�(=! "âXÀPyÉ$1&�(=! " ² P (18)

Furthermore,a finite absoluteloss in achievablerate is incurredwith finite-precisionratecontrol.

Theproof is given in AppendixE. Accordingto (18), if the feedbackincreasesfasterthan " [ $1&�( � ! g , thenthe"�#%$'&)(*!,+ growth in capacitycanbe achieved. This appearsto be inconsistentwith Theorem4, which statesthat

the feedbackrate "�#%$'&)(.-/!,+ achievestheoptimalon-off capacity. However, theproof of Theorem5 shows that forP º " º ñ thereis an absoluteloss in capacity, which increasesas "�#%$'&)( � õ # !,+ .
Thedifferencesin achievablerateshown around"_X�P canbeexplainedasfollows. If "_X§P/d Ö for small Ö¯²¿³ ,

then the achievable rate is the sameas that obtainedby taking "üX�P and choosinga sufficiently small % ²B³ .
In that sense{ ) ��� m ¤32  H * � { ) ��� m  H * . Also, if "QXóP £ Ö , thenby choosingan appropriate% for " XóP , we still
have { ) ��� m õ 2  H * � { ) ��� m  H * . Hencethere is a continuoustransitionbetweenthe different capacityexpressions

correspondingto the different regions of " shown in (18). The scenarioin which only a finite numberof sub-

channelsy é % areactivatedcorrespondsto "ØX ³ . Setting "ØX ³ in (18) givesan achievablerate,which grows as"�#%$'&)(2$1&�(=!,+ , asstatedin Theorem3.

10
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F. CorrelatedSub-Channels

In the precedingsections,it hasbeenshown that for a classof fadingdistributions,anachievablerate,which is

asymptoticallyequivalentto thewater-filling capacity, canbeobtainedby feedingbackanoptimizedsubsetof sub-

channelsto activate.Sincethechannelcapacitydependsonly on thefirst-orderdistributionof thesub-channelgains,

that result doesnot dependon whetherthe sub-channelgainsare independentor correlated.However, correlation

amongsub-channelscan be exploited to reducethe amountof feedbackneededto representthe subsetof sub-

channelsto activate. In this sectionwe comparethe feedbackneededto achieve the order-optimal growth in

capacitywith correlatedanduncorrelatedsub-channels.

Assumingon-off feedbackwith threshold� © , we let4 ��X ,. / P if �/� ¼ � ©³ if �/� º � ©
where Pê:ü�=:¿! , anddefinethe correspondingsequence4 H X§# 4 m�o 4 � orq�qrqÂo 4 H + . That is, 4 � X§P if sub-channel� is active, and 4 H specifiesthe sequenceof active sub-channels.Define the minimum feedbackrate neededto

represent4 H as � H , measuredin bits per sub-channel. If the sequenceof sub-channelsis a stationaryprocess,

then as !85µ7 , � H convergesto the entropy rate of the sequence4 H . If the sub-channelsare i.i.d., then the

correspondingfeedbackrate � � iid  H 565f#7"Â+ÌXÀ£8" $'&)(�"�£�#hP=£9"/+.$'&)(�#hP=£9"/+ , where "âX Ùå � # � © + . If � © 567 with
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! , then "â5 ³ , in which case £8" $1&�(�"�:k£ù#hPæ£;"/+.$'&)(�#�Pæ£<"Â+ , so that� � iid  H # � © + ë "¶$'&)( P" o (19)

which goesto zerowith ! .
Supposethat the sequenceof sub-channelgains z � m�orq�qrq/o � H ~ is a Markov processwith joint second-orderpdf= # �/� o �/� õ m�+ . Clearly, z 4 m|o 4 � orqrq�qÂo 4 H ~ is a two-stateMarkov chain,asshown in Fig. 5, with transitionprobabilities> X �@?�z 4 � XÀP3� 4 � õ m¯XÀP�~¶X P" ¦�¨�nÞ ¦<¨�nÞ = # ª oBAË+¯« ª «�A

(20)C X �@?�z 4 � X ³ � 4 � õ m¯X ³ ~¶X Pæ£ü#^ñÓ£ > +D"Pæ£<" (21)

The asymptoticon-off feedbackrate is thengivenby [27]

0 1

q

1-q

1-p

p

Fig. 5. Two-stateMarkov chaincorrespondingto the sequenceE � .
� � corr H X #�Pæ£ C +F5�# > +4d�#�Pæ£ > +F5�# C +ñÓ£ C £ > XG"$5f# > +/d�#�Pæ£<"Â+�5f# C +pÔ (22)

Now supposethat the data rate on eachsub-channelis chosenfrom one of ¾ possiblerates.According to

Theorem2, themaximumachievablerateis asymptoticallyequivalentto thecapacity, althoughthereis anabsolute

loss in rate.Given a setof ¾ thresholdsHìX z ò ½.ô © o ò ½.ô m orq�qrq/o ò ½.ô ½.õ m ~ , the gain of eachsub-channelis quantized
as 4 ÷ , where 4 ÷JI,z ³ o�P)orq�qrq�oh¾�~ . That is, for the ö.S0U sub-channelwith gain � ÷ ,4 ÷ X ,. / ³ �4÷ º � ©�ÂdàP ò ½Ëô ��: � ÷ º¿ò ½.ô � ¤ m
where ò ½Ëô ½ Xß7 . The correspondingratefor sub-channelö is then ø ÷êX ÙøLK�M õ m for Pê: 4 ÷�:<¾ , and ø ÷êX ³ for4 ÷êX ³ .
The sequence4 H XÛ# 4 m|o�qrqrqÂo 4 H + , which is fed back to the transmitter, is an #%¾_dìP�+ -stateMarkov chain,as

shown in Fig 6. Let � � fp ô ½  H # � © + denotetheminimumfeedbackratewith ¾ -level finite-precisionratecontrol,which
is given by � � fp ô ½  H # � © +=X ½�� ô N � ©PO � C � N $'&)( PC � N

12
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Fig. 6. QSRUTV�BW -stateMarkov chaincorrespondingto feedbackwith finite-precisionratecontrol.

whereC � N is the transitionprobability from state� to stateX , and z O �h~ is thesteady-statedistribution.Generalizing> from (20) to the #0¾}d¡P�+ -stateMarkov chaingives> X¡�@?3z 4 �8YX ³ � 4 � õ m YX ³ ~¶X¡�@?3z �/� ¼ � © � �/� õ m ¼ � © ~ÓX P" ¦<¨�nÞ ¦<¨�nÞ = # ª oBAË+h« ª «�A�Ô
Wenow considertheminimumfeedbackrate � � corr H as !�567 . An objective is to usethis analysisto predictthe

correspondingamountof feedbackneededfor a givenwidebandsystemthat containsa finite numberof coherence

bands.In what follows, we will thereforeassumethat the ratio of coherencebandwidth to the total available

bandwidthis fixed. In that caseas ! increases,the correlationbetweenneighboringsub-channelsincreases,i.e.,$ � ÃH Ñ ¨ > X P . This limit canbe interpretedaskeepingthe total bandwidthfixed, and letting the sub-channelwidthtendto zero.Let Z # � © +=X �@?2z �/� ¼ � © ~�@?2z � � º � © � � � õ m ¼ � © ~ X "Pæ£ > Ô (23)

The asymptoticfeedbackratesfor the optimal on-off power allocationand finite-precisionrate control schemes,

relative to the feedbackratesfor i.i.d. sub-channels,aregiven in the following theorem.

Theorem6: If the threshold� © 567 with ! , and Z # � © + º 7 , then$ � ÃH Ñ ¨ � � corr H # � © +� � iid  H # � © + X $ � ÃH Ñ ¨ � � fp
ô ½  H # � © +� � iid  H # � © + X ³

Furthermore,if

Z # � © +=5 ³ with ! , then� � corr H # � © + ë � � fp ô ½  H ë #hPæ£ > +D"¶$'&)( P" Ô (24)

The proof is given in AppendixF. The condition

Z # � © + 5 ³ is neededto give the expressionfor the feedback

rate in (24), and is satisfiedin many situationsof interest.With this condition it is shown in the proof that� � corr H # � © +� � iid  H # � © + ë � � fp
ô ½  H # � © +� � iid  H # � © + ë Pæ£ > Ô

We alsoconcludethat given the samesequenceof thresholdswith ! , the growth in feedbackversus! for finite-

precisionratecontrol with a finite numberof rate levels ¾ doesnot dependon ¾ andthe setof thresholds.Hence
for large ! the additionaloverheadneededto specify one of ¾ datarate levels is negligible comparedwith the

feedbackneededto specify the binary on-off sequence.Furthermore,by choosingthe optimal thresholdset, the

correspondingachievablerate is asymptoticallyequivalentto the capacity.
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As anexample,considerRayleighfadingfor which � � # ª +=X � õ ï . To modelthecorrelationamongsub-channels,
we assumethat the sequenceznw � ~ is generatedfrom a first-orderautoregressive model,w � X�[�w � õ m=d]\ � (25)

where ³ :^[�:�P , and z�\r�h~ is sequenceof i.i.d. complex Gaussianrandomvariables,eachwith varianceP�£�[�� , so
that { j'� w �s� �rt�X§P . Theparameter[ determinesthe correlationsbetweenthe sub-channels._ Assumingthat the total
bandwidthis fixed,as !�567 , with fixedcoherencebandwidththe correlationbetweenneighboringsub-channels

increases,so that [>5MP .
It is straightforward to show that (25) implies that z � m orq�qrq/o � H ~ is a Markov process.Conditionedon w�� õ m , w��

is Rician distributed,and it is easyto obtain the second-orderdistribution for the sub-channels,= # �/� õ m|o �/� +ÌX PPæ£([ � � õ ä Ü ÿ û ú ä Üû ÿa`�bdc © A ñ�[fe �/� õ m �/�Pæ£([ � J (26)

where c © #�q�+ is themodifiedBesselfunction of the first kind andzero-order. If the threshold� © 5 7 as !�567 ,
thentheRiciandistribution canbeapproximatedasa Gaussiandistribution, andthe transitionprobability > canbe
approximatedas > � � � Þ ¦<¨g �nÞ ñ ªh� õ ï b ¦<¨g �nÞ P#hP¯£([ � + O � õ8ikj ÿa`�l'm bû ÿa` b «aA.« ª

X #�P2dn[�+Boqpfr Pæ£([P2dn[ ñ � ©ts (27)

where o�# ª +>Xvu ¨ï mg �Bw � õ l bb « ª . Substituting(27) into (24) gives the respective asymptoticon-off and finite-

precisionfeedbackrates.For example,if $ � Ã H Ñ ¨ [�X�P , then choosingthe (sub-optimal)threshold � © X mm õyxgivesthe relative feedbackgain � � corr H é � � iid  H 5 ³ Ô ��z . If #�P*£�[�+ � © 5 ³ , then(27) canbe furtherapproximatedas> � P*£ r ñI#hP*£([�+ � ©O (28)

andtheratioof minimumfeedbackratesfor correlatedandi.i.d. sub-channelsconvergesto zeroas " Ça{ #hP¯£|[�+ � © È .
Thereductionin feedbackobtainedby exploiting thesub-channelcorrelationsclearlydependson therateatwhich[ü5 P with ! . Herewe considera specialcase,motivatedby a specificdefinition of coherencebandwidth.Let}
be the total bandwidthof the channeland

}<~
be thecoherencebandwidth.We definethecoherencebandwidth}|~ Xì¹��¸� , where �¸� is thewidth of the sub-channels,and¹ XàÃ�Ä�Å z|ö�� cov # �/� o �/� ¤ ÷ + ¼n� ~ (29)

where � is the correlationbetweensub-channelsseparatedby } ~ , and ³ º � º P . Thenumberof coherencebands
spannedby thechannelis assumedto befixed,i.e., �U�� X » H X�� where� is a constant.Sincecov # � �ho � � ¤ ÷�+ÌX�[�� ÷ ,
we canwrite [QX � ûb��t� X � õ�� ��� û�b��t� o (30)�

An autogressivemodelis proposedfor Ultra-Widebandchannelsin [39]. Thismodelis statisticallyequivalentto apower-delayprofilemodel,

which gives the samesecond-orderstatisticsfor the sub-channelprocess�'�	��� .
14



which increasesto oneexponentiallywith ! .
Corollary 2: If $ � Ã H Ñ ¨ �nÞûb D EGFIH ¼ P , thenthe on-off feedbackratewith i.i.d. sub-channelsis� � iid  H ë � õ � Þ � © Ô (31)

Furthermore,the on-off andfinite-precisionfeedbackratesfor the autoregressive sequenceof sub-channelssatisfy� � corr H ë � � fp ô ½  H ë ��me ! � õ �nÞ �U�b© (32)

where � m X r D EGF û�w�� .

Comparingthe feedbackratesfor the autoregressive and i.i.d casesgives� � corr H� � iid  H ë � � fp ô ½  H� � iid  H ë �Âm r � ©! Ô (33)

Specifically, if � © ë è�$1&�(=! , where è ¼ P é ñ is a constant,then� � corr H� � iid  H ë � � fp ô ½  H� � iid  H ë e è���m r $'&)(=!! Ô (34)

The condition è ¼ P é ñ is neededso that (28) is valid.
Given the total bandwidth

}
and coherencebandwidth

} ~
, the minimum feedbackrate for on-off and finite-

precisionrate control can be estimatedfrom (32). For example,choosingthe optimal threshold � �© for Rayleigh
fading(i.e., � �© ë $'&)(2! ) givesaminimumfeedbackrateof "ÀÇ D EsF � HH È for i.i.d. sub-channels.For theautoregressive

model,theminimumfeedbackrate,relative to the i.i.d. case,is reducedby the factor " A C D EsFIHH J . In both cases,

themaximumachievablerate is asymptoticallyequivalentto the capacity.

Herewe give a numericalexamplemotivatedby a cellular system.The channelbandwidthis � MHz, and the
coherencebandwidthwith � X ³ Ô�� is P��a� kHz [30]. We take the threshold� © X m� $'&)(2! . (Taking � © ² m� $1&�(=!
complicatesthegenerationof simulatedresults,sincefor finite ! , activesub-channelsoccurrelatively infrequently.)
Figure7 shows the feedbackratevs. ! computedfrom Corollary 1, andby generatingsamplesequencesof sub-

channelgainsaccordingto (25), and encodingthe on-off sequencewith an arithmetic code.Resultsare shown

for both i.i.d. andcorrelatedsub-channelswith the samethreshold� © . We observe that the asymptoticboundsfor

both i.i.d. andcorrelatedsub-channelsdecreaselogarithmicallywith ! , i.e., $'&)(�� � corr H decreasesas £_$1&�(Ì! and$'&)(�� � iid  H decreasesas £ m� $1&�(=! . As ! increases,correlatedsub-channelsgreatly reducethe requiredfeedback,

relative to i.i.d. sub-channels,as indicatedin (33). The varianceof the simulatedresultswith correlatedchannels

increaseswith ! , andthe asymptoticresultspredict themeanbehavior.
Figure 8 shows the feedbackrate vs. [ � with !MX�� ³�³)³ . The feedbackrate for simulatedsub-channelswith

arithmeticencodingaveragedover many realizationsis alsoshown. Theoptimal threshold� �© for Rayleighfading,
givenby (8), is usedhere.As [ increases,the feedbackratedecreasesslowly when [ is small, anddropsrapidly

when [ ²�³ Ô � . Hencefor fixed [ , correlatedsub-channelsenablea significantdecreasein the feedbackrateonly

when [ is closeto one.Themeanfeedbackrate for the simulatedresultsfollows the asymptoticcurve, although

the varianceof the simulatedresultsincreaseswith [ .
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Fig. 7. Feedbackratevs. numberof sub-channels .
I I I . MULTIPLE USERS

In this section,thepreviousanalysisfor a single-userlink is extendedto multiple accessandbroadcastchannels.

Power allocationschemesfor multi-userOFDM (or OrthogonalFrequency Division Multiple Access(OFDMA))

have beendiscussedin [8], [23], [24]. Herewe characterizetheasymptoticgrowth of thesumcapacitywith perfect

channelknowledgeat the transmitters,assumingeachsub-channelcanbeassignedto at mostoneuser, andpresent

a limited feedbackschemethat achievesthis order-optimalgrowth. We considertwo limits: in thefirst, thenumber

of users9 is fixedas !@5 7 , andin the second,9@5 7 in proportionwith ! . Also, in the first limit ratesare

summedover sub-channels,whereasin the secondlimit ratesarenormalizedby P é ! .
A. Finite Numberof Users

1) Multiple Access:The 9 userstransmitmulti-carriersignalsto a singlereceiver. We assume! sub-channels,

wherethe � th sub-channelgain for user ö is �4÷ ô � . The sub-channelgainsfor eachuser ö areassumedto be i.i.d.

with c.d.f.
å ÷ # � + , andareindependentacrossusers.Althoughwe initially assumethat

å ÷ # � + canvary acrossusers,
our main resultsassumethat the usershave identicalc.d.f.’s. For eachuserthe total transmitpower is constrained

to be no more than y ÷ , i.e., � H�'� m � ÷ ô � :�y ÷ , where � ÷ ô � is the power assignedto the �uS0U sub-channelfor user ö .
The optimal power allocation,which maximizesthe total (sum) capacity, is multiuserwater-filling [23], [32].
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Fig. 8. Feedbackratevs. channelcorrelation,representedby the autogressive parameter� � . Thereare5000sub-channels.
Namely, � ÷ ô � X ,. / Ç|¢�÷¶£ m� M � Ü È ¤ if ¢�÷ � ÷ ô ��X¡Ã�ÄnÅ m�¡ N ¡P¢ ¢ N � Nsô �³ otherwise

(35)

where ¢ ÷ is thewater-level for user ö , definedbyy¯÷! X¡{¤£ËA ¢ ÷ £ P�4÷ ô � J ¤ Ú¦¥ M � M � Ü �¨§�©�ª ûD«	¬D«a ¥ ¬G��¬ � Ü�® (36)

andthe sumcapacityis givenby� � wf ô ¢  
up X ¢�÷p� m H� �'� m { ) #%$'&)(�#�¢ ÷|�4÷ ô � +h+ ¤ Ú¦¥ M � M � Ü �$§�©�ª�¬ ¥ ¬ � Ü%��¬ � Ü * Ô (37)

Note that hereandthroughoutthis section,thecapacityexpressionsareaveragedover thechanneldistribution, and

arethereforedeterministic.

As for the singlelink, we consideron-off power allocationto limit the feedbackrate,assumingthe basestation

knows all channelgains.For eachuser ö , the basestation setsa threshold �4÷ ô © and determinesthe subsetof

sub-channelswith gainsthat exceedthe threshold.If a sub-channelgain exceedsthe thresholdfor multiple users,

thenthebasestationexclusively assignsthesubchannelto a singleuser, which providesthe largestachievablerate

associatedwith that sub-channel.(Note that the ratedependson the power assignedto that sub-channel.)The set
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of assignedsub-channelsare then fed back to eachuser. Eachuser ö allocatesequalpower Ù� ÷ acrossthe subset
of active sub-channels.Thereforethe power for the �^S0U sub-channel,assumedto be assignedto user ö , is� ÷ ô � X·Ù� ÷ Ú � M � Ü Ý�� M � Þ�Ú á¯ M � M � Ü �$§�©Bª ¬ á¯ ¬ � ¬ � Ü (38)

where Ù� ÷ is determinedby the power constrainty ÷! X·Ù� ÷ { ) Ú � M � Ü Ý�� M � Þ)Ú á¯ M � M � Ü �$§�©�ª°¬ á¯ ¬h��¬ � Ü *
The correspondinguplink on-off sumcapacityis given by� � on-off ô ¢  

up X ¢�÷p� m H� �1� m { ) $'&)(�#�P2dOÙ��÷ � ÷ ô �^+�Ú3� M � ÜF± � M � Þ Ú á¯ M � M � Ü �$§�©�ª°¬ á¯ ¬h��¬ � Ü * Ô
As before,the rateperusercanbequantizedby quantizingthe ratesacrosssub-channels.Herewe only consider

assigningthe samerateto all sub-channels(one-level ratecontrol). The achievablerate is thenø � fp ô ¢  
up X ¢�÷p� m H� �'� m $1&�(�#�P d Ù� ÷|�4÷ ô © +�{ ) Ú � M � Ü²± � M � Þ�Ú á¯ M � M � Ü �$§�©Bª�¬ á¯ ¬s��¬ � Ü * Ô (39)

For the following theorem,we assumethat theusershave thesamechannelgaindistribution andthesamepower

constraint.

Theorem7: Given 9 users,as ! 5 7 , the sum capacitiescorrespondingto the multiuserwater-filling and

on-off power allocationsareasymptoticallyequivalent,andscalelinearly with the numberof users,i.e.,� � on-off ô ¢  
up ë � � wf ô ¢  up ë 9Wy � �© (40)

where � �© is the optimal thresholdfor a single link in (8). Furthermore,
��� on-off ô ¢  
up £ ø � fp ô ¢  up convergesto a finite

constant.

The proof is given in AppendixG. The uplink sumcapacitywith 9 usersthereforebehavesasymptoticallyas

if the userswere transmittingover non-overlappingchannels.This is becauseas !·5 7 , the probability that a
particularsub-channelis requestedby a usertendsto zero,hencethe probability thatmorethanoneuserrequests

thesamesub-channelalsotendsto zero.³ For large ! , finite-precisionratecontrolgivesa constantlossin capacity.

2) Broadcast:Thebasestationnow transmitsmulti-carriersignalsto the 9 users.We againlet �4÷ ô � denotethe� th channelgainfor user ö , andassumethatthesub-channelsfor user ö arei.i.d. with c.d.f.
å ÷ # � + . Thesub-channels

acrossusersareagainindependent.The total transmitpower is constrainedto be no morethan 9Øy .
To maximizethesumcapacity, thebasestationassignseachsub-channelto theuserwith the largestsub-channel

gain,andthenwater-fills over thosesub-channels[31]. The power assignedto sub-channel� is therefore����X A ¢}£ P�4÷cÜ ô � J ¤
wheresub-channel� is assignedto ö � , �4÷cÜ ô � XàÃ�ÄnÅ ÷��4÷ ô � , and ¢ is thewaterlevel chosento satisfy � H�'� m � � :ü9Wy .´

The proof mustshow that the increasein sumratedueto multi-userdiversity goesto zero.
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Let µ�# ª +2X!¶ ¢ ÷p� m å ÷ # ª + denotethe c.d.f. for �4÷cÜ ô � . As !�567 , the power constraintbecomes¦ ¨© A ¢�£ Pª J ¤ «·µ�# ª +=X 9Wy! (41)

andthewater-filling capacityper sub-channelis givenby� � wf ô ¢  
down X¡!¥¦ ¨© $1&�( #�¢ ª + ¤ «aµ�# ª +pÔ (42)

To limit feedbackwe considerthe on-off power allocationwith a single threshold � © for all users.Eachuser
informs the basestationthe indicesof sub-channels,which have gainsexceedingthe threshold.The basestation

thenallocatesuniform power acrossall active sub-channels.If morethanoneuserrequeststhe samesub-channel,

then the basestation randomly selectsone of thoseusersto transmit.̧ Hence the power on sub-channel� is� � X·Ù�¸Ú � M Ü � Ü Ý��nÞ . As !�567 , we have Ù��X 9Wy!fj Pæ£(µ�# � © +ut o (43)

andthe on-off capacityper sub-channelis given by� � on-off ô ¢  
down X�!Ø{àj � �Ó�4� ¹@�G� ¼ P�t�º�»�zË� ¹6� ¼ P�~ (44)

where ¹@�4XÀz|ö�� � ÷ ô � ¼ � © ~ .
We againconsiderfinite-precisionrate control with equalrateson all active sub-channels.The achievable rate

per sub-channelis then ø � fp ô ¢  
down X¡!�$'&)( [ P2dLÙ� � © g º�»�zË� ¹@�s� ¼ P)~�Ô

The following theoremcomparestheasymptoticbehavior of thedownlink capacitywith water-filling andon-off

power allocations,andthe achievableratewith finite-precisionratecontrol.

Theorem8: Given 9 userswith identical channelgain distributions,as !k5µ7 , the water-filling and on-off

capacitiessatisfy � � wf ô ¢  
down ë � � on-off ô ¢  down ë 9Wy � �© Ô (45)

Furthermore,
� � on-off ô ¢  
down £ ø � fp ô ¢  down convergesto finite constant.

The proof is given in AppendixH. Theorems7 and 8 statethat the uplink and downlink capacitieshave the

sameasymptoticbehavior, althoughthe assignmentof sub-channelsto usersis accomplishedin differentways.

B. Infinite Numberof Users

1) Downlink: Now we extendthe resultsin sectionIII-A.2 for finite numberof usersto the limit in which the

numberof users 9 5 7 with fixed numberof usersper sub-channel�ßX ¢ H . That is, the systemsize grows

with fixed load.For simplicity, in this sectionthe sub-channelgainsacrossusersareassumedto be i.i.d., and the¼
Herewe ignorefairnessissues,which mustbe consideredin schedulingalgorithms.
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sub-channelgain distribution
å ÷ # ª + X å � # ª +*X§Pæ£ � õ ï , correspondingto Rayleighfading.The following results

rely on the limiting behavior of the extremaldistribution
å ¢� #hq + . Namely, from [29, Theorem2.3.1]$ � Ã¢ Ñ ¨ å ¢� #�ç½¢¿d<è�¢ ª +=XG¾�Å¦¿4#h£ � õ ï + (46)

We remarkthat theextensionof the following resultsto themoregeneralclassof sub-channeldistributions,which

satisfy the extremal relation (46) with the appropriatesequencesç½¢ and è�¢ (see[29, Theorem2.3.1]), doesnot

appearto bestraightforward.Herewe simply notethat if the resultscanbeextendedin this way, then ç½¢ is given

by
å õ m #hPæ£<P é 9>+ insteadof $'&)(=9 [29, Theorem2.3.1].

Theorem9: Thedownlink sumcapacitieswith water-filling andon-off power allocations,andtheachievablerate

with finite-precisionratecontrol satisfy$ � Ã¢ Ñ ¨ � � wf ô ¢  down £ � � on-off ô ¢  down X $ � Ã¢ Ñ ¨ � � on-off ô ¢  down £ ø � fp ô ¢  downX $ � Ã¢ Ñ ¨ ø � fp ô ¢  down £Q$1&�(�#�P dÀ�Ây�ç½¢ê+ÌX ³ Ô (47)

The proof is given in Appendix I. The downlink capacityincreasesas "�#%$'&)(2$1&�(=9>+ , which is consistentwith

analogousresultsin [31]. Á
2) Uplink: We now considerthe uplink modeldiscussedin sectionIII-A.1, andlet 9a5 7 with fixed ¢ H X�� .

The usershave the samepower constraint y , and the samefading distribution, i.e.,
å ÷ # ª +QX å � # ª + , so thatµ�# ª +=X å ¢� # ª + .

With the water-filling power allocationit is easyto show that all usershave the samewater level, i.e., ¢�÷�Xß¢ ,
and(70) becomes �/y§X ¦ ¨© A ¢}£ Pª J ¤ «aµ�# ª +�Ô (48)

Similarly, we canshow that the asymptoticuplink capacityper sub-channelis givenby� � wf ô ¨  up X ¦ ¨© j $1&�(�#�¢ ª +�t ¤ «aµ�# ª +pÔ (49)

From the downlink analysisin the precedingsectionit follows that� � wf ô ¨  up £Q$1&�(�#hP2dÀ�Ây�ç½¢ê+=5 ³ Ô (50)

With the on-off power allocation,all usershave the samethreshold � © , so that the power constraintbecomes
(see(75) in AppendixF) �Ây¥X·Ù��j Pæ£(µ�# � © +utÂ

A moreprecisecharacterizationof the asymptoticbehavior of the downlink on-off sumcapacityhasbeenrecentlypresentedin [33].
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andthe capacityper sub-channelis givenby (see(77) in AppendixF)� � on-off ô ¨  up X ¦�¨�nÞ $'&)(�#�P2dLÙ� ª +h«aµ�# ª +¼ #�Pæ£(µ�# � © +h+.$'&)(�#�P2d;Ù� � © +2X ø � fp ô ¨  up Ô
From the analysisin the precedingsectionit follows that� � wf ô ¨  up ¼ ��� on-off ô ¨  down ¼ ø � fp ô ¨  up (51)

and
ø � fp ô ¨  up £Q$1&�(�#hP2dÀ�/y�ç·¢ê+Ì5 ³ . We restatethis as the following theorem.

Theorem10: The uplink sumcapacitieswith water-filling andon-off power allocations,andthe achievablerate

with finite-precisionratecontrol satisfy$ � Ã¢ Ñ ¨ � � wf ô ¢  up £ � � on-off ô ¢  up X $ � Ã¢ Ñ ¨ � � on-off ô ¢  up £ ø � fp ô ¢  upX $ � Ã¢ Ñ ¨ ø � fp ô ¢  up £Q$1&�(�#�P dÀ�Ây�ç½¢ê+ÌX ³ Ô (52)

C. NumericalResults

Figure 9 comparesthe precedingasymptoticresultsfor the downlink with the analogousresultsobtainedby

numerically averagingthe correspondingrate expressionsover different channelrealizations.For the finite-size

systemthereare !KXÃ� ³)³ i.i.d. sub-channels,and the power per user is P ³ dB. Curves are shown for water-

filling and optimizedon-off power allocations,and also for equal ratesassignedto active sub-channels(one-bit

ratecontrol).The capacityper user is shown, andaspredictedby Theorem8, is approximatelyconstantwhenthe

numberof usersis small (e.g., :BP ³ ). (Of course,the insensitivity to the systemload when 9 is small becomes

morepronouncedas ! increases.)As 9 increases,the curvesconverge,anddecreaseas #%$'&)(Ì$'&)(29>+ é 9 , asstated
in Theorem9.

IV. CONCLUSIONS

We have studied the benefitsof relaying quantizedchannelgains to the transmitter, assumingmulti-carrier

modulation through a frequency-selective fading channel.Our results relate the asymptoticgrowth in capacity

with numberof sub-channelsto the numberof feedbackbits per transmittedcodeword. Specifically, with i.i.d.

Rayleighfading sub-channels,"�#0$1&�( - !,+ feedbackbits per codeword can achieve the optimal "�#0$1&�(2!,+ growth
in capacity, correspondingto water-pouringwith exact channelinformationat the transmitter. The absolutelossin

achievableratedueto quantizationis on theorderof a constant,which increaseswith SNR.Reducingthe feedback

to "�#%$'&)(*!,+ bits per codeword reducesthe growth in capacityto "�#0$1&�(=$'&)(=!,+ . Theseresultsapply to adaptive

modulationschemes,in which eachactive sub-channelis assigneda quantizedratewith the samepower, aswell

ascodingschemes,which areappliedacrosssub-channels.

With correlatedsub-channelgains, less feedbackis neededto achieve the optimal growth in achievable rate,

relative to i.i.d. sub-channels.For the first-order autoregressive Rayleigh fading model considered,the ratio of
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Fig. 9. Averagedownlink sumcapacityper userversusnumberof userswith on-off andwater-filling power allocations.Numericalresultsfor

finite-sizesystemsandasymptotic(large system)resultsareshown.

feedbackfor the two casestends to zero as " A C D EsFIHH J , assumingoptimized thresholds,and that the ratio

of coherencebandwidthto the total available bandwidth is fixed. It is easy to verify that this order reduction

in feedbackalso appliesto a higher-order autoregressive model, althoughthe associatedconstantbecomesmore

difficult to compute.

We have alsoextendedtheprecedingresultsto multi-useruplink anddownlink channels,whereeachuserfeeds

backthesetof sub-channelswith gainsthatexceeda threshold.If 9 is small relative to thenumberof sub-channels! , thenthe sumcapacityscaleslinearly with thenumberof users9 . If 9 and ! tendto infinity with fixed ratio,

thenfor Rayleighfadingthesumcapacitypersub-channel(with limited feedback)increasesas "�#%$'&)(2$1&�(=9>+ . These
resultsapply to both the uplink anddownlink.

All of theseresultsassumethat the feedbackis usedto specifyan on-off power allocation,which achieves the

optimal growth in capacityfor a classof channelgain distributions of interest.Although this type of feedback

schemeis relatively simpleandpractical,we have not shown that other feedbackschemescannotperformbetter.

Namely, in generala quantizedversionof the receivedsignalcould be fed backto the transmitter. The capacityof

sucha channelmodel is unknown.�c�¬G¬
The classicalinformationtheoreticmodelwith feedbackassumesthat the transmitterknows the channel(e.g.,see[36], [37]).
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We have also assumedthat the receiver hasperfect knowledgeof the channel.Of course,the feedbackmust

be determinedfrom channelestimates.If the channelcoherencetime is sufficiently long, then accuratechannel

estimatescanbeobtainedwith a relatively small expenditureof transmittedresources,so that the resultspresented

hereapply. However, with a short coherencetime, both the amountof transmittedresourcesdevoted to channel

estimationandthechannelestimationerrormustbetakeninto accountwhencomputingtheachievablerate.Related

resultsfor a block fadingchannelmodelarepresentedin [34], [35].

Finally, a naturalextensionof themodelandresultspresentedhereis to addmultiple antennas,andalsomultiple

userswith different rate requests.In thosescenarios,themulti-carrier thresholdfeedbackschemeconsideredhere

canbecombinedwith thevectorquantizationschemesfor MIMO channelsdescribedin [15], [38]. (Sucha scheme

for downlink beamformingis analyzedin [40].) Thebenefitsof limited feedbackwith differentuserconfigurations

(e.g.,uplink anddownlink) remainto be determined.

Acknowledgment: TheauthorsthankRandallBerry andJieying Chenfor helpful discussionsconcerningthiswork,

andJieying Chenfor her assistancewith the proof of Theorem9.

APPENDIX

A. Proof of Theorem1

1) On-Off Power Allocation: We first determinethe asymptoticbehavior of the capacitywith on-off feedback.

With someabuseof notation,herewe let
� � denotethecapacityfor the �uS0U sub-channel.Givena threshold� © , we

have � � X¿$'&)( A P2d y!×Ùå � # � © + �/� J Ú �nÜ ± �nÞ o
which is a randomvariable.We first show that

� on-offH ë {}j � � t as !�567 . We have{}j � �� t8X ¦<¨� Þ $1&�( � AÂP2d y! Ùå � # � © + ª J � � # ª +h« ª: $'&)( � A P2d y!ÁÙå � # � © + � © J Ùå �Â# � © +4d ñny! ¦ ¨�nÞ Ùå � # ª +Ùå � # � © + �H_áã ä � � Þ   ªP2d �H_áã�ä � �nÞ   ª « ª: $'&)( � A P2d y!ÁÙå � # � © + � © J Ùå �Â# � © +4d ñny! qÅÄ m
where Ä m is a finite constant.The first inequality is obtainedby integrating by parts and by using the bound$'&)(�#hP2d<ç ª +*:üç ª . The secondinequality follows from the observationsthat for any ª ²ü³ , Æ�UÇÈ ä i ä Þ m ïm ¤ Æ�UÇÈ ä i ä Þ m ï :ìP and{}j � � �Q² ª t�£ ª X ¦ ¨ï A � � #ÉAI+Ùå � #7AI+ «aA�£ ªX ¦ ¨ï Ùå � #ÉAË+Ùå � # ª + «aA: ¦ ¨ï Ä � q�� � #7AI+Ùå � # ª + «�A º 7
where Ä � is a finite constant.
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We alsohave {}j � �%t8X ¦<¨�nÞ $1&�( A P2d y!×Ùå �Â# � © + ª J �n��# ª +�« ª¼ ¦ ¨�nÞ $1&�( A P2d y!×Ùå � # � © + � © J �n��# ª +�« ªX $'&)( A P2d y!ÛÙå � # � © + � © J Ùå �Â# � © +�Ô
Since the capacitiesacrosssub-channelsare i.i.d., accordingto the central limit theorem,the on-off capacityis

Gaussian,i.e.,
��ÊÀË #�!Ø{}j � � tuoG!ÍÌ � + where Ì � :ü{}j � �� t . From theChebyshev inequalitywe have that�@? £�ÎÎÎÎ �{}j � t £<P ÎÎÎÎ � ¼ RÏ® : !ÍÌÂ�RB#0!Ø{}j � �%t%+ � X P!×Ùå �Â# � © +�R d<" A P� �© J Ô (53)

From Lemma1, to achieve the capacitythe expectednumberof active sub-channels!ÛÙå ��# � © +=5k7 as !a5 7 .
Furthermore,the threshold� © 567 with ! , sinceotherwisethe capacityper sub-channelwould remainbounded.
Hencethe right sideof (53) tendsto zerowith ! , and � ë {}j � t .
We now characterizethe optimizedthreshold� © as !�567 . Themeancapacityis upperboundedas{}j � tMX ! ¦ ¨�nÞ $'&)( AÂP2d y! Ùå � # � © + ª J � � # ª +h« ªX !ÁÙå � # � © + ¦ ¨�nÞ $'&)( AÂP2d y! Ùå � # � © + ª J � �¦Ð � ± � Þ # ª +h« ª: Ù�ÒÑ !�$1&�( AÂP2d y! Ùå � # � © + ¹ # � © + J Ùå � # � © +

where ¹ # � © + Ñ {}j � � �Q²<� © t . After somemanipulationwe cancalculate«êÙ�« � © X �áã ä � � Þ   �n��# � © +�#^ñ)¹ # � © +�£ � © +P2d �H_áã ä � � Þ   ¹ # � © + £ !ß$1&�( AÂP2d y!×Ùå �Â# � © + ¹ # � © + J � � # � © +X � ð ä � �nÞ  áã)ä � �nÞ  P2d �H_áã ä � � Þ   ¹ # � © +VÓ A ¹ # � © +�£ � © £ Pñ y! Ùå � # � © + ¹ � # � © + J d Pñ y�¹ � # � © +! Ùå � # � © + y�¹ # � © +! Ùå � # � © +
Ôd "ÕpÂ!?A y!ÛÙå ��# � © + ¹ # � © + J - � � # � © + s
where > #�!,+ÌXì"<# = #0!,+G+ denotesa term for which $ � Ã H Ñ ¨ > #�!,+ é = #�!,+ is a finite constant.

If ���© satisfies(8), then«êÙ�« � © ÎÎÎÎ � Þ �/� �Þ X y ð ä � ���Þ  áã�ä � � �Þ  P2d �°Ö » � � �Þ   õ � �ÞB×» � � �Þ   ñ j ¹ # � �© +�£ � �© t��¹ # � �© + d<" A �)y � � # � �© +Ùå � # � �© + #�¹ # � �© +�£ � �© +h�¹ # � �© + JX " A � � # � �© +Ùå � # � �© + P¹ # � �© + J X¡" A P¹ # � �© + J
where the secondequality follows from noting that ¹ # � �© + £ � �© º 7 from (53) and ¹ # � �© + ¼ � �© 5Õ7 as!�567 . To show that ��Ã�ÄnÅ � Ù� # � +�£×Ù� # � �© +r��5 ³ as !@5 7 , it is sufficient to show that � «3�æÙ� é « � �© � is bounded
away from zero in a neighborhoodof � � . We thenhaveÃ�ÄnÅ�nÞ {}j � t4:<Ã�Ä�Å�nÞ Ù� X¡!�$'&)( A P2d y!ÛÙå ��# � �© + ¹ # � �© + J Ùå ��# � �© +4d�" A P¹ # � �© + J Xüy � �© d�" A P¹ # � �© + J Ô
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Furthermore, Ã�Ä�Å�nÞ {}j � t ¼ !¥¦�¨� �Þ $'&)( A P2d y!×Ùå � # ª + ª J �n��# ª +�« ª¼ !�$1&�( A P2d y!ÛÙå �Â# � �© + � �© J Ùå ��# � �© +X y � �© d<" A y�� � �h�©!ÛÙå � # � �© + JX y � �© d<"�#�P|+po
so that $ � Ã H Ñ ¨ §�©BªhØ Ö Ù ×� � �Þ 5kP , or � � on-off   ë y � �© .

2) Water-Filling: As for theon-off power allocation,we first show that
� ë {}j � t , andthenshow that {}j � t ëy � �© . The capacityfor the � th sub-channelis � ��Xà$'&)(�#�¢ � �^+�Ú �nÜ ± ûÚ Ô

Since $1&�( � #0ç ª + is a concave function for ª ¼ m± , we have{ j � �� t8X ¦ ¨m�Û�¥ $1&�( � #^¢ ª +h� � # ª +h« ª :�$'&)( � #�¢�¹ #�P é ¢�+h+�Ùå � A P¢ J: A�¢4#^¹ #�P é ¢�+�£ P¢ + J � Ùå � A P¢ J X�"BA�¢ � Ùå � A P¢ J J
and {}j � �%t8X ¦<¨mBÛ�¥ $'&)(�#�¢ ª +G�n�Â# ª +�« ª Xß¦�¨m�Û�¥ Ùå � # ª +ª « ª¼ ¦<¨mBÛ�¥ constantq��n��# ª +ª « ª

¼ " A Ùå � # m¥ +¹ #hP é ¢�+ J Ô
As for the on-off case,the total capacitysummedover sub-channelsis Gaussian,and theChebyshev inequality

implies that �@? £ÅÎÎÎÎ � �{}j � � t £üP ÎÎÎÎ � ¼ RÏ® : !ÍÌÂ�R #0!Ø{ j � � t�+ � X�" A #^¢ {�+��!×Ùå �Â# m¥ + JX "BA #hP2d�¢�#0{À£ m¥ +h+h�!ÛÙå � # m¥ + J Xì"´A P!ÁÙå � # m¥ + J Ô
From Lemma1, the expectednumberof active sub-channels!×Ùå � # m¥ + 5 7 as ! 5 7 . Hence � � é {}j � � t�5µP
with probability one,so that

� � ë {}j � � t .
To determinethe asymptoticmeancapacitywe first write the power constraint(3) asy! X ¦<¨mBÛ�¥ A ¢}£ Pª J � � # ª +�« ª Xì¢�Ùå � A P¢ J £ ¦<¨mBÛ�¥ � � # ª +ª « ª Ô

Denote Ü�X�¹ #�P é ¢�+�£<P é ¢ . From Jensen’s inequality, we have u ¨mBÛ�¥ ðhä �1ï  ï « ª ¼ Ùå �Â#hP é ¢�+ é ¹ #�P é ¢�+ , so thaty! :ß#^¢�£ P{ +�Ùå � A P¢ J X Üh¢ �P2d]Üh¢ Ùå � A P¢ J :^Üh¢ � Ùå � A P¢ J Ô (54)
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Let Ý�# ª +=X áã)ä �1ï   � » �1ï   õ ï  ï b , andnote that«ÞÝÌ# ª +« ª XÀ£ Ùå ��# ª +ª � £ ñª ÝÌ# ª + º ³ o
i.e., ÝÌ# ª + is a decreasingfunction.From (8) and(54), for large ! we haveÝÌ# � �© +ÌX yñ�! d<"´A y!Ø{}j � � �Q²<� �© t J º y! :�ÝÉA P¢ J
so that m¥ : � �© .
Now let ß #�¢�+=X ¥± » � mBÛ'¥   ¥ ¤ m õ ± Ùå � # m¥ +�£(u ¨mBÛ�¥ ð ä �1ï  ï « ª , where ³ :üç :�P . Thenwe cancalculate«aß¶#�¢�+«3¢ X Pæ£ ç#hP2dfç·Üh¢�+ � Ùå � A P¢ J £ ç·Ü���¢#hP2dfç·Üh¢�+ � � � A P¢ J

andsince áã)ä �1ï  ð ä �1ï   ¼ R ²¿³ , we have «·ß #�¢�+«.¢ ¼ #�Pæ£ ç.+�RÁ£ ç·Ü���¢#hP2dfç·Üh¢�+ � � � A P¢ J ¼ ³
for ³ :ì¢Q: � m õ ±  7à± S b . Since ß¶# ³ +*X ³ , as !O587 , ¢Ø5 ³ and çT5ÆP , andwe have ¥m ¤ S ¥ Ùå � # m¥ + ¼ u ¨m�Û�¥ ð ä �1ï  ï « ª .
Hence,for largeenough! y! ¼ ¢�Ùå �_A P¢ J £ ¢P2d]Üh¢ Ùå �_A P¢ J X Üh¢ �P2d]Üh¢ Ùå �âA P¢ J Ô
The capacityis thenupperboundedas{}j � t8X ! ¦ ¨m�Û�¥ $1&�(�#^¢ ª +h� � # ª +�« ª :¿! ¦ ¨mBÛ'¥ #^¢ ª £<P|+h� � # ª +�« ªX ! Ó ¢�¹ #�P é ¢�+�Ùå � A P¢ J £�Ùå � A P¢ J Ô Xà!9Üh¢�Ùå � A P¢ J Ô

Hencewe have {}j � ty : P¢ dÀÜ*: � �© o
which follows becauseboth m¥ and � �© 5Æ7 with m¥ : � �© , and Ü º 7 (from (53)). Therefore,{}j � � wf   t*:¡y � �© .
Sincewater-filling is optimal, we have {}j � � wf   t ¼ { j � � on-off   t . Therefore,� � wf   ë � � on-off   ë y � �© , where � �© is
the solutionto (8).

B. Proof of Theorem2

We have {}j ø � fp  ½ t�X�! ½.õ m� �1� © $1&�( A P2d y!×Ùå � # � © + ò ½.ô � J [ÂÙå � # ò ½Ëô � +�£aÙå � # ò ½.ô � ¤ m�+hg
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where ò ½.ô ½ Xß7 and Ùå � # ò ½.ô ½ +ÌX ³ . We cancalculateá {}j ø � fp  ½ tá ò ½.ô ½.õ m X ! �H_áã ä � � Þ   �n��# ò ½.ô ½.õ m +P*d �H_áã ä � � Þ   ò ½.ô ½.õ m Ó Ùå �Â# ò ½.ô ½.õ m +� � # ò ½.ô ½.õ m�+ £¿# ò ½.ô ½.õ m £ ò ½Ëô ½.õ � + Ôd�"+âã/!,��� Þ # ò ½.ô ½.õ m + p �H_áã ä � � Þ   # ò ½.ô ½.õ m £ ò ½Ëô ½.õ � +P2d �H_áã ä � � Þ   ò ½Ëô ½.õ m s �täå
X �áã ä � � Þ   ����# ò ½.ô ½.õ m +P=d �HWáã�ä � �nÞ   ò ½.ô ½.õ m|Ó Ùå �Â# ò ½.ô ½.õ m +� � # ò ½.ô ½Ëõ m�+ £¿# ò ½.ô ½Ëõ m £ ò ½.ô ½.õ � + Ô d<" p !,�n� Þ # ò ½.ô ½.õ m + A ò ½.ô ½.õ m £ ò ½Ëô ½.õ �ò ½.ô ½Ëõ m J � s

If ò ½.ô ½.õ m*£ ò ½.ô ½.õ � X áã ä ��� þ	� þ�ÿ û  ð�ä ��� þ	� þ�ÿ û   , thená { j ø H tá ò ½.ô ½Ëõ m X " p !,����# ò ½.ô ½.õ m + A Ùå � # ò ½.ô ½.õ mr+� � # ò ½.ô ½.õ mr+ J � Pò �½.ô ½Ëõ m sX "æp !ÛÙå �Â# ò ½.ô ½.õ m +ò �½.ô ½Ëõ m Ùå �Â# ò ½Ëô ½.õ m +� � # ò ½.ô ½Ëõ m�+ s 5 ³
provided that the threshold � © is chosenso that the averagenumberof active sub-channels!×Ùå �Â# � © +�5 7 as!�567 .
Similarly, for Pê:ü�Ì:ü¾T£Éñ , we cancalculateá {}j ø � fp  ½ tá ò ½.ô � X �áã ä � � Þ   ����# ò ½.ô �u+P=d �HWáã ä � � Þ   ò ½.ô � Ó Ùå �Â# ò ½.ô �u+�£@Ùå �Â# ò ½.ô � ¤ m +� � # ò ½.ô � + £¿# ò ½.ô �Â£ ò ½.ô � õ m + Ôd�"+âã !,����# ò ½.ô �u+ p �H_áã ä � � Þ   # ò ½.ô �Â£ ò ½.ô � õ m +P2d �H_áã�ä � �nÞ   ò ½.ô � s �täå

X �áã�ä � �nÞ   � � # ò ½.ô � +P=d �HWáã�ä � �nÞ   ò ½.ô � Ó Ùå � # ò ½.ô � +�£@Ùå � # ò ½.ô � ¤ m�+� � # ò ½.ô � + £¿# ò ½.ô �Â£ ò ½.ô � õ m + Ô d<" p !,�n��# ò ½.ô �u+ A ò ½.ô � £ ò ½Ëô � õ mò ½.ô � J � s
and letting ò ½.ô � £ ò ½Ëô � õ m¯X áã�ä ��� þ	� Ü   õ áã�ä ��� þ	� Ü1ú.û  ðhä ��� þ	� Ü   , it is easyto show thatá {}j ø � fp½ +�tá ò ½.ô � Xì" p !f#�Ùå � # ò ½Ëô � +�£aÙå � # ò ½.ô � ¤ m�+h+ò �½.ô � Ùå � # ò ½.ô � +�£�Ùå � # ò ½Ëô � ¤ m�+� � # ò ½.ô � + s 5 ³
Wecanthenshow that ��Ã�Ä�Å � þ
� Ü ø � fp  ½ # ò ½.ô �^+p£ ø � fp  ½ # ò �½Ëô � +��)5 ³ , whereò �½.ô � satisfies(9), by showing that � á � ø � fp  ½ é á ò �½.ô � �
is boundedaway from zero in a neighborhoodof ò �½.ô � . Hence Ùø � fp  ½ ë {}j ø � fp  ½ t .
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Furthermore,we have{}j ø � fp  ½ £ ø � fp  m tMX ! p ½Ëõ m� �'� © $'&)(�#�P2d y!×Ùå �Â# � © + ò ½.ô �^+�#/Ùå �/# ò ½.ô �^+�£�Ùå �Â# ò ½.ô � ¤ m +G+�£>$'&)(�#�P2d y!×Ùå �Â# � © + � © +�Ùå �Â# � © + sX ! ½.õ m� �'� m A $'&)(�#�P2d y!ÛÙå � # � © + ò ½.ô � +�£Q$1&�(�#hP2d y!ÛÙå � # � © + ò ½Ëô � õ mr+ J Ùå � # ò ½.ô � +X ! ½.õ m� �'� m $'&)( p P2d �H_áã ä � � Þ   # ò ½.ô �Â£ ò ½.ô � õ m +P2d �H_áã)ä � �nÞ   ò ½.ô � õ m s Ùå �Â# ò ½.ô �u+: ! ½.õ m� �'� m �H_áã)ä � �nÞ   # ò ½.ô � £ ò ½.ô � õ m�+P2d �HWáã)ä � �nÞ   ò ½.ô � õ m Ùå � # ò ½Ëô � + (55)

: ! ½.õ m� �'� m y!×Ùå �Â# � © + # ò ½.ô � £ ò ½.ô � õ mr+ Ùå � # ò ½Ëô � +X ! ½.õ m� �'� m y!×Ùå �Â# � © + #ÂÙå �Â# ò ½.ô �u+�£�Ùå �Â# ò ½.ô � ¤ m +G+ Ùå � # ò ½.ô � +� � # ò ½.ô � +: y Ùå � # ò ½Ëô mr+Ùå � # � © + Ã�Ä�Åï Ùå � # ª +�n��# ª +: y Ã�ÄnÅï Ùå � # ª +�n��# ª +
C. Proof of Theorem3

Since � � m  H X¿Ã�ÄnÅ�z � m|orq�qrqÂo � H ~ , andthe sub-channelgainsareassumedto be i.i.d.,º�»�z � � m  H º ª ~ÓX§j º�»rz � º ª ~rt H 5 ³ o
i.e., the distribution is degenerateas !�567 . Accordingto [28, Theorems3.3 and7.1], as !�567 ,º�»�z � � m  H £>$'&)(2! º ª ~\5 ¾�Å¦¿Âz�£ � õ ï ~º�»�z � � ÷  H £>$'&)(2! º ª ~\5 ¾�Å¦¿Âz�£ � õ ï ~ ÷ õ m� �'� © � õ � ï��ç Ô
Since «« ª ph¾rÅ½¿éè £ � õ ïÞê ÷ õ m� �'� © � õ � ï��ç s X�¾rÅ¦¿éèI£ � õ ïhê � õ ÷ ï#^ö�£üP�+°ç o
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as !@5 7 , we have {�z � � ÷  H £Q$1&�(=! ~\5 ¦<¨õ ¨ ª ¾�Å¦¿Âz3£ � õ ï ~ � õ ÷ ï#^ö¸£<P|+�ç « ª#�ë�X � õ ï oG« ª X «aëë +X £ ¦�¨© #%$'&)(�ë.+ � õPì ë ÷ õ m#�ö�£<P|+�çÍ ÎpÏ Ðí
distribution

«·ë
¼ £_$'&)( A ¦<¨© ë � õyì ë ÷ õ m#^ö�£üP�+°ç «·ë JX £_$'&)( #^ö¸£<P|+pÔ (56)

wherethe inequalitycomesfrom the Jensen’s Inequalitysince $'&)(�# ª + is a concave function.Also, we have{�z � � ÷  H £Q$1&�(=! ~ê:¿{�z � � m  H £>$'&)(=!É~ 5 ¦�¨õ ¨ ª ¾rÅ¦¿Âz�£ � õ ï ~ � õ ï « ª XGÄ (57)

where Ä is the Euler-Mascheroniconstant.Combining(56) and(57) implies {}# � � ÷  H + ë $1&�(=! .
It is easyto show that for ë ¼ P , ³ :¡$'&)(îë º e ë , or #%$'&)(îë3+h� º ë . Then letting ATX mì gives #%$'&)(�AI+h� º mï for³ :nAT:ìP . Thereforefor ö ¼ ñ we have{�z3j � � ÷  H £Q$1&�(=!_t � ~\5 ¦ ¨õ ¨ ª � ¾�Å¦¿Âz�£ � õ ï ~ � õ ÷ ï#�ö¸£üP�+°ç « ªX ¦ ¨© #%$'&)(�ë3+ � � õPì ë ÷ õ m#�ö¸£üP�+°ç «·ë: ¦ m© Pë � õyì ë ÷ õ m#^ö¸£<P|+�ç «aë d ¦<¨m ë � õPì ë ÷ õ m#�ö�£üP�+�ç «·ë: ¦ m© � õPì «·ë¶d ¦<¨© ë � õyì ë ÷ õ m#�ö¸£üP�+°ç «·ëX Pæ£ � õ m d<ö�o (58)

andfor ö�X�P , {�z3j � � m  H £Q$1&�(=!_t��n~ÓX�ñ	Ä��=d w ð . Therefore,var Ç � i M mD EGF H È 5 ³ , and$ � ÃH Ñ ¨ � � ÷  $1&�(=! X $ � ÃH Ñ ¨ { Ó � � ÷  $1&�(=! Ô X�P
in themeansquaresense,which implies that$'&)(�# � � ÷  H +�£>$'&)(=$1&�(=!�Xà$'&)( p � � ÷  H$1&�(=! s 5 ³ Ô (59)

Thereforefrom Lemma1��� H�°  H £ H °�÷p� m $1&�( � � ÷   5 ��� H�°  H £ !�±�$1&�(Ì$'&)(=!�X H °� �1� m $'&)(=� � d�ÊË#�P|+ :<!¸±4$'&)(TA y!�± J d�ÊË#�P|+pÔ (60)
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D. Proof of Theorem4

1) When no channelinformation is available at the transmitter, the power is spreaduniformly acrossall sub-

channels,so that � H X H� �'� m $1&�( AÂP2d y! �/� J X H� �'� m y! �/� d<" A � ��! � J Ô
As !@5 7 , � H 5Ly�{ j � tId�"ÀÇ Ø Ö � b ×H È 5Ly .

2) As shown in Theorem3, we have $ � Ã H Ñ ¨ Ç � � H °  H £ ! ± $'&)(Ì$'&)(2! È X¡! ± $'&)(¸Çù�H�° È . Also, we haveø � fp ô H °  m Xà! ± $'&)( A P2d y!¸± � � H °  H J X�! ± $'&)( Çr� � H °  H È df! ± $1&�( A y!�± J d�ÊË#�P|+pÔ
From (59), it is easyto show thatø � fp ô H °  m £ !�±�$'&)(Ì$'&)(2!@5?!�±�$1&�( A y!¸± J o
hence$ � Ã H Ñ ¨ # ��� H�°  H £ ø � fp ô H�°  m +ÌX ³ .

3) With Rayleighfadingandthe optimal thresholdò ½.ô © X � �© , which satisfies(11), (55) becomes{}j ø � fp  ½ £ ø � fp  m t X ! ½.õ m� �'� m �Hòñ ÿ ä Þ # ò ½.ô � £ ò ½Ëô � õ mr+P2d �Hòñ ÿ ä Þ ò ½.ô � õ m � õ � þ	� Ü d<"qp ! � õ � þ
� Üò �½.ô � õ m sX ! ½.õ m� �'� m y! � õ � Þ # ò ½Ëô �Â£ ò ½.ô � õ m + � õ � þ
� Ü d<" A P� © J5 y � õ ��� þ	� û õ � Þ  
Since

� � on-off   X ø � fp  ¨ , correspondingto infinite-precisionrate control, and ò ¨ ô m�5 � © , it follows that{ j � � on-off   £ ø � fp  ½ t�Xày #�P�£ � õ ��� þ
� û õ �nÞ   + . We now show that var# � � on-off   £ ø � fp  ½ +25 ³ as !�567 . Namely,
we have !Ø{ � j ø � fp  ½ tMX ! A $1&�( A P2d y! � õ �nÞ � © J � õ � Þ d y � õ ��� þ
� û õ �nÞ  ! J �X [ y # � © d � õ ��� þ	� û õ � Þ   + g �! 5 ³
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and !Ø{}j ø � fp   �½ t X ! ½Ëõ m� �'� © $'&)( � #hP*d y! � õ � Þ ò ½.ô �^+�# � õ � þ	� Ü £ � õ � þ
� Ü1ú.û +X ! ½Ëõ m� �'� © A y! � õ �nÞ ò ½Ëô � J � � õ � þ	� Ü Ç Pæ£ � õ ��� þ
� Ü1ú.û õ � þ	� Ü   È d<"BA P� �© JX y�� � �nÞ � �©! ½.õ m� �'� © � � Þ õ � þ	� Ü #�P¯£ � õ ��� þ
� Ü1ú.û õ � þ	� Ü   +4d�" A P� © J5 ñny ½Ëõ m� �'� m # ò ½.ô � £ ò ½Ëô � õ mr+ � �nÞ õ � þ
� Ü d�ñny #�Pæ£ � �nÞ õ � þ
� û +
X ñny¤£cPæ£ � �nÞ õ � þ
� û d ½.õ -� �1� m # ò ½.ô � £ ò ½.ô � õ m�+ � �nÞ õ � þ	� Ü d�# ò ½Ëô ½.õ m*£ ò ½.ô ½Ëõ � + � �nÞ õ � þ
� þ�ÿ ûd¸# ò ½Ëô ½.õ � £ ò ½.ô ½.õ - + � � Þ õ � þ
� þ�ÿ b�óX ñny¤£cPæ£ � �nÞ õ � þ
� û d ½.õ -� �1� m # ò ½.ô � £ ò ½.ô � õ m�+ � �nÞ õ � þ	� Üd � � Þ õ � þ
� þ�ÿ b #�Pæq � � þ
� þ�ÿ b õ � þ
� þnÿ û d ò ½.ô ½.õ � £ ò ½.ô ½.õ - + óX ñny¤£cPæ£ � �nÞ õ � þ
� û d ½.õ -� �1� m # ò ½.ô � £ ò ½.ô � õ m�+ � �nÞ õ � þ	� Ü d � �nÞ õ � þ
� þ�ÿ b ®

Continuingto remove eachterm in the sumsuccessively, correspondingto �=Xß¾_£  oh¾_£fñËo�qrqrq , andusing
(11), we can evaluate !Ø{}j ø � fp   �½ t¶X�ñ|y . Therefore, ! var# ø � fp  ½ +�X�ñ|y , and since the secondmomentis
independentof the numberof quantizationlevels, ! var# � � on-off   +=X¡ñny .
We alsoneedto evaluate!Ø{}j ø � fp  ½ � � on-off   tMX ! ½Ëõ m� �'� © ¦ � þ	� Ü1ú.û� þ	� Ü $1&�(�#hP2d y! � � Þ ª +.$'&)(�#�P2d y! � � Þ ò ½.ô � + � õ ï « ªX ! ½Ëõ m� �'� © $'&)( � #hP2d y! � �nÞ ò ½.ô �^+r# � õ � þ
� Ü £ � õ � þ	� Ü1ú.û +dÓ! ½.õ m� �'� © $'&)(�#�P2d y! � �nÞ ò ½.ô � + ¦ � þ	� Ü'ú3û� þ
� Ü $'&)( p P2d �H � � Þ # ª £ ò ½.ô � +P2d �H � � Þ ò ½.ô � s � õ ï « ªX ñnyàd�! ½.õ m� �1� © $1&�(�#hP2d y! � � Þ ò ½.ô � + ¦ � þ
� Ü1ú.û� þ	� Ü y! � � Þ # ª £ ò ½.ô � + � õ ï « ªX ñnyàd<" A P� © J
and!,{}j ø � fp  ½ t�{}j � � on-off   týX !?AË$'&)( AÂP2d y! � õ �nÞ � © J � õ � Þ d y! J AË$'&)( A4P2d y! � õ �nÞ � © J � õ � Þ d y � õ ��� þ	� û õ �nÞ  ! J5 ³
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Combiningthis givesÌ � X¡! var# ø � fp  ½ +�df! var# � � on-off   +�£ ñ)! Ç { j ø � fp  ½ � � on-off   t�£ {}j ø � fp  ½ t�{}j � � on-off   t È 5 ³ o
hencethe loss in achievablerateconvergesto a constanty #�Pæ£ � õ ��� þ
� û õ �nÞ   + w.p.1.

E. Proof of Theorem5

Before looking at the threedifferent regions,we first boundthe capacityfor a given threshold � © . The mean
capacitycanbewritten as{àj � H tMX ¦<¨�nÞ !ß$1&�( A P2d y! � õ ï ª J � õ ï « ªX !�$'&)(TAÂP2d y! � õ �nÞ � © J � õ � Þ d ¦ ¨� Þ y � �nÞ õ ïP2d �Hòñ ÿ ä Þ ª « ª
FromJensen’s inequality, we have{àj � H t ¼ !�$'&)( A P2d y! � õ �nÞ � © J � õ � Þ d yP2d �H8ñ ÿ ä Þ {}j ª � ª ²ü� © tX !�$'&)( A/P2d y! � õ �nÞ � © J � õ �nÞ d yP2d �H8ñ ÿ ä Þ # � © dàP|+ (61)

Furthermore, {àj � H tÆ: !�$1&�( AÂP2d y! � õ �nÞ � © J � õ � Þ d yP2d �Hòñ ÿ ä Þ � © ¦�¨� Þ � � Þ õ ï « ªX !�$1&�( AÂP2d y! � õ �nÞ � © J � õ �nÞ d yP2d �Hòñ ÿ ä Þ � © (62)

Case1. " º P : Since �Hòñ ÿ ä Þ �$#© X&% , we have from (61-62){ ) ��� #  H * X�!ß$1&�( AÂP2d y! � õ �nÞ � © J � õ �nÞ d<"Õp P� m õ #© s
Therefore { ) ��� #  H¤*� � m õ #  0 �$#© $'&)( � © X $'&)(¸Ç�P2d1% � m õ #© È$'&)( � m õ #© 5MP)Ô
Furthermore,we canexpand(17) as� © X¡$1&�( % !y £<" $'&)( A $1&�( % !y £<" $'&)( A $'&)( % !y £üqrqrq J¯J (63)

which gives $ � ÃH Ñ ¨ { ) � � #  H *m õ #0 y $'&)( # !ß$1&�(=$'&)(=! XÀP�Ô
Case2. "_X§P : Now we have{ ) ��� #  H * X !ì$'&)(TAÂP2d y! � õ �nÞ � © J � õ � Þ d yP2d1% d<"æp P� m õ #© s

X $1&�(�#�P2d1%�+% y � © d yP2dn% d�"æp P� m õ #© s
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so that $ � ÃH Ñ ¨ { ) � � #  H+*D EsF � m ¤ 0  0 yÉ$1&�(=! X§P
Case3. " ² P : In this case,

{ ) � � #  H+* X !ß$'&)( A P2d y! � õ �nÞ � © J � õ � Þ dÉy�d�" p P� # õ m© s
X y � #©% $'&)(�p�P2d %�$# õ m© s d y�d�"qp P�$# õ m© sX y � © d<"ÀÇ � � õ #© È

Therefore, $ � ÃH Ñ ¨ {
) ��� #  H *y � © X $ � ÃH Ñ ¨ {

) ��� #  H *y $1&�(=! X§P
Given the threshold� © , the averagenumberof active sub-channelsisÙ!�±�X¡! � õ �nÞ X y % �$#© Ô

If the rateson all active sub-channelstransmitareequal,then from (61) the loss in the achievabledatarate from

the capacityis boundedby {}j ��� #  H £ ø H t4: yP2d �Hòñ ÿ ä Þ � © : yP2d1% � m õ #© :<y}Ô
The feedbackrequiredfor equal-ratetransmissionis therefore Ù! ± $'&)(2!@Xì"ß[0$'&)( m ¤ # !,g .
F. Proof of Theorem6

With the on-off power allocation,as � © 567 , "_5 ³ , andfrom (21), we haveC X�Pæ£ "Pæ£;" #�Pæ£ > +=5kP
so that 5�# C +ÌX§£ù#�Pæ£ C +Ë$1&�(�#�Pæ£ C +�£ C $'&)( C 5M£ù#�Pæ£ C +.$'&)(�#�Pæ£ C +4d C #hPæ£ C +pÔ
Combiningthis with (19) and(22) gives� � corr H� � iid  H X £ 5f# > +$'&)(f" d "�#�Pæ£ > +.$1&�(�# #m õ # #hPæ£ > +G+4d C "�#�Pæ£ > +" $'&)(�"X > $'&)( > d�#�Pæ£ > +.$'&)(�#�Pæ£ > +$'&)(�" d¡Pæ£ > d¡#hPæ£ > + $1&�(�#hPæ£ > +$1&�(�" d #hPæ£ > +r#�£_$1&�(�#hPæ£;"/+/d C +$'&)(�"5 Pæ£ > d<ñI#�Pæ£ > + $'&)(�#�P¯£ > +$'&)(�" d #�P¯£ > +�# C d("/+4d > $'&)( >$1&�(�"
If

Z # � © +=X #m õ$ô º 7 , then D EsF � m õ$ô  D EsF # º 7 and õ i corrm�õ i iid m� 5 ³ , since > 5MP .
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If

Z # � © +=5 ³ , then D EsF � m õyô  D EsF # 5 ³ , and� � corr H#�Pæ£ > +F� � iid  H X P2d<ñ $'&)(�#�Pæ£ > +$1&�(�" d � m õ$ô   ��ö ¤ #   ¤ ô D EsF ôD EGF #Pæ£ >X P2d<ñ $'&)(�#�Pæ£ > +$1&�(�" d C dÀ"�d >$1&�(�" 5MP
which implies � � corr H # � © +� � iid  H # � © + ë Pæ£ > (64)

where > , definedin (20), is a function of � © . Therefore� � corr H ë #hPæ£ > +D"¶$'&)( m# .
With ¾ -level ratecontrol� � fp ô ½  H� � iid  H ë ½� �1� © O � � ½N � © C � N $1&�( C � N" $1&�(�"X � ½N � © O © C © N $'&)( C © N d � ½�'� m O �3� ½N � © C � N $'&)( C � N"Ó$1&�(�" (65)

Applying the log suminequality [27, Thm 2.7.1] gives½�N � m C � N $1&�( C � N ¼ ½�N � m C � N $1&�( � ½N � m C � N¾T£üP XÀ#hP¯£ C � © +.$'&)( Pæ£ C � ©¾T£üP o (66)

andsince " $'&)(�" º ³ ,� ½N � © O © C © N $'&)( C © N" $'&)(�" : O © C ©G© $'&)( C ©s© d O © #hPæ£ C ©G© +.$1&�(�j'#�Pæ£ C ©s© + é #0¾T£üP�+�t" $'&)(�" Ô (67)

As for the binary case,we have C ©s© X m õ � # ¤ # ôm õ # X C o O © XÀPæ£<" , and� ½N � © O © C © N $1&�( C © N"¶$'&)(�" : #�Pæ£ > +�# C df$1&�(�#�Pæ£ C +�£>$'&)(�#%¾_£<P|+h+$1&�(�" Ô (68)

Also, � �D÷� © O � � N C � N $'&)( C � N X � �²÷� © O � �N ÷� © C � N $1&�( C � N d � �D÷� © O � C � © $'&)( C � ©¼ � �²÷� © O � #hPæ£ C � © +.$'&)( Pæ£ C � ©¾T£üP d � �D÷� © O � C � © $1&�( C � ©X £ � �²÷� © O � 5f# C � © +�£ � �D÷� © O � #�Pæ£ C � © +.$'&)(�#%¾_£üP�+¼ £ù#�Pæ£ O © +�5f# � �²÷� © O �Pæ£ O © C � © +�£¿#s#�Pæ£ O © +�£ü# O © £ O © C ©s© +G+Ë$'&)(�#0¾T£üP�+X £8"y5f# � �D÷� © O �" C � © +�£<" > $'&)(�#0¾T£¿P|+X £8"y5f#hP £ > +�$1&�(�" £<" > $'&)(�#0¾_£<P|+pÔ (69)

Similar to the derivationof (64), combining(65)-(69)assuming

Z # � © +Ì5 ³ , we have� � fp ô ½  H� � iid  H : #hPæ£ > +r# C df$'&)(�#hP¯£ C +h+$1&�(�" £ 5f#hPæ£ > +$1&�(�" £ $'&)(�#0¾_£<P|+$1&�(�"X Pæ£ > d�ñ #�P £ > + $'&)(�#�Pæ£ > +$1&�(�" d¡#hPæ£ > + C d > dÀ"$'&)(�" d $1&�(�#%¾_£üP�+$'&)(�" Ô
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This implies õ i fp � þÅm�� m õyô   õ i iid m� :aP , and since õ i fp � þÅm�� m õyô   õ i iid m� ¼ õ i corrm�� m õyô   õ i iid m� 5 P , we have õ i fp � þÅm�õ i iid m� ë Pê£ > , or � � fp ô ½  H ë#�Pæ£ > +²"Ó$1&�( m# .
G. Proof of Theorem7

First, we characterizethe asymptoticcapacitywith thewater-filling power allocation.We rewrite (36) asy ÷! X ¦<¨© q�qrq ¦�¨© A ¢ ÷ £ Pª ÷ J ¤ âãòøN ÷�4÷ Ú ï ¬ Ò Ú M l MÚ ¬ äå « âã ¢øN � m å N # ª N + äåX ¦ ¨© A ¢ ÷ £ Pª ÷ J ¤ âã øN ÷�4÷ å N # ¢ ÷ ª ÷¢ N + äå « å ÷ # ª ÷ + (70)

X ¢�÷Ì¦ ¨m A Pæ£ PA J âã øN ÷�4÷ å N # A¢ N + äå « å ÷ # A¢ ÷ +
As !�567 , ¢ N 5 ³ , so that å N # m¥ ¬ +=5kP with finite users9 . Therefore,øN ÷��÷ å N A P¢ N J : � MHu ¨© Ç ¢ ÷ £ mï M È ¤ « å ÷ # ª ÷ + :�P (71)

so that y ÷!ùu ¨© Ç ¢ ÷ £ mï M È ¤ « å ÷ # ª ÷ + 5MP)Ô (72)

Denotethe sumcapacitywith water-filling as
��� wf ô ¢  
up X�� ¢ ÷p� m ��� wf ô ¢  up

ô ÷ , where
��� wf ô ¢  
up
ô ÷ is the capacityfor userö . We have ��� wf ô ¢  

up
ô ÷ X H� �'� m { ) #0$1&�(�#^¢ ÷n�4÷ ô � +G+ ¤ Ú¦¥ M � M � Ü �¨§�©�ª°¬ ¥ ¬ � Ü0��¬ � Ü *X !,¢�÷Ì¦ ¨m $'&)(�AÀâã øN ÷��÷ å N # A¢ N + äå « å ÷Ë# A¢ ÷ +�Ô

Following the sameargumentfor (72) gives ��� wf ô ¢  
up
ô ÷!ùu ¨© #0$1&�(�#^¢ ÷ ª ÷ +h+ ¤ « å ÷ # ª ÷ + 5MP)Ô (73)

Given (72) and(73), we cansimply apply the resultsfor a single link to themulti-useruplink channel,i.e.,� � wf ô ¢  
up ë ¢�÷p� m yæ÷ � �÷ ô ©

where� �÷ ô © is theoptimalthresholdfor theon-off powerallocationfor user ö , assumingnootherusersarepresent.If
theusershave identicalchannelgaindistributionsandpower constraints,

å ÷I# ª +2X å ��# ª + and y¯÷ÓXày , Pê:üöT:¿9 ,
then � � wf ô ¢  

up ë 9 � � wf   Ô (74)
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With the on-off power allocation,we havey ÷! X { ) Ù� ÷ Ú � M � Ü Ý�� M � Þ)Ú á¯ M � M � Ü �¨§�©�ª ¬ á¯ ¬ � ¬ � Ü *X ¦ ¨© q�qrq ¦ ¨© Ù� ÷ Ú ï M Ý�� M � Þ âãòøN ÷��÷ Ú ï ¬ Ò Çú M l MÇú ¬ äå « âã ¢øN � m å N # ª N + äåX Ù��÷Ì¦<¨� M � Þ âã øN ÷�4÷ å N # Ù� ÷ ª ÷Ù� N�+ äå « å ÷I# ª ÷�+ (75)

It is difficult to solve for the power analytically, so herewe only considerthe casewhere the usershave the

samechanneldistribution andpower constraint,i.e.,
å ÷Ë# ª +¶X å ��# ª + and y¯÷�X§y , P�:§öQ:ß9 . From symmetry

we musthave Ù��÷ùXkÙ� N XkÙ� and � ÷ ô © X � NGô © X � © .
As ! 5µ7 , � © 5µ7 , and since å � # á¯ M � M � Þá¯ ¬ +ùX å � # � © + , we have ¶ N ÷�4÷ å � # á¯ M � M � Þá¯ ¬ +ùX å ¢ õ m� # � © +ê5 P , and

from (75) we have Ù� �H_áã)ä � �nÞ   5kP)Ô (76)

The sumcapacitywith the on-off power allocationis thengiven by� � on-off ô ¢  
up X ¢�÷p� m H� �'� m { ) $'&)(�#�P2d;Ù� � ÷ ô �u+pÚ.� M � Ü ± � M � Þ�Ú á¯ M � M � Ü �$§�©Bª°¬ á¯ ¬h��¬ � Ü *X 9,! ¦<¨� Þ $'&)(�#�P2d;Ù� ª + å ¢ õ m� # ª +h« å � # ª +�Ô (77)

Hence ��� on-off ô ¢  
up9,! u ¨�nÞ $1&�(�#hP2dOÙ� ª +�« å �/# ª + 5MP)o (78)

andcombiningwith (76) and(77) gives� � on-off ô ¢  
up ë 9 � � on-off   ë 9Wy � �© Ô

If all active sub-channelsareassignedthe samerate,thenthe achievablerate isø � fp ô ¢  
up X ¢�÷p� m H� �'� m $'&)(�#�P2d;Ù� � © +h{ ) Ú3� M � ÜF± � M � Þ Ú á¯ M � M � Ü �$§�©�ª°¬ á¯ ¬h��¬ � Ü *X 9,!ß$'&)(�#hP*dLÙ� � © + ¦ ¨�nÞ å ¢ õ m� # ª +h« å � # ª +pÔ

The loss in the dataratedueto ratequantizationis thereforeboundedas9 å ¢ õ m� # � © +=Ç � � on-off  H £ ø � fp  m È : � � on-off ô ¢  up £ ø � fp ô ¢  up :¿9aÇ � � on-off  H £ ø � fp  m È o
which implies that � � on-off ô ¢  

up £ ø � fp ô ¢  up X¡9aÇ � � on-off  H £ ø � fp  m È :ü9Øy>Ã�ÄnÅï Ùå �Â# ª +� � # ª + Ô
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H. Proof of Theorem8

If all usershave thesamechannelgaindistribution
å � # ª + , then µ�# ª +=X å ¢� # ª + . Substitutingin (41), andnoting

that
å � # m¥ +Ì5MP gives y! X ¦�¨© A ¢}£ Pª J ¤ « å � # ª + (79)

and � � wf ô ¢  
down ë 9>!§¦�¨© #0$1&�( #�¢ ª +s+ ¤ « å �Â# ª + ë 9Wy � �© o (80)

where � �© is the solution to (8), so that the capacityscaleslinearly with numberof users9 .
With the on-off power allocation,from (44) we have that

� � on-off ô ¢  
down X Pæ£ å ¢� # � © +Pæ£ å � # � © + q � � on-off  H (81)

andthe power per active sub-channelisÙ��X 9Wy!f#hPæ£|µ�# � © +G+ 5 y!f#�Pæ£ å � # � © +h+ Ô
As � © 567 and

å �Â# � © +=5kP , we have��� on-off ô ¢  
down��� on-off  H X Pæ£ å ¢� # � © +Pæ£ å � # � © + 5;9

so that � � wf ô ¢  
down ë � � on-off ô ¢  down ë 9Wy � �© Ô

With one-level ratecontrol the achievablerate is givenbyø � fp ô ¢  
down X !ß$'&)(�[GP2dOÙ� � © g$º�»�z � ÷ ô � ¼ � © for some ö�~X !�j Pæ£ å ¢� # � © +�t�$'&)( [ P2dOÙ� � © gX Pæ£ å ¢� # � © +Pæ£ å � # � © + ø � fp  m Ô

Thereforethe loss incurredis��� on-off ô ¢  
down £ ø � fp ô ¢  down X Pæ£ å ¢� # � © +P £ å � # � © + # ��� on-off  H £ ø � fp  m +ÌX�"�#hP�+�Ô

For Rayleighfadingthis loss is
��� on-off ô ¢  
down £ ø � fp ô ¢  down X�9Wy .

I. Proof of Theorem9

From (81), the on-off capacityper sub-channelis given by��� on-off ô ¨  down X\$ � Ã¢ Ñ ¨ Pæ£ å ¢� # � © +P £ å ��# � © + ¦ ¨�nÞ $1&�(�#hP2dOÙ� ª +h� � # ª +�« ª
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The total transmitpower satisfiesy tot :<9Øy , and�Ây§X y tot! X·Ù��j Pæ£(µ�# � © +utuÔ (82)

The activation threshold� © shouldbe no lessthan the thresholdwith a singleuser, so that � © 5·7 as !a5·7 .
Let µ�# ª +=X å ¢� # ª + . It is straightforward to show that� � on-off ô ¢  

down X§j Pæ£Àµ�# � © +ut�$1&�(�#hP2dOÙ� � © +4d�" A j1P¯£(µ�# � © +ut Ù�P*dLÙ� � © #0{¯�Âj � � �>²ü� © t £ � © + J o (83)

and letting 9a567 , we define � X ��� on-off ô ¨  down X¥j Pæ£(µ�# � © +ut�$1&�(�#hP2d Ù� � © +pÔ (84)

We thereforehave� X j1Pæ£(µ�# � © +ut�$'&)(TAÂP2d �ÂyPæ£(µ�# � © + � © JX j1Pæ£(µ�# � © +ut�$'&)(¶j Pæ£(µ�# � © +/dÀ�/y � © +�£¿#�P¯£(µ�# � © +h+Ë$1&�(�#�Pæ£(µ�# � © +utX j1Pæ£(µ�# � © +ut�$'&)(�#7�Ây � © +4d�j Pæ£(µ�# � © +ut�$1&�( A P2d Pæ£|µ�# � © +�/y � © JÍ ÎpÏ Ðû � m   £ j1Pæ£(µ�# � © +ut�$'&)(�j Pæ£(µ�# � © +utÍ Î�Ï Ð
finite

(85)

Maximizing
�
is thereforeequivalentto maximizing j Pæ£(µ�# � © +ut�$'&)(�#7�/y � © + .

We first show that $ � Ã¢ Ñ ¨ �$1&�(Ì$1&�(=9 :ìP (86)

by following the approachin [33]. Namely, we write the thresholdas� ¢ X&Ì � $1&�(29�d ª ¢ o (87)

andobserve that

$ � Ã¢ Ñ ¨ µ�# � © +ÌX
,----. ----/ ³ o if ª ¢À5k£¶7¿o¾�Å¦¿4#�£ � õ ï Þ +�o if ª ¢À5 ª © oP)o if ª ¢À567àÔ

To maximize
�
, we thereforewant ª ¢ 5k£¶7 with ª ¢ X�ÊË#%$'&)(29Q+ , so that � ¢ grows as "�#%$'&)(*9>+ . This choice

of ª ¢ achievesequality in (86), whereasif theseconditionsarenot satisfied,thenthe inequality is strict.

We now show that the sequenceª ¢ in (87) canbe chosenso thatÎÎ j1Pæ£(µ�# � © +�t�$'&)(�#7�Ây � © +�£Q$1&�(�#7�/yéÌ � $'&)(=9Q+ ÎÎ 5 ³ Ô (88)

From (85) and(86) this choiceof ª ¢ maximizes
�
. We first writej1Pæ£(µ�# � © +ut�$'&)(�#7�Ây � © +�£Q$1&�(�#É�ÂyéÌ � $'&)(=9Q+ÌXà$'&)( A � ©Ì � $1&�(29 J £(µ�# � © +.$'&)(�#7�Ây�+�£(µ�# � © +.$'&)( � © o (89)
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andnote that � © é #ÉÌÂ�Â$'&)(29>+¶5µP to achieve the boundin (86), and µ�# � © +.$1&�(�#É�Ây�+¶5 ³ . Hencewe must selectª ¢ so that µ�# � © +Ë$1&�(�#7� � © + X #�P £ � õ �  ÛBü b +.$'&)(�#É� � © +*5 ³ . It canbe shown that this is accomplishedby takingª ¢ÀX�£UÌÂ�/$1&�(Ì$1&�(=9 .
With one-level ratecontrol,ø � fp ô ¨  down X $ � Ã¢ Ñ ¨ j1Pæ£(µ�# � © +ut�$'&)(TAÂP2d �ÂyPæ£(µ�# � © + � © J X � Ô

Therefore
ø � fp ô ¨  down 5 ��� fp ô ¨  down , i.e., the asymptoticon-off capacitycanbe achievedwith one-level ratecontrol.

If all usershave linear receivers,thentheoptimalpower allocationis to water-fill over themaximumsub-channel

gainsacrossusers.That is, the power constraint(41) becomes�/y§X ¦�¨© A ¢}£ Pª J ¤ «aµ�# ª +*X¡¢ØA4Pæ£|µ A P¢ J¯J £ ¦�¨mBÛ'¥ «·µ�# ª +ª Ô
For any Ö ²<³ , we have ¦ ¨m�Û�¥ «·µ�# ª +ª X ¦ � Û 2m�Û�¥ «aµ�# ª +ª d ¦ ¨� Û 2 «aµ�# ª +ª: ¢Þµ A ñ Ö J d Öñ º Ö
when 9 ¼ D EGF #�ýb Ú +D EGF ã ä � � Û 2   , henceu ¨mBÛ�¥Jþ�ÿ �1ï  ï 5 ³ , and �Ây´5 ¢ [ Pæ£|µ [ m¥ g�g . Furthermore,since ¢ ¼ �Ây , µ�# m¥ +=5 ³
and ¢ 56�/y .
Let � � X Ã�ÄnÅ�z � Nsô � ~ , i.e., the maximumchannelgain over usersfor sub-channel� . For large enough 9 , the

capacitywith water-filling power allocationis upperboundedas� � wf ô ¢  
down : ¦<¨û� Æ $1&�(�#É�Ây ª +h«aµ�# ª +æ:ü$'&)( #É�Ây�{}j � � t%+ÌXkÙ� � wf   Ô

It is easyto show that Ù� � wf   £Q$1&�(�#hP2dÀ�/yéÌÂ�Â$1&�(=9>+Ì5 ³ as 9a5 7 . Because� � wf ô ¨  down ¼ � � on-off ô ¨  down , we have$ � Ã¢ Ñ ¨ Ç � � wf ô ¢  down £Q$'&)(�#hP2dn�ÂyéÌ � $'&)(=9Q+ È X $ � Ã¢ Ñ ¨ Ç � � on-off ô ¢  down £>$'&)(�#�P2d]�ÂyéÌ � $'&)(29>+ ÈX $ � Ã¢ Ñ ¨ Ç ø � fp ô ¢  down £Q$'&)(�#hP2dÀ�/yéÌ � $'&)(=9Q+ È X ³ Ô
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